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1 Introduction

The notion of a I'-ring was introduced by N. Nobusawa [9] as more general than the notion of a
ring. W. E. Barnes [2] weakened slightly the conditions in the definition of I'-rings in the sense
of N. Nobusawa. The structure of I'-rings can be found in [11]. The notion of intuitionistic
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fuzzy set was introduced by K. T. Atanassov [1] to generalize the notion of fuzzy set given by
L. A. Zadeh [14]. R. Biswas [4] was the first one to introduce the concept of intuitionistic fuzzy
subgroup of a group and established many important properties. The notion of intuitionistic fuzzy
subring and ideal in a ring was introduced by K. Hur et al. in [6,7]. K. H. Kim et al. in [8] have
studied intuitionistic fuzzy ideal of I'-rings which was further studied by N. Palaniappan et al.
in [10]. A. K. Ray [12] introduced the concept of translational invariant fuzzy subset in a ring.
A. K. Ray and T. Ali in [13] also studied ideals and divisibility in a ring with respect to a fuzzy
subset. Y. Bhargavi [3] studied the translational invariant vague set of a I'-semiring. The purpose
of this paper is to generalize some of the classical results of ring theory using the notion of a
translational invariant intuitionistic fuzzy subset (TIIFS) of a I'-ring.

2 Preliminaries

In this section, we list some basic concepts and definitions on I'-rings theory and intuitionistic
fuzzy sets theory, which are necessary for the better understanding of the paper.

Definition 2.1 ([2]). If (M, +) and (T, +) are additive Abelian groups, then M is called a I'-ring if
there exists a mapping f : M xI'x M — M, where f(x, o, y) is denoted by zay, z,y € M,y €T
satisfying the following conditions:

(1) zay € M.
(2) (x+y)az =zaz+ yaz, z(a+ B)y = zay + 2Py, za(y + 2) = zay + raz.
(3) (zay)Bz = za(ypz). forall x,y,z € M,and vy € T.

These conditions are further strengthened by defining another function g : I' x M x I' — T,
where g(«, x, §) is denoted by ax, x € M, o, § € T, satisfying the following conditions for all
x,y,z € M and forall o, 5,y €T,

(1) zay € M, axp €T.
(2) (z +y)az = vaz + yaz, x(a + B)y = oy + 2By, za(y + 2) = zay + zaz.
(3) (zay)Bz = za(yB2).
(4) way = 0y forall 2,y € M implies o = Or.
We then have a ['-ring in the sense of Nobusawa [9].

Definition 2.2 ([2, 10]). A subset N of a ['-ring M is a left (right) ideal of M if N is an additive
subgroup of M and

MTN = {zay|lr € M,a €T,y € N}, (NI'M)

is contained in N. If /V is both a left and a right ideal, then NV is a two-sided ideal, or simply an
ideal of M.
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Definition 2.3 ([13]). A I'-ring M is said to be a commutative ['-ring if xyy = yyz, Vz,y € M,
v el

Definition 2.4 ([13]). Let M be a I'-ring. An element e € M is said to be unity if for each x € M
there exists v € I' such that xye = eyxr = x.

Definition 2.5 ([13]). Anideal P of aI'-ring M is said to be prime ideal of M if for any z,y € M,
v eI, xyy € Pimplies thatxz € Pory € P.

Definition 2.6 ([2, 13]). Let M and M be two I'-rings. Then f : M — M is called a
['-homomorphism if

o flx+y) = flz)+ f(y)

o flzyy) = f(a)vf(y), forallz,y € M,y €T.

Definition 2.7 ([1]). An intuitionistic fuzzy set A in X can be represented as an object of the form
A = {(x,pa(x),va(x)) : © € X}, where the functions 1y : X — [0,1] and v4 : X — [0,1]
denote the degree of membership (namely p4(z)) and the degree of non-membership (namely
va(z)) of each element x € X to A, respectively, and 0 < pa(z) + va(z) < 1foreachz € X.

Remark 2.8 ([1]). (i) When ps(z) +va(x) = 1,ie., va(x) =1 — pa(x) = pac(z), then Ais
called a fuzzy set.

(ii))  An intuitionistic fuzzy set IFS) A = {(x, ua(x),va(x)) : * € X} is shortly denoted by
A(x) = (pa(x),va(x)), forall z € X.

Proposition 2.9 ([1]). If A, B be two intuitionistic fuzzy sets of X, then
(i) AC B < pa(x) < pp(x) andvy(z) > vp(z),Voe € X;
(i) A=B < AC Band B C A ie, A(x) = B(x), forall x € X.

Further if f : X — Y is a mapping and A, B be respectively IFS of X and Y, then the image
f(A) is an IFS of Y defined as pi(a)(y) = sup{pa(z) : f(z) = y}, vy (y) = inf{va(z) :
f(z) =y}, forall y € Y and the inverse image f~'(B) is an IFS of X defined as ji;-1(p)(z) =
pe(f(x)), vi-ip (x) = vp(f(x)), forall z € X, ie., f71(B)(z) = B(f(x)), forall z € X.
Also the IFS A of X is said to be f-invariant if for any x,y € X, whenever f(x) = f(y) implies
Alz) = Aly).

3 Translational invariant intuitionistic fuzzy subset
of a I'-ring
Throughout this section, M is a [-ring with unities and the zero element 6.

Definition 3.1. Let A be an intuitionistic fuzzy subset of M. A is called a left translational
invariant intuitionistic fuzzy subset with respect to the internal addition if A(x) = A(y) implies
that A(x +m) = A(y + m), for all x,y, m € M. Again A is called a left translational invariant
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intuitionistic fuzzy subset with respect to the external multiplication if A(z) = A(y) implies that
A(myz) = A(mryy), for all x,y,m € M and for all v € I". Similarly, we can define the notion
of right translational invariant intuitionistic fuzzy subset with respect to the operation (addition,
multiplication) in M.

Remark 3.2. An IFS A is said to be commutative under internal addition (or external
multiplication) on M if A(x +y) = A(y + x) (or A(zyy) = A(yyzx)), forall z,y € M,~ € T.
Therefore, when A is commutative, then the two notion coincides. In this case, we say that A is
a translational invariant intuitionistic fuzzy subset (TIIFS) of M with respect to the operation +
(or x).

Example 3.3. Consider the I'-ring M, where M = Z the ring of integers and [' = 27, the ring
of even integers and z-yy denotes the usual product of integers z,v,y. Let A = (pu4,74) be an
intuitionistic fuzzy subset of M defined by

1, if x is an even integer 0, if x is an even integer

pa(z) = o . ;o va(z) = . .
0.5, if x is an odd integer 0.3, if x is an odd integer.

Then it is easy to verify that A is an TIIFS of M with respect to both the operation + and x.
Example 3.4. Consider the I'-ring M, where M = {[a;;] : a;; € Z5,i = 1,7 = 1,2}, the set of
(1 x 2) matrices whose entries are from Z, and I' = {[a;;] : a;; € Z»,7 = 1,2,j = 1}, the set of

(2 x 1) matrices whose entries are from Z,. Let A = (14, v4) be an intuitionistic fuzzy subset of
R defined by

,0.7, if aj] = a1 = 0 (0.2, if ai]p = a1 = 0

0.7, if&ll = 1,@12 =0 02, if aj] = 1,@12 =0
,lLA(CLZ'j) = . ) VA(a’ij) = 9 .

0.3, lf&ll = 0,@12 =1 05, if a] = 0,@12 =1

\0.3, ifan = 19 = 1. \0.5, if a1 = 12 = 1.

Then it is easy to verify that A is an TIIFS of M with respect to both the operation addition of
matrices and multiplication of matrices defined on M.

From this point onwards, every intuitionistic fuzzy subset A of a I'-ring M satisfies the
property A(—x) = A(z), forallx € M.

Proposition 3.5. Let A be a TIIFS with respect to both internal addition and external
multiplication operations defined on M. Then for any m € M the set

L(m,~,A) = {x : x € M such that A(x) = A(yym), for some y € M}
is a left ideal of M.

Proof. Clearly L(m,~,A) # 0, since 6 € L(m,~,A) as A(f) = A(fym). Let x1,x9 €
L(m,~,A). Then A(z1) = A(y1ym) and A(z3) = A(yaym), for some y1,y> € M. Now

A(xy) = A(yrym) = A(xy — 29) = A(yiym — x9) = A(z2 — y17m) @)
and

A(xz) = A(yaym) = A(wa — 1) = A(yeym — 1) = A(z1 — y2ym) (i)
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From (i) and (ii) we get A(z1 —y2ym) = A(xa—y1ym) = A(x1—x2) = A(y1ym—y2ym) =
A((y1 — y2)ym). Thus, z1 — x5 € L(m,~y, A), since (y; — yo) € M.
Also, for any y3 € M and 7, € I', we have A(ysy121) = A(ysy1(vaym)) = A((ysyiyr)ym) =
ysnxy € L(m,~,A) for any y3 € M and for any 3 € T'. Hence L(m,~y, A) is a left ideal
of M. 0

Analogously we can prove:

Proposition 3.6. Let A be a TIIFS with respect to both internal addition and external
multiplication operations defined on M. Then for any m € M the set

R(m,~, A) = {x : x € M such that A(x) = A(m~y), for somey € M}
is a right ideal of M.

Remark 3.7. If M is a commutative ['-ring, then L(m,~y, A) = R(m,~, A),¥Ym € M and for all
v el

Remark 3.8. We observe that for any m € M and vy € T, the ideal Mym = {xym : © € M}
of M is contained in the left ideal L(m,~y, A). Also for any m € M and v € T, the ideal
myM = {m~yx : x € M} of M is contained in the right ideal R(m,~, A).

Definition 3.9. L(m,~, A) is called left A-principal ideal of M generated by m,~ and A, and
R(m,~, A) is called right A-principal ideal of M generated by m,~y and A.

Definition 3.10. If L(m,~, A) = R(m,~, A) for all m € M and «y € T, then the ideal is denoted
by I(m,~, A) and is called A-principal ideal of m generated by m,~y and A.

Definition 3.11. A I'-ring M is called A-principal ideal I'-ring if A is commutative and every
ideal of M is an A-principal ideal generated by some m € M,~ € I' and A.

Definition 3.12. Anelement a € M with A(a) # A(0) is called an A, -unit of M, where v € I if
there exists an element a' € M such that A(a') # A(#) and A(aya' ym) = A(m) = A(a'yaym)
forall m € M.

From the definition it follows that v # Or. In a I'-field every element a(# 6) is an A, -unit for
all v(#£ Or) € T

Proposition 3.13. If a is an A, -unit of M, then L(m,~y, A) = R(m,~, A) = M, forall v € I.

Proof. As ais an A,-unit of M,3a € M such that A(a’) # A(6) and A(aya'ym) = A(m) =
A(a'yaym), forallm € M. Let x € M. Then A(z) = A(aya' ym) = x € R(m,~, A), since
a'yr € M. Therefore, M C R(m,~, A). Similarly, M C L(m,~v, A). Hence L(m,v, A) =
R(m,~,A) =M fory € T, v # Or. O

Proposition 3.14. Let A be a TIIFS with respect to external multiplication defined on M and
a,b € M. Then, a € L(b,~, A) for some v € I' = L(a,v,A) C L(b,v,A) and a € R(b,~, A)
for some v € I' = R(a,v,A) C R(b,v, A).
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Proof. Leta € L(b,y, A), then A(a) = A(zvb), for some x € M. Let m € L(a,~, A). Then
A(m) = A(yva) for some y € M.
Now A(a) = A(xzyb) = A(yya) = A(yyazyb) = A(m) = A(yyaxyb) = m € L(b,v, A).
Hence L(a, v, A) C L(b,v, A). Similarly, we can prove R(a,~y, A) C R(b,7, A). O

Remark 3.15. We observe that L(a,v, A) = {m € M : A(m) = A(0)} = M, for any v € I.

Proposition 3.16. Let A be a TIIFS with respect to the external multiplication defined on M and
a,b € M. Then A(a) = A(b) = L(a,vy,A) = L(b,v, A); R(a,vy,A) = R(b,, A).

Proof. Let A(a) = A(b). Suppose m € L(a,~,A). Then A(m) = A(xvya) for some x € M.
Now A(a) = A(b) implies A(zya) = A(xyb). Hence, A(m) = A(xyb, so m € L(a,v, A).
Thus, L(a,v, A) C L(b,v, A).

Similarly, we can show that L(b,v, A) C L(a,, A). Consequently, L(a,~y, A) = L(b,v, A).
In a similar way, we can prove R(a,~y, A) = R(b,7, A). O

In the next two sections, M is assumed to be a commutative I'-ring with right and left unities
and A is assumed to be a translational invariant intuitionistic fuzzy subset of M with respect
to both internal addition and external multiplication defined on M satisfying A(z) = A(—x),
Vx € M. Henceforth, the ideal generated by an element a € M, v € I" with respect to A will be
denoted by I(a,~y, A) and it will be assumed that a € I(a,~, A) forall y € T.

4 A-divisors of zero, A-associates

Definition 4.1. An element ¢ € M with A(a) # A() is said to be an A, -divisor of zero for
v € I', v # Or if there exists some b € M with A(b) # A(f) such that A(ayb) = A(0).

Henceforth, we shall assume that M/ contains no A.-divisor of zero.

Definition 4.2. Let a,b € M and A(a) # A(f). We say that a divides b with respect to A
and v € I' or a is an A,- divisor of b, written as (a/b)4_, if there exists ¢ € M such that
A(b) = A(ayc).

Theorem 4.3. Let a,b € M be such that A(a) # A(b) and A(a) # A(0). Then (a/b) 4., if and
only if (b7, A) C I(a, v, A), for y € T.

Proof. Suppose that (a/b)4,. Then A(b) = A(cya) for some ¢ € M, which implies that b €
I(a,~, A) and, therefore, I(b,v, A) C I(a,~, A).

Conversely, let I(b,v,A) C I(a,v,A). Asb € I(b,v,A) C I(a,v,A) hence, A(b) =
A(cya), for some c € M. Also, A(a) # A(6). Hence (a/b) 4, . O

Definition 4.4. Let a, b € M\ M, be such that A(a) # A(b). We say that a and b are A-associates
with respect to v € I'if (a/b) 4, and (b/a) 4.

Proposition 4.5. Let a,b € M\ M 4. Then a,b are A-associates with respect to vy € T if and only
if A(a) = A(byu) for some A -unitu € M.
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Proof. Let a,bbe A-associates with respect to . Then (a/b) 4, and (b/a)4. . So A(b) = A(avyd)
and A(a) = A(byc) for some ¢, d € M. Hence
M)—de—ﬂmwd
Alayr) = Alaydyeyr)
Alayx — arydyeyx) = A(0)
Alay(z — dycyz)) = A(0)
A(x — dyeyx) = A(8); since A(a) # A(f) and R is without A.-divisor of zero.
= A( ) = A(dycyz), forallx € M
= cand d are A,-units in M. Hence A(a) = A(byc), where c is an A-unit in M.
Conversely, suppose that A(a) = A(byu), for some A.-unit w in M.
Now, A(a) = A(byu) = (b/a)a,. Since u is an A, -unit, there exists v € M\ M such that
A(uyvyzx) = A(x), for all x € M. Hence A(a) = A(byu) = A(ayv) = A(byuyv) = A(D).
This shows that (a/b) 4. Thus we find (a/b) 4, and (b/a)4,. Hence a, b are A,-associates. [

Corollary 4.6. Let a,b € M\M4. If a, b are A,-associates, then I(a,v,A) = 1(b,~, A).

Proof. Suppose that a and b are A,-associates. Then by Proposition 4.5, A(a) = A(u~b), for
some A,-unit v € M. Then, a € I(b,,A), and so I(a,y,A) C I(b,y,A). Since u is an
A -unit of M, there exists v € M\M4 such that A(uyvyx) = A(z), for all x € M. Hence
A(byuyv) = A(b). Thus A(b) = A(ayv), and so b € I(a,v,A). Therefore I(b,v, A) C
I(a,~, A). Consequently, I(a,v,A) = I1(b,7, A). O

Definition 4.7. Suppose a € M\M, and a is not an A,-unit for v € I". Then a is said to be
A, -irreducible if A(a) # A(b), A(a) # A(c) and A(a) = A(byc) implies either b or ¢ is an
A, -unit, where b, c € M.

Definition 4.8. Suppose a € M\M, and a not an A -unit for v € I'. Then a is said to be
A, -prime if A(a) # A(D), A(a) # A(c) and (a/byic)a, implies (a/b)a, or (a/c)a,, where
vyel.

Proposition 4.9. In the I'-ring M with no A.-divisors of zero, any A.-prime is A.-irreducible.

Proof. Let a be A,-prime. Suppose A(a) # A(b), A(a) # A(c) and A(a) = A(byc) fory € T,
b,c € M. We can say that (a/byc) 4. . Since a is A, -prime, either (a/b) 4 or (a/c)4.
Suppose (a/b) 4. As A(a) # A(b), A(b) = A(a~yd) for some d € M. Now

M)—MM@—MMMQ

A(ayz) = Alaydyeyz), forx € M

Alayx — aydyeyz) = A(0) = A(ay(x — dyeyx)) = A(0)

A(z — dyeyx) = A(6), since A(a) # A(P) and M is without A, -divisor of zero.
= A( ) = A(dycyz), for all x
= cis a A,-unit.
Similarly, if (a/c) 4, then we can show that b is an A, -unit. Hence a is A, -irreducible. O

Theorem 4.10. Suppose that a € M\My and a is not an A.-unit. Then a is A.-irreducible
if and only if the ideal I(a,~, A) is maximal among all ideals 1(b,~, A), where b € M and

A(a) £ A(b).
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Proof. (i) Suppose that a is A, -irreducible. Let I(a,y, A) C I(b,7v,A) # M for some b € M
with A(b) # A(a). Now a € I(a,v,A) C I(b,7y,A) and so A(a) = A(cyb) for some ¢ €
M\M 4. Now, if A(a) = A(c), then A(c) = A(cyb), which implies A(cyx) = A(cybyz), for all
x € M. Now M is without A, -divisor of zero and A(c) # A(f), so A(z) = A(byz) forall z €
M. Hence I(b,y,A) = M, which is not the case. Hence A(a) # A(c). As a is A,-irreducible,
so either b is an A,-unit or c is an A -unit. Since /(b,y, A) # M so by Proposition 4.9, we find
that b is not an A, -unit. So there exists u € M\ M4 such that A(cyuyz) = A(uycyr) = A(x),
forall z € M. Thus A(b) = A(cyuyb). Again, A(a) = A(byc) implies A(ayu) = A(b). Hence
b € I(a,v,A) and so I(b,v,A) C I(a,7v,A). Consequently, I(b,v,A) = I(a,7,A). Thus
I(a,~, A) is maximal.

Conversely, assume that /(a, 7y, A) is maximal. Assume that A(a) = A(cyd) where ¢,d € M
and A(a) # A(c), A(a) # A(d). Then a € I(d,v,A) and so I(a,v,A) C I(d,v,A). Hence
by our hypothesis either I(a,~y, A) = I(d,v,A),or I(d,v,A) = M. If I(a,v,A) = I(d,~, A),
then d € I(d,v,A) = I(a,v,A). Therefore, A(d) = A(m~a), for some m € M. This gives
A(cyd) = A(cymrya). Thus we have A(a) = A(cym~ya) and so A(ay(z — cymryx)) = A(6),
for all + € M. Since M is without A, -divisors of zero and A(a) # A(f), we have
A(z) = A(cymyz), for all x € M. This shows that ¢ is an A,-unit. If I(d,v,A) = M,
then A(d) = A(dym), for some m € M. Again A(m) = A(d~yy), for some y € M. Therefore
A(d) = A(dym) = A(dvydvyy). Hence, A(dyx) = A(dydyyyz). Thus A(z) = A(dyyyzx). This
shows that d is an A, -unit. O

Theorem 4.11. Suppose that a € M\M 4 and a is not an A, -unit. Then a is A.,-prime if and only
ifforx,y € M,y €T, xy1y € I(a,~, A) implies either that x € I(a,7,A) ory € I(a,~,A),
where A(a) # A(x), A(a) # A(y).

Proof. Suppose that a is A,-prime and z,y € M, v, € I, 2y1y € I(a,7,A) implies either
x € I(a,y,A)ory € I(a,~,A), where A(a) # A(z), A(a) # A(y). Then A(zv1y) = A(aym)
for some m € M, which shows that (a/xv1y) 4. As ais A,-prime, so either (a/x) 4. or (a/y)a. -
If (a/x)a4,, then there exists 2y € M such that A(x) = A(ayx,) which implies x € I(a,, A).
Similarly, if (a/y) 4., then there exists y; € M such that A(y) = A(ayy:), which implies y €
I(a,v, A).

Conversely, let for z,y € M,y € T, xyy € I(a,v, A) implies either x € I(a,7,A) or
y € I(a,v,A), where A(a) # A(x), A(a) # A(y). We have to prove a is A,-prime. Let
(a/zm1y)a,, where z,y € M,y € T, A(a) # A(z), Ala) # A(y). Alzny) = A(aym), for
some m € M. Thus zy1y € I(a,7,A). Now from given condition either = € I(a,~, A), or
y € I(a,v,A).

If z € I(a,v, A), then A(z) = A(ay;m,) for some my € M. Thus (a/z) 4. .

~

Ify € I(a,v, A), then A(y) = A(ay1ms) for some my € M. Thus (a/y) 4,

=~

This proves that a is A, -prime. [
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S Images and inverse images under I'-ring homomorphisms

In this section, we discuss the invariance of translational invariance property of an intuitionistic
fuzzy subset under I'-ring homomorphism. We also study the algebraic nature of ideals under
I'-ring homomorphism.

Proposition 5.1. Let M and M’ be T'-rings and f be a T-homomorphism from M into M'. Let
B be a TIIFS of M'. Then f~'(B) is a TIIFS of M.

Proof. Leta,b € M and f~*(B)(a) = f~*(B)(b). Then B(f(a)) = B(f(b)). Letx € M and
f(z) =y € M'. Since B is a TIIFS of M' and B(f(a)) = B(f(b)), we have B(f(a) + y) =

B(f(b) + y) and B(f(a)yy) = B(f(b)yy), Byvf(a)) = B(yvf(b)). Now B(f(a) +y) =

B(f(b) + y) implies B(f(a) + f(z)) = B(f(b) + f(z)), and so B(f(a + x)) = B(f(b+ x)).
Hence f~'(B)(a + z) = f~'(B)(b + x). On the other hand, from B(f(a)yy) = B(f(b)vy)
and B(yyf(a)) = B(yvf (b)), we get B(f(a)vf(z)) = B(f(b)7f(z)) and B(f(z)v[f(a)) =
B(f(x)yf(b)), and so B(f(ayx)) = B(f(byx)) and B(f(zva)) = B(f(x7b)). Thus, we have
fYB)(ayx) = f1(B)(byx) and f~YB)(zya) = f~1(B)(xyb)Va,b,x € M and v € T.
Consequently, f~'(B) is TIIFS of M. O

Proposition 5.2. Let M and M’ be T-rings and f be a T-homomorphism from M onto M'. Let
Abe aTIIFS of M. If A is f-invariant, then f(A) is a TIHFS of M .

Proof. Suppose that A is f-invariant. Then Vz,y € M, f(z) = f(y) implies A(z) = A(y).
As f is onto, for any a € M, jisay(a) = sup{pa(z) : @ € M, f(z) = a} and vp(a)(a) =
inf{vs(x) : x € M, f(z) = a}. Letx,y € M and f(z) = a = f(y). Then f(z) = f(y), and
so A(x) = A(y). So pgpay(a) = pa(z) and vpay(a) = va(z). Hence f(A)(a) = A(z), where
x € M and f(x) = a. Thus Ya € M, f(A)(a) = A(z), where x € M and f(x) = a. Now, let
a,b€ M',and f(A)(a) = f(A)(b). Then A(z) = A(y), where 2,y € M, and f(z) = a, f(y) =
b. Let c € M’ be such that f(z) = ¢, where z € M. Then, a + ¢ = f(z) + f(z) = (x+z)
and b+ ¢ = f(y) + f(2) = f(y + 2). Hence f(A)(a+¢) = A(x + 2) and f(A)(b+ ¢) =
Aly + 7). Again, for v € T, ave = f@)vf(s) = favs), eva = ff(@) = f(era),
bye = f(y)vf(2) = f(yvyz), and cyb = f(2)vf(y) = f(z7yy). Since A is translational invariant,
Az + 2) = Ay + 2), A(zyz) = A(yvz), and A(zyz) = A(z7yy). Hence, f(A)(a + ¢) =
F(A)(b+c), fF(A)(ayc) = f(A)(byc), and f(A)(eya) = f(A)(cyb) forall c € M'. Hence, f(A)
is a TIIFS of M.

]

Theorem 5.3. Let M and M’ be U-rings and f be a T'-homomorphism from M onto M’ and A
be a TIIFS of M. If A is f-invariant then,

f([(a"%A)) = [(f(a>77af(A))vva €M, yel.

Proof. Suppose that A is f-invariant. Let y € I(f(a),~, f(A)). Then f(A)(y) = f(A)(svf(a))
for some s € M'. Since y,s € M  and f is onto, there exist z,”7 € M such that f(z) = y

and f(r) = s. Thus f(A)f(z) = f(A)(f(r)vf(a)) = f(A)(f(rva)). Since A is translational

invariant, by what we have proved in Proposition 5.2, we get f(A)(f(z)) = A(x) and
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f(A)(f(rya)) = A(rvya). Thus A(xz) = A(rya), which implies z € I(a,v,A), and so
f(x) € f(I(a,7,A)), ie.y € f(I(a,7,A)). Consequently, I(f(a),7, f(A)) S f(I(a,7,A)).
Again, let y € f(I(a,7v,A)). Then there exists = € I(a,7,A) such that f(z) = v. Also
x € I(a,~, A) implies A(x) = A(a~yr) for some r € M. Now,

pra(y) = Sup{pa(z): f(z) =y}
= pa(z), since A is f-invariant

= pa(ayr).

Similarly, we can prove v4)(y) = va(ayr). Hence f(A)(y) = A(ayr). Also, if f(r) = s, we

have f(A)(f(a)7s) = F(A)(F(@)1f(r)) = F(A)(f(arr) = A(ar), since A'is f-invariant so

f~Yf(ayr) = ayr. Thus f(A)(y) = f(A)(f(a)ys) which implies y € I(f(a),v, f(A)). Hence
f(A

fU(a,v, A)) € I(f(a),”, f(A)), a € M. Consequently, f(I(a,v,A)) = I(f(a), v, f(A)), for
aec M,yel. O

Proposition 5.4. Let M and M’ be T-rings and f be a T-homomorphism from M onto M'. Let
BbeaTIFS of M'. Leta € M'. ThenVa,b € f~*(a), I(a,7, f~Y(B)) = I(b,7, [ (B));
provided that {~(da') contains more than one element.

Proof. Let x € I(a,v, f~(B)). Then f~(
so [7YB)(z) = B(f(rya)) Thus f~(B)(x (r)). Since a,b € f~'(a),
f(a) = f(b) = a and hence we have f~! (b)yf(r) = B(f(byr)) =
f~Y(B)(byr). This shows that z € I(b,~y ffl(B)). Hence I(a,v, f~1(B)) C I(b v, fH(B)).
Now let y € I(b,7, f~Y(B)). Then f~'(B)(y) = f~*(B)(byr') for some r € M, and
so f7H(B)(y) = B(f(byr')) = B(f(0)yf(r)), Since a,b € f~(d), fla) = a' = f(b)
and hence we have f'(B)(y) = B(f(a)vf(r')) = B(f(ayr')) = f'(B)(ayr’). This
(B (
Y(B

~Y(B)(rva) for some r € M and

shows that y € I(a,v, f~'(B)). Hence, I(b,v,f (B)) C I(a,v,f '(B)). Consequently,
I(a,y, f1(B)) = 1(b,y, f1(B)) Ya,b e f(a). O

Theorem 5.5. Let M and M’ be T-rings and f be a T-isomorphism from M onto M'. Let B be

a translational invariant intuitionistic fuzzy subset of M'. Then

I(f~ (y). -1 (B) = fI(y.7,B)), Yy e M',y €.

Proof. Letx € I(f~(y),7, f~'(B)). Then

' (B)(x) = fUB)(f " (y)yr) for some r € M.
= fYB)(fYy)yf!(s)), where s € M such that f(r) =
= B(f(z)) = fB)(f '(yys)), since f is bijective

= B(f(f ' (y19)))
= B(yys).

So, we have f(x) € I(y,,B), ie., z € f~'(I(y,7,B)). Hence I(f (y),v,f YB)) C
fYI(y,y,B)),Yy € M. Again, let a € f7( (y v,B)) then f(a) € I(y,v,B)) =
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B(f(a)) = B(yys), for some s € M. Also, y,5s € M and f is onto implies that there
exist z,7 € M such that f(z) = y and f(r) = s. Now, B(f(a)) = B(yys) = B(f(a)) =
B(f(x)yf(r)) = B(f(zyr)) = f~'(B)(a) = f7(B )(%’”ﬂ") = [T B yhr) = a €
I(f~(y), v, f7H(B)). Thus, f~1(I(y, 7. B)) € I(f(y),7. f~'(B)). Yy € M. Consequently,
I(f~M (). 7 7H(B)) = [7'I(y, 7. B)), ¥y € M,y €T. O

Theorem 5.6. Let M and M’ be T-rings and f be a T'-homomorphism from M onto M'. If A
is f-invariant and TIIFS of M. If p is an A.-prime element of M, then, f(p) is a f(A).,-prime
element of M.

Proof. Let f be a I'-homomorphism from M onto M. If A is f-invariant and TIIFS of M. Then
by Proposition 5.2 f(A) is a TIIFS of M'. Suppose that p is an A, -prime element of M. Let
(f(p)/xvy)s(a),. where 2,y € M'. Since f is onto, there exists a,b € M such that f(a) = z,
f() =y.

Now (f(p)/2vy) f(4), = 3c € M such that

A(ayb) = A(pyc) and so (p/ayb)a,

Since p is an A,-prime element of M, we have (p/a)a. or (p/b)a,

A(a) = A(pym) or A(b) = A(pyn), for some m,n € M,Vy €T

FA)([f(a)) = FLA)(f(pym)) or fFLA)(f (b)) = F(A)(f(pyn))

FA)(f(a)) = FLA)(f(p)rf(m)) or fFLA)(f(b)) = F(A)(f(p)vf(n))

( (p)/f(@)) sy or (f(p)/f(D))sa)- Thus, f(p)is a f(A)-prime element of M. O

Theorem 5.7. Let f be a homomorphism of a T-ring M onto a T-ring M'. Let A be an
f-invariant and TIIFS of M. If p is an A,-prime element of M, then the homomorphic image
of I(p,~, A) is a prime ideal of M.

Proof. Let f be a '-homomorphism from M onto M. If A is f-invariant and TIIFS of M, then
by Proposition 5.2 f(A) is TIIFS of M.

By Theorem 4.11 I(p,~y, A) is a prime ideal of M.

By Theorem 5.3 £(I(p, 7, A)) = I(f(p), 7, f(A)).

By Theorem 5.6 f(p) is a f(A),-prime element of M /

By Theorem 4.11 f(I(p,~y, A)) is a prime ideal of M. O
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