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Abstract: In this paper, we define and study the notion of intuitionistic fuzzy classical primary
submodules over a unitary R-module M , where R is a commutative ring with unity. This is
a generalisation of intuitionistic fuzzy primary ideals and intuitionistic fuzzy classical prime
submodules. We further topologize the collection of all intuitionistic fuzzy submodules on
an R-module M with a topology having the intuitionistic fuzzy primary Zariski topology on
the intuitionistic fuzzy classical primary spectrum IFcpspec(M) as a subspace topology and
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1 Introduction

Throughout this paper, all rings are commutative with identity, and all modules are unitary. A
proper submodule P of an R-module M is called a classical primary submodule if abm ∈ P

for a, b ∈ R, and m ∈ M , implies that am ∈ P or bnm ∈ P , for some n ∈ N. The concept
of classical primary submodule, which is a generalization of primary ideals and classical prime
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submodules in module theory plays crucial role in algebra. The Zariski topology on the prime
spectrum of an R-module has been introduced by Lu [9], and this concept was further explored
by many authors [4,5,10,20]. In 2021, Goswami and Saikia [7] gave the concept of the spectrum
of weakly prime submodules and investigated related properties.

The authors of [14] investigated many properties of the Zarisky topology of intuitionistic
fuzzy prime submodules. The concept of intuitionistic fuzzy classical prime submodules, which
is a generalisation of intuitionistic fuzzy prime ideals and intuitionistic fuzzy prime submodules,
was studied by the author in [12].

In this paper, we focus on the intuitionistic fuzzy classical primary submodules and then
introduce a topology on IFcpspec(M), the collection of all intuitionistic fuzzy classical primary
submodules of M , called the intuitionistic fuzzy classical primary Zariski topology. This topology
generalises the Zariski topology of intuitionistic fuzzy prime submodules IF spec(M) [14]. We
investigate several properties of this topology on IFcpspec(M).

2 Preliminaries

Throughout this paper, R is a commutative ring with non-zero identity, and M is an R-module.
Let θ denote the zero element of M . In order to make this paper easier to follow, we recall in this
section various notions from intuitionistic fuzzy commutative algebra theory that will be used in
the sequel, which can be found in [1, 3, 18].

Given a non-empty set M , an intuitionistic fuzzy subset A of M is defined by a complex
function (µA, νA) from M to [0, 1] × [0, 1]. We denote by IFS(M), the set of all intuitionistic
fuzzy subsets of M . For any two elements A,B in IFS(M) we write A ⊆ B if and only if
µA(x) ≤ µB(x) and νA(x) ≥ νB(x) for all x ∈ M . Also, A ⊂ B if and only if A ⊆ B and
A ̸= B. By an intuitionistic fuzzy point (IFP) x(p,q) of set M , x ∈ M , p, q ∈ [0, 1] such that
p + q ≤ 1 we mean that x(p,q) ∈ IFS(M) is defined by x(p,q)(y) = (p, q), if y = x, otherwise
(0, 1). If A ∈ IFS(M) and x ∈ M such that µA(x) ≥ p and νA(x) ≤ q, then x(p,q) ⊆ A. We
designate this fact as x(p,q) ∈ A. The intuitionistic fuzzy characteristic function of M with respect
to a subset N is denoted by χN and is defined as χN(y) = (1, 0), if y ∈ N , otherwise (0, 1).
If x = θ and p = 1, q = 0, then x(p,q) = θ(1,0) (or N = {θ}) is called the intuitionistic fuzzy zero
point of M and is denoted by χ{θ}.

Definition 2.1. [15] Let A,B be any two intuitionistic fuzzy ideals of the ring R. Then the
intuitionistic fuzzy product AB and intuitionistic intrinsic product A ◦B of A and B are defined
as: For all x ∈ R

µAB(x) =

sup[infni=1{µA(ai) ∧ µB(bi)}] if x = Σn
i=1aibi, ai, bi ∈ R, n ∈ N

0, if x is not expressible as x = Σn
i=1aibi

and

νAB(x) =

inf[supn
i=1{νA(ai) ∨ νB(bi)}] if x = Σn

i=1aibi, ai, bi ∈ R, n ∈ N
1, if x is not expressible as x = Σn

i=1aibi,
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(µA◦B(x), νA◦B(x)) =

(supx=yz(µA(y) ∧ µB(z)), infx=yz(νA(y) ∨ νB(z)), if x = yz

(0, 1), otherwise

where as usual supremum and infimum of an empty set are taken to be 0 and 1 respectively. Note
that A ◦B ⊆ AB.

Definition 2.2. [3] Let A ∈ IFS(R). Then A is called an intuitionistic fuzzy ideal (IFI) of R if
for all x, y ∈ R, the followings are satisfied:

(i) µA(x− y) ≥ µA(x) ∧ µA(y); (ii) νA(x− y) ≤ νA(x) ∨ νA(y);

(iii) µA(xy) ≥ µA(x) ∨ µA(y); (iv) νA(xy) ≤ νA(x) ∧ νA(y).

Observe that χ{0}, χR are intuitionistic fuzzy ideals of R.

Definition 2.3. [3,6,8] Let A ∈ IFS(M). Then A is called an intuitionistic fuzzy module (IFM)
(or an intuitionistic fuzzy submodule (IFSM)) of M if for all x, y ∈ M, r ∈ R, the followings are
satisfied:

(i) µA(x− y) ≥ µA(x) ∧ µA(y); (ii) νA(x− y) ≤ νA(x) ∨ νA(y);

(iii) µA(rx) ≥ µA(x); (iv) νA(rx) ≤ νA(x);

(v) µA(θ) = 1; (vi) νA(θ) = 0.

Observe that χθ, χM are intuitionistic fuzzy modules of M . We abbreviate by IFM(M), the
family of all intuitionistic fuzzy R-modules of M , and by IFI(R), the family of all intuitionistic
fuzzy ideals of the ring R. Observe that when R = M , then A is an intuitionistic fuzzy module
of M if and only if A is and intuitionistic fuzzy ideal of R and µA(θ) = 1, νA(θ) = 0. Further if
A ∈ IFM(M), then the set A∗ = {x ∈ M |µA(x) = µA(θ) and νA(x) = νA(θ)} is a submodule
of M .

Lemma 2.4. [15, 16] Let C ∈ IFI(R), A,B ∈ IFM(M). Then:

(i) CB ⊆ A if and only if C ◦B ⊆ A.

(ii) r(s,t) ∈ IFS(R), x(p,q) ∈ IFS(M) be IFPs. Then r(s,t) ◦ x(p,q) = (rx)(s∧p,t∨q).

(iii) If µC(0) = 1, νC(0) = 0 then C ◦ A ∈ IFM(M).

(iv) Let r(s,t) ∈ IFS(R) be an IFP . Then for all w ∈ M ,

µr(s,t)◦B(w) =

sup[s ∧ µB(x)] if w = rx, r ∈ R, x ∈ M

0, if w is not expressible as w = rx

and

νr(s,t)◦B(w) =

inf[t ∨ νB(x)] if w = rx, r ∈ R, x ∈ M

1, if w is not expressible as w = rx.
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Definition 2.5. [18, 19] The intuitionistic fuzzy prime radical of an intuitionistic fuzzy ideal A
of a ring R denoted by

√
A = (µ√

A, ν
√
A), is an intuitionistic fuzzy set of R, and is defined as

µ√
A(r) = supn∈N{µA(r

n)} and ν√A(r) = infn∈N{νA(rn)}, for all r ∈ R, n ∈ N.

Definition 2.6. [2, 11, 17] A non-constant IFI C is termed as an intuitionistic fuzzy prime
(respectively, primary) ideal of R if for every x(p,q), y(r,s) ∈ IFP (R) such that x(p,q) ◦ y(r,s) ∈ C

gives that either x(p,q) ∈ C or y(r,s) ∈ C (or respectively, either x(p,q) ∈ C or y(r,s) ∈
√
C).

Definition 2.7. [2, 17] A ∈ IFI(R) is termed as an intuitionistic fuzzy prime ideal (IFPI) of R
if A ̸= χ{0}, χR and for any B,C ∈ IFI(R) so that B ◦ C ⊆ A implies B ⊆ A or C ⊆ A.

IF spec(R) denotes the set of all IFPIs of R.

Definition 2.8. [15, 16] For A,B ∈ IFS(M) and C ∈ IFS(R), define the residual quotient
(A : B) and (A : C) as follows:

(i) µ(A:B)(r) = sup{s : r(s,t) ◦B ⊆ A} ; ν(A:B)(r) = inf{t : r(s,t) ◦B ⊆ A},∀r ∈ R.

(ii) µ(A:C)(x) = sup{α : C ◦ x(α,β) ⊆ A} ; ν(A:C)(x) = inf{β : C ◦ x(α,β) ⊆ A},∀x ∈ M .

In [16] it was proved that if A ∈ IFM(M), B ∈ IFS(M), C ∈ IFI(R), then
(A : B) ∈ IFI(R) and (A : C) ∈ IFM(M).

Theorem 2.9. [15, 16] If A,B ∈ IFS(M), C ∈ IFS(R). Then

(i) (A : B) ◦B ⊆ A ;

(ii) C ◦ (A : C) ⊆ A;

(iii) C ◦B ⊆ A ⇔ C ⊆ (A : B) ⇔ B ⊆ (A : C).

Definition 2.10. [13,19] Let M be an R-module and A ∈ IFS(M). The IFS
√
A = (µ√

A, ν
√
A)

of R is called the intuitionistic fuzzy radical of A defined by

µ√
A(r) = supn∈N{infm∈M µA(r

n.m)} and ν√A(r) = infn∈N{supm∈M νA(r
n.m)}

for all r ∈ R,m ∈ M,n ∈ N.

It is proved that when A ∈ IFM(M), then the intuitionistic fuzzy radical
√
A is an IFI of R.

Definition 2.11. [14] Let A,B ∈ IFM(M) with A ⊆ B. Then A is termed as:

(i) an intuitionistic fuzzy prime (IF-prime) submodule of B, if for any IFPs r(s,t) ∈ IFP (R),

x(p,q) ∈ IFP (M) with

r(s,t) ◦ x(p,q) ∈ A ⇒ x(p,q) ∈ A or r(s,t) ∈
√

(A : B).

In a special case, when B = χM , then A is called an IF-prime submodule of M . The set of
all IF-prime submodules of M is denoted by IF spec(M).

(ii) an intuitionistic fuzzy primary (IF-primary) submodule of B, if for any IFPs r(s,t) ∈ IFP (R),

x(p,q) ∈ IFP (M) with

r(s,t) ◦ x(p,q) ∈ A ⇒ x(p,q) ∈ A or r(s,t) ∈ (A : B).

In a special case, when B = χM , then A is called an IF-primary submodule of M .
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The following theorem revealed that the two notions intuitionistic fuzzy primary submodule
(IF-primary submodule) and intuitionistic fuzzy primary ideal (IF-primary ideal) coincide when
R is considered to be a module over itself.

Theorem 2.12. [14] If M = R, then B ∈ IFM(M), is an IF-primary submodule of M if and
only if B ∈ IFI(R) is an IF-primary ideal.

Theorem 2.13. [14] (a) Let N be a primary (prime) submodule of M and p, q ∈ (0, 1) with
p+ q < 1. If A is an IFS of M defined by

µA(x) =

1, if x ∈ N

p, otherwise
; νA(x) =

0, if y ∈ N

q, otherwise.

for all x ∈ M . Then A is an IF-primary (prime) submodule of M .
(b) Conversely, any IF-primary (prime) submodule can be obtained as in (a).

Corollary 2.14. [14] If A ∈ IFspec(M), then (A : χM) ∈ IFspec(R).

Theorem 2.15. [14] If P is an IF-primary submodule of M , then
√
(P : χM) is an IF-prime

ideal of R.

Definition 2.16. [12] Let A be an intuitionistic fuzzy submodule of an R-module M . Then A is
called an intuitionistic fuzzy classical prime submodule of M if for every a(p,q), b(t,s) ∈ IFP (R),
x(u,v) ∈ IFP (M), where a, b ∈ R, x ∈ M and p, q, t, s, u, v ∈ [0, 1] with

a(p,q)b(t,s)x(u,v) ∈ A ⇔ a(p,q)x(u,v) ∈ A or b(t,s)x(u,v) ∈ A.

3 Topology on intuitionistic fuzzy classical
primary submodules

Our definition of an intuitionistic fuzzy classical primary submodule is a generalization of the
notion of classical prime and classical primary submodules in module theory.

Definition 3.1. Let A ∈ IFM(M) be an IFSM of an R-module M . Then A is called an
intuitionistic fuzzy classical primary submodule of M if for every a(p,q), b(t,s) ∈ IFP (R),
x(u,v) ∈ IFP (M), where a, b ∈ R, x ∈ M and p, q, t, s, u, v ∈ [0, 1] with

a(p,q)b(t,s)x(u,v) ∈ A ⇔ a(p,q)x(u,v) ∈ A or bn(t,s)x(u,v) ∈ A,

for some positive integer n.

It is easy to see that every intuitionistic fuzzy classical prime submodule of M is an
intuitionistic fuzzy primary submodule but converse need not be true. See the following example.
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Example 3.2. Let Z be the set of all integers. Suppose that M = R = Z is a commutative ring.
Define the IFS A of M as follows:

µA(x) =

1, if x ∈ 4Z
0, otherwise

; νA(x) =

0, if x ∈ 4Z
1, otherwise.

Then it is easily seen that A is an intuitionistic fuzzy classical primary submodule of an
R-module M , which is not an intuitionistic fuzzy classical prime submodule of M (for 2(0.7,0.2),
2(0.6,0.3) ∈ IFP (R), 1(0.5,0.3) ∈ IFP (M) we have 2(0.7,0.2)2(0.6,0.3)1(0.5,0.3) = 4(0.5,0.3) ∈ A, but
2(0.7,0.2)1(0.5,0.3) = 2(0.5,0.3) /∈ A and 2(0.6,0.3)1(0.5,0.3) = 2(0.5,0.3) /∈ A.)

In what follows, IFcpspec(M) denotes the set of all intuitionistic fuzzy classical primary
submodules of an R-module M . We call IFcpspec(M), the intuitionistic fuzzy classical primary
spectrum of M . For every intuitionistic fuzzy submodule A of M , the intuitionistic fuzzy classical
variety of A is denoted by V(A), and is defined as the set of all intuitionistic fuzzy classical
primary submodule containing A, i.e., V(A) = {B ∈ IFcpspec(M) : A ⊆ B}.

Theorem 3.3. For any family of IFSMs {Ai : i ∈ I} of an R-module M , the following properties
hold.

1. V(χ{θ}) = IFcpspec(M) and V(χM) = ∅.

2.
⋂

i∈I V(Ai) = V(
∑

i∈I Ai).

3. V(A1) ∪ V(A2) = V(A1 ∩ A2).

Proof. (1). Obvious.

(2). Let B be an IFSM of M such that B ∈
⋂

i∈I V(Ai). Then we have B ∈ V(Ai) for all i ∈ I ,
i.e., Ai ⊆ B.

µ∑
i∈I Ai

(x) = sup
x=

∑
i∈I xi

( inf
x=

∑
i∈I xi

µAi
(xi))

≤ sup
x=

∑
i∈I xi

( inf
x=

∑
i∈I xi

µB(xi))

= sup
x=

∑
i∈I xi

µB(xi)

= µB(x).

Similarly, we can show that ν∑
i∈I Ai

(x) ≥ νB(x). Thus we have
∑

i∈I Ai ⊆ B and so
B ∈ V(

∑
i∈I Ai) which implies that

⋂
i∈I V(Ai) ⊆ V(

∑
i∈I Ai). On the other hand, let B be an

IFSM of M such that B ∈ V(
∑

i∈I Ai). It is easy to see that Ai ⊆
∑

i∈I Ai ⊆ B, i.e., B ∈ V(Ai),
for all i ∈ I . Therefore V(

∑
i∈I Ai) ⊆

⋂
i∈I V(Ai) and hence

⋂
i∈I V(Ai) = V(

∑
i∈I Ai).

(3). Let B be an IFSM of M such that B ∈ V(A1) ∪ V(A2). Then we have A1 ⊆ B or A2 ⊆ B,
it follows that A1 ∩ A2 ⊆ B. Thus B ∈ V(A1 ∩ A2) and so V(A1) ∪ V(A2) ⊆ V(A1 ∩ A2).
On the other hand, let B be an IFSM of M such that B ∈ V(Ai ∩ A2). This implies that
A1 ∩ A2 ⊆ B, i.e., A1 ⊆ B or A2 ⊆ B. Also, B ∈ V(A1) ∩ V(A2). Therefore, we obtain that
V(A1 ∩ A2) ⊆ V(A1) ∪ V(A2) and hence V(A1) ∪ V(A2) = V(A1 ∩ A2).
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Corollary 3.4. Let A and B be any IFIs of the ring R. Then

V(A ◦ χM) ∪ V(B ◦ χM) = V(A ◦B ◦ χM).

Set X = IFcpspec(M). For any IFSM A of an R-module M , define X(A) and τ as follows:

X(A) = X − V(A) and τ = {X(A) : A ∈ IFM(M)}

In the next theorem, we will show that the pair (X, τ) is a topological space.

Theorem 3.5. Let M be an R-module. Then the following statements hold:

1. The pair (X, τ) is a topological space.

2. X is a T0 topological space.

Proof. (1). 1. Since V(χ{θ}) = X and V(χM) = ∅, we have X(χ{θ}) = X − X = ∅ and
X(χM) = X −∅, i.e., ∅, X ∈ τ .

2. Let A and B be any IFSMs of M . Then by Theorem (3.3)(3), we have

X(A) ∩X(B) = (X − V(A)) ∩ (X − V(B))

= X − (V(A) ∪ V(B))

= X − V(A ∩B)

= X(A ∩B).

3. For any arbitrary family of IFSMs {Ai : i ∈ I} of M . Then by Theorem (3.3)(2), we have⋃
I∈I

X(Ai) =
⋃
i∈I

(X − V(Ai))

= X −
⋂
i∈I

V(Ai)

= X − V(
∑
i∈I

Ai)

= X(
∑
i∈I

Ai).

Thus, 2. and 3. show that τ is closed under arbitrary union and finite intersection. Thus
the pair (X, τ) satisfies all the axioms of a topological space. Therefore we have (X, τ) is a
topological space.

(2). Let A and B be two distinct points of X . If A ⊈ B, then obviously B ∈ X(A) and
A /∈ X(A) showing that X is a T0 topological space.

In this case, the topology τ on X is called the intuitionistic fuzzy primary Zariski topology.
For every IFSM A of M , the set

V∗(A) = {B ∈ IFcpspec(M) :
√

(A : χM) ⊆
√

(B : χM)}.

Then we have the following lemma.
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Lemma 3.6. Let A and B be any IFSMs of an R-module M . If A ⊆ B, then

V∗(B) ⊆ V∗(A).

Proof. Let C be an IFSM of M such that C ∈ V∗(B). Then we have
√

(B : χM) ⊆
√

(C : χM).
Since A ⊆ B, we have

√
(A : χM) ⊆

√
(B : χM), i.e.,

√
(A : χM) ⊆

√
(C : χM). Therefore,

C ∈ V∗(A) and hence V∗(B) ⊆ V∗(A).

Then we have the next results.

Theorem 3.7. For any family of IFSMs {Ai : i ∈ I} of an R-module M . The following properties
hold.

1. V∗(χ{θ}) = IFcpspec(M) and V∗(χM) = ∅.

2.
⋂

i∈I V∗(Ai) = V∗(
∑

i∈I(A : χM) ◦ χM).

3. V∗(A1) ∪ V∗(A2) = V∗(A1 ∩ A2).

Proof. (1). Obvious.

(2). Let B be an IFSM of M such that B ∈
⋂

i∈I V∗(Ai). Then we have B ∈ V∗(Ai), for all
i ∈ I , i.e.,

√
(Ai : χM) ⊆

√
(B : χM).

Since (Ai : χM) ◦ χM ⊆
√

(Ai : χM) ◦ χM ⊆
√

(B : χM) ◦ χM , it follows that,√
((
∑
i∈I

(Ai : χM) ◦ χM) : χM) ⊆
√
(
√
(B : χM) ◦ χM : χM)

⊆
√√

(B : χM)

=
√

(B : χM).

It is easy to see that B ∈ V∗(
∑

i∈I(Ai : χM) ◦ χM) and so⋂
i∈I

V∗(Ai) ⊆ V∗(
∑
i∈I

(Ai : χM) ◦ χM).

On the other hand, let B be an IFSM of M such that B ∈ V∗(
∑

i∈I(Ai : χM) ◦ χM). Thus
we have √

((
∑

i∈I(Ai : χM) ◦ χM) : χM) ⊆
√
(B : χM).

Clearly, we have ((Ai : χM) ◦χM) = (Ai : χM), for all i ∈ I . Also for each i ∈ I , we obtain that√
(Ai : χM) =

√
(((Ai : χM) ◦ χM) : χM)

⊆
√
((
∑
i∈I

(Ai : χM) ◦ χM) : χM)

⊆
√
(B : χM).

Therefore we obtain that B ∈
⋂

i∈I V∗(Ai) and hence V∗(
∑

i∈I(A : χM) ◦ χM) ⊆
⋂

i∈I V∗(Ai).

(3). Let B be an IFSM of M such that B ∈ V∗(A1) ∪ V∗(A2). Then we have√
(A1 : χM) ⊆

√
(B : χM) or

√
(A2 : χM) ⊆

√
(B : χM).
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If
√

(A1 : χM) ⊆
√

(B : χM), then
√
(A1 ∩ A2 : χM) ⊆

√
(A1 : χM) ⊆

√
(B : χM), it

follows that, B ∈ V∗(A1∪A2). Similarly, if
√

(A2 : χM) ⊆
√

(B : χM), then B ∈ V∗(A1∪A2).
On the other hand, let B be an IFSM of M such that B ∈ V∗(A1∪A2). Then

√
(A1 ∩ A2 : χM) ⊆√

(B : χM).
Since A1 ∩ A2 ⊆ A1 and A1 ∩ A2 ⊆ A2, we have

√
(A1 : χM) ⊆

√
(A1 ∩ A2 : χM) and√

(A2 : χM) ⊆
√

(A1 ∩ A2 : χM)

⇒
√

(A1 : χM) ◦
√

(A2 : χM) ⊆
√

(A1 ∩ A2 : χM) ⊆
√

(B : χM).

Now since
√

(B : χM) is an intuitionistic fuzzy prime ideal, it follows that√
(A1 : χM) ⊆

√
(B : χM) or

√
(A2 : χM) ⊆

√
(B : χM).

Clearly, we have B ∈ V∗(A1) or B ∈ V∗(A2), i.e., B ∈ V∗(A1) ∪ V∗(A2). Therefore,
V∗(A1 ∩ A2) ⊆ V∗(A1) ∪ V∗(A2) and hence V∗(A1 ∩ A2) = V∗(A1) ∪ V∗(A2).

For every IFSM A of an R-module M we define X∗(A) and τ ∗ as follows:

X∗(A) = X − V∗(A) and τ ∗ = {X∗(A) : A ∈ IFM(M)}

In the next theorem we will show that the pair (X, τ ∗) is a topological space.

Theorem 3.8. Let M be an R-module. Then the following statements hold:

1. The pair (X, τ ∗) is a topological space.

2. X is a T0 topological space.

Proof. The proof follows from Theorem (3.5).

For any R-module M and A,B ∈ IFM(M) we have the next result.

Proposition 3.9. Let A and B be any IFSMs of an R-module M . if
√

(A : χM) =
√
(B : χM),

then V∗(A) = V∗(B). Moreover the converse is true if both A and B are intuitionistic fuzzy
classical primary submodules of M .

Proof. Let A and B be any IFSMs of an R-module M such that
√
(A : χM) =

√
(B : χM).

Next let C be an IFSM of M such that C ∈ V∗(A). Then we have
√

(A : χM) ⊆
√

(C : χM),
i.e.,

√
(B : χM) ⊆

√
(C : χM). Thus C ∈ V∗(B) and so V∗(A) ⊆ V∗(B). Similarly, we can

show that V∗(B) ⊆ V∗(A) and so V∗(A) = V∗(B).
For the converse, suppose that A and B are intuitionistic fuzzy classical primary submodules

of M such that V∗(A) = V∗(B). Since A ∈ V∗(A) and B ∈ V∗(B) and V∗(A) = V∗(B).
We have

√
(B : χM) ⊆

√
(A : χM) and

√
(A : χM) ⊆

√
(B : χM). Therefore, we obtain that√

(A : χM) =
√
(B : χM).

For an intuitionistic fuzzy primary ideal p of ring R, by IFcpspecp(M) we mean the set of all
A ∈ IFM(M) such that

√
(A : χM) = p. In other words,

IFcpspecp(M) = {A ∈ IFcpspec(M) :
√
(A : χM) = p}.
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Theorem 3.10. Let C and A be any IFI of a ring R and an IFSM of an R-module M . Then the
following properties hold.

1. V∗(A) =
⋃√

(A:χM )⊆p
IFcpspecp(M).

2. V∗(Cm ◦ χM) = V (Cn ◦ χM) for some positive integers m,n,

3. V(
√
(A : χM) ◦ χM) ⊆ V∗(A) ⊆ V∗((A : χM) ◦ χM).

Proof. (1). Let B be any IFSM of M such that B ∈ V∗(A). Then we have
√
(A : χM) ⊆√

(B : χM) = p and so B ∈ IFcpspecp(M) ⊆
⋃√

(A:χM )⊆p
IFcpspecp(M).

It is easy to see that V∗(A) ⊆
⋃√

(A:χM )⊆p
IFcpspecp(M). On the other hand, let B be an IFSM

of M such that B ∈
⋃√

(A:χM )⊆p
IFcpspecp(M). Thus there exists an IFPI p of R such that√

(A : χM) ⊆ p and B ∈ IFcpspecp(M). Clearly, we have
√

(B : χM) = p, i.e.,
√
(A : χM) ⊆√

(B : χM), it follows that, B ∈ V∗(A). Therefore we obtain that
⋃√

(A:χM )⊆p
IFcpspecp(M) ⊆

V∗(A) and hence V∗(A) =
⋃√

(A:χM )⊆p
IFcpspecp(M).

(2). Let B be any IFSM of M such that B ∈ V∗(Cn ◦ χM). Then we have Cn ◦ χM ⊆ B, i.e.,√
(Cm ◦ χM : χM) ⊆

√
(B : χM). This implies that B ∈ V∗(Cm ◦ χM) and so V(Cn ◦ χM) ⊆

V∗(Cm ◦ χM). On the other hand, let B be an IFSM of M such that B ∈ V∗(Cm ◦ χM). Thus√
(Cm ◦ χM : χM) ⊆

√
(B : χM).

Obviously, Cm ⊆ (Cm ◦χM : χM), we have Cm ⊆
√

(B : χM), which implies that, Cm ◦χM ⊆
B. It is easy to see that B ∈ V(Cn ◦ χM).
Therefore V∗(Cm ◦ χM) ⊆ V (Cn ◦ χM) and hence V∗(Cm ◦ χM) = V(Cn ◦ χM).

(3). Let B be any IFSM of M such that B ∈ V∗(A). Then we have√
(A : χM) ⊆

√
(B : χM). Since (A : χM) ◦ χM ⊆ A, we have√

(A : χM) ◦ χM : χM ⊆
√

(A : χM) ⊆
√
(B : χM)

This implies that B ∈ V∗((A : χM) ◦ χM) and so V∗(A) ⊆ V∗((A : χM) ◦ χM).
Next, let B be an IFSM of M such that B ∈ V(

√
(A : χM) ◦ χM). Thus

√
(A : χM) ◦ χM ⊆ B.

Obviously,
√
(A : χM) ⊆ (B : χM). Since (B : χM) ⊆

√
(B : χM), we have

√
(A : χM) ⊆√

(B : χM), which implies that, B ∈ V∗(A). Therefore V(
√
(A : χM) ◦ χM) ⊆ V∗(A) and

hence
V(

√
(A : χM) ◦ χM) ⊆ V∗(A) ⊆ V∗((A : χM) ◦ χM).
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