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1 Introduction

The notion of fuzzy set was introduced as an extension of crisp sets by Zadeh [16]. In the
following years, many generalizations of fuzzy sets were defined. Atanassov introduced the
intuitionistic fuzzy set concept in 1983 [1] as an extension of fuzzy sets by enlarging the truth
value set to the lattice [0, 1] x [0, 1] with p4(z) + va(x) < 1 condition. Intuitionistic fuzzy sets
have membership degree and non-membership degree for an element in a given set. This theory
is widely used as it can obtain more precise results in decision making problems of many areas
such as health, finance, geographic marking, etc.
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Many algebraic concepts were extended into fuzzy sets and intuitionistic fuzzy sets by several
researchers [5-7,9-12, 14, 15]. This workspace is still up-to-date. The concept of quasi-interior
ideal on semigroups was introduced by M. Murali Krishna Rao [13]. In this study, intuitionistic
fuzzy quasi-interior ideal on semigroups is studied.

Definition 1 ([1]). An intuitionistic fuzzy set (shortly, IFS) on a set X is an object of the form
A= {(z, pa(x),va(2)) - v € X},

where pia(x),(na : X — [0,1]) is called the “degree of membership of x in A”, va(x),
(va : X — [0,1]) is called the “degree of non-membership of x in A”, and where 14 and
v 4 satisfy the following condition:

pa(x) +va(z) <1, foral x € X.
The hesitation degree of x is defined by m4(z) =1 — pa(x) — va(z).

Definition 2 ([1]). An IFS A is said to be contained in an IFS B (notation A C B) if and only if,
forallx € X : pa(x) < up(x)and va(z) > vp(z).

Itis clear that A = Bifandonly if AC Band B C A.
Definition 3 ([2] ). Let X be universal and A € [FS(X), then

L 0O(A) = {{z, pa(2),1 — pa(z)) : 2 € X}.

2. O(A) ={(z,1 —va(x),va(x)) : v € X}.

Definition 4 ([1]). Let A € IFS(X) and A = {{x, ua(x),va(x)) : © € X}. Then the set A° is
called the complement of A, where

A® = {{z, va(e), pa(x)) - w € X}.
The intersection and the union of two IFSs A and B on X are defined by
AN B = {{z,ua(z) N pp(x),va(z) Vp(z)) 1z e X},
AU B = {{z,ua(z) V pp(z),valz) ANvp(z)) v € X}.

Definition 5 ([3]). Let X be a semigroup and A, B be intuitionistic fuzzy subsets of X. Then the

extension principle would be as following;

sup {A(z) AB(y)}, ifz=uay
Ao B ={ z=zy

0,1), otherwise.

forx,y,z € X.
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Definition 6. Let M be a non-empty subset of S. The characteristic function of M is an intuitionistic
fuzzy subset of S. It is denoted by x,, and defined as

) (1,0), ifzxe M,
X}VI('T)_{ (071)’ lfl’%M

A semigroup is an algebraic structure consisting of a non-empty set S together with an
associative binary operation [4]. A subsemigroup of S is a nonempty subset M of .S such that
M? C M. A subsemigroup M of S is called an interior ideal of S if SMS C M and called a
quasi-ideal if MS N SM C M.

An element x € S is called regular in S if x € xSz, where Sz = {zar:a € S}. A
semigroup S is called regular if every element is regular.

Definition 7 ([13]). A non-empty subset M of a semigroup S is said to be left (right) quasi-interior
ideal of S, if M is a subsemigroup of S and SMSM C M (MSMS C M) .

Definition 8 ([13] ). A non-empty subset M of a semigroup S is said to be a quasi-interior ideal
of S, if M is a sub semigroup of S and M is a left quasi-interior ideal and a right quasi-interior
ideal of S.

Remark 1. A quasi-interior ideal of a semigroup S need not be an interior ideal of a semigroup

S.

The generalization of semigroup concept to intuitionistic fuzzy sets has a wide range of study.
Some fundamental definitions are following:

Definition 9 ([8]). Let S be a semigroup and A € IFS (S). A is called an intuitionistic fuzzy
subsemigroup of S, if A (xy) > min{A (z),A(y)}, forall z,y € S.

Definition 10 ([7]). Let S be a semigroup and A € 1FS (S). A is called an intuitionistic fuzzy
left (respectively, right) ideal of S, if A (zy) > A (y) (resp. A(zy) > A(x)), forall z,y € S.

Definition 11 ([13]). Let S be a semigroup. An intuitionistic fuzzy subsemigroup A of S is called
an intuitionistic fuzzy interior ideal of S if A (zay) > A (a), forall x,y,a € S.

Definition 12 ([9]). An intuitionistic fuzzy set A in a semigroup S is called an intuitionistic fuzzy
quasi-ideal of S, if

Paoxg N Hxgon < fta and Vaoy NV Vy o 2 Va.

2 Main results

In this section, we intorduce the concept of an intuitionistic fuzzy quasi-interior ideal on a
semigroup. The main theorems are proved and some properties are studied.

Definition 13. Let S is a semigroup and A € 1FS (S) is an intuitionistic fuzzy sub semigroup.
A is called an intuitionistic fuzzy left (respectively, right) quasi-interior ideal of S, if

X0 Aox,o0AC Alrespectively, Aox,oAox, CA).
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Example 1. Let S = {a, b, c,d, e} be a semigroup with the following operation:

elal|blc|d|e
alala|lalala
blalala|b]|c
clalblc|lala
dlalal|lal|d]e
elaldlelala

Then A = {(a,0.7,0.2), (b,0.5,0.4), (¢,0.3,0.6), (d,0.5,0.4), (e,0.3,0.6) } is an intuitionistic
fuzzy quasi-interior ideal of S. But, since A (de) # A (d), it is not an intuitionistic fuzzy ideal of

S and it is not intuitionistic fuzzy interior ideal either.

Theorem 1. Let S be a semigroup and A € [FS (S). If A is an intuitionistic fuzzy quasi-interior
ideal, then (J(A) and O(A) are intuitionistic fuzzy quasi-interior ideals.

Proof. (i) Letz,y € S,
poay (2y) = pa(zy) = min{pa (@), pa (y)}
= min {pna (@), o) () }
and
vo) (zy) = 1—pa(zy) <1 —min{ua(2), pa(y)}

= max{l —pa(z),1 —pay)}
= max {I/D(A) (7) , voa (y)} :

So, [J(A) is an intuitionistic fuzzy subsemigroup of S.
(ii) Let z,y,z € S,

Iy go0(A)ox go(4) (2) = [y godoxgoa (2) < pra (2)

and for a,b,e, f € S,

Uxgemengen(a) (2) = Inf {max {vy o) (@) vygeni (9)} }
- inf max {v (a), v (0}
= inf < max @
z=ay ylileff max {VXS (e), voa) (f)}
i inf max {1 - (a),1—pa(b)},
= inf < max @
z=zy ylileffmax{l — iy, (€)1 — pa (f)}
supb min {Nxs (a),pa (b)} )
= 1— | sup{min¢ =%
Zz=xy SUI} min {/JJXS (6) y A (f)}
y=e

v

1 —pa(2) =vow) (2).
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We obtain that [J(A) is an intuitionistic fuzzy left quasi-interior ideal on semigroup S.
On the other hand, similarly we can show that [J(A) o ys o O(A) o x, C O(A). Also O(A)
can be proved as above. [

Theorem 2. Let S be a semigroup. If {A;},., is a family of intuitionistic fuzzy quasi-interior
ideals of S, then () A; is an intuitionistic fuzzy quasi-interior ideal on S.
ieA
Proof. Letz,y € Sand B = [ A,,
ieA
p(vy) = infua, (ry) > mf {fmin{pa; (2), pa; (9)} 3

= min {g{um (), infrua, (y)}
= min{up (z), 15 (y)}
Also,

s (ay) = supwa, (9) < sup fmax v, (&) .va, ()}

= max {SupI/Ai (l’) , SUPV4, (y)}
ieA €A

= max {I/B ($> y VB (y)}

Hence, B = () A; is an intuitionistic fuzzy subsemigroup of S.
€A
Now, let x,y, z € S, then,

,uxSoBoXSoB (Z) = Ssup min {,uxSoB (1:) y HxsoB (y)}

Z=xY
p

r=ab

sup min (MXS (@), infpig, (b)> :
= sup min

=0 | s (o, (@) infi, (1))
\ y=ef Xs ieh

[ iat (sup i (i, )1, ).

) €A \ po
= sup min p=ab

z=xy inf 1 )
| inf (s min i, (€)1, (1))
Su% min (:U’XS (a’) y A, (b)) )
= inf | supmin{ “=% | ;
ieh \ c—ay su% min (,uxs (€), pta, (f))
y=e

fora,b,e, f € S. Since
sup min {sup min (jiy, (a) i, (b)) , sup min (s (€),pia, (f))} < i, (2), Vi € A,
z=xy x=ab y=ef
then fiygopoxgon (2) < infrua, (2).
Similarly, it can be shown that vy ooy 0B (2) > supra, (z) .
ieA

Therefore, () A; is an intuitionistic fuzzy left quasi-interior ideal on semigroup S. Also, in a
ieA
similar way, it can be proven [ A4; 0 xs0 (1 4;0oxs C A O
ieA ieA ieA
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Theorem 3. Let S be a semigroup and I be a non-empty subset of S. I is a quasi-interior ideal
of S if and only if x, is an intuitionistic fuzzy quasi-interior ideal on S.

Proof. =) 1If z€ SISI and z = zaybissuchthatz,y € S,;a,b € I, then z€ [ and x,(z)=(1,0).

Hx gox oxgox; (2) = Sup min {Nxsox, (u) » Hxgox; (U)}
= supmin {sup (s, (0) A 1, (@), 50p (i, (0) Ay, )}
Z=Uv u=xa V=Y

= sup min { sup fty, (a), supb,uXI (b)} =1
v=y

and
Vxsoxroxgox; (2) = Ziilufv max {szox, (u), Vxsox; <U>}
= Zlil’tfl) max {ulilea (I/XS (x) \/ I/XI (a)) 71)12;;) (I/XS (y) \/ VXI (b))}
= inf max{ inf v, (a), infbyxl (b)} =0
Z=Uv u=xa v=y

= X5 ©X; ©Xs °X,; € X, Similarly we can show that x, o x, o x7° x4 C X,-
<) Letz € SISI and z = zaybis such that z,y € S,a,b € I.

X;(2) > xsox;oxsox, (2)

= sup min { sup (xs (z) A X, (@), sup (x5 (¥) A X, (b))}

zZ=uv u=zxa v=yb

= (LO)=z2el=SISICI
and also it is clear that SIS C I. O

Proposition 1. Let S be a semigroup and A be an intuitionistic fuzzy ideal of S. Then A is an
intuitionistic fuzzy quasi-interior ideal on S.

Proof. Forx € S,
Aox,(z) = supmin{A(a),x,(b)}

r=ab

= supA(a)

r=ab

< supA (afb) = A(z).

r=ab
From this inequality we have:
Aox,o0Aox,(z) = supmin{Aox,(z),Aox,(y)}

z=zyY

< sup min {supA (ab) , sup A (cd)}

z=xy r=ab y=cd

— supmin{A(z),A(y)}

z=zyY

= A(z).

Therefore, it is clear that y, 0 Ao x,0 A C A.
A is an intuitionistic fuzzy quasi-interior ideal on S. [l
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The converse of Proposition 1 is not true in general, however, the concepts of intuitionistic
fuzzy ideals and intuitionistic fuzzy quasi-interior ideals on regular semigroup coincide.

Proposition 2. Let S be a regular semigroup and A be an intuitionistic fuzzy quasi-interior ideal
of S. Then A is an intuitionistic fuzzy ideal of S.

Proof. Let Aox,0Aox, € Aand x,y € S. Since S is regular there exists a € S such that

Tr = xrax.

A(ry) = A(zvary) > Aoy, o Aoy, (vy)
= sup (Aoxg(za)ANAox, (zy))

Ty=xary
= s (supmin (4 (0).x, )} A supmin (4 ()., ()
Ty=rary u v
= A(x),
where u = xa,v = xy.
Similarly, we can show that A (zy) > A (y) . Thus A is an intuitionistic fuzzy ideal of S. O

3 Conclusion

In this study, the concept of intuitionistic fuzzy quasi-interior ideal is introduced and has been
shown with the counterexample that this concept is different from quasi-ideal and interior ideal.
Basic algebraic properties have been proven.
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