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1 Introduction

The Intuitionistic Fuzzy Logic (shortly: IFL) is the extension of the classical, two valued, logic.
The main results in the area of the IFL are collected in the monograph [2]. In the IFL the truth-
value of variable x is given by ordered pair (a, b), where a, b, a + b < [0, 1].

Such a pair is called an Intuitionistic Fuzzy Pair (shortly: IFP), [4]. The numbers a and b are
interpreted as the degrees of validity and non-validity of x. We denote the truth-value of x by
V(x). Especially, the variable with truth-value true in the classical logic we denote by 1 and the
variable false by 0. For this variables holds V(1) = (1, 0) and V(0) = (0, 1).

We call the variable x an Intuitionistic Fuzzy Tautology (shortly: IFT), if and only if
(shortly: iff) when for V(x) = (a,b) holds: a > b and, similar, an Intuitionistic Fuzzy
co-Tautology (shortly: IFcT), iff holds: a <b.

For every x we can define the value of negation of x in the typical form V(= x) = (b, a).

An important operator of IFL is Intuitionistic Fuzzy Implication. In [3] are noticed nearly
200 different intuitionistic fuzzy implications. One of these is given in [7]. Such a type of
implication is called later [6] a Weak Intuitionistic Fuzzy Implication (shortly: WIFI).
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Before the introduction of the definition of a WIFI we must remind the order relation in the
set of IFPs. For V(x) =(a, b) and V(y) = {c, d) we define the order relation as follows:

V(X)<V(y) iff a<candb>d.

Definition 1. The logical connective = is the WIFI if it fulfills the conditions (i1)—(i5) in the
form:

(i1) ifV(x)<V(x2), then V(x1=y)>=V(x2 =),

(i2) ifV(y) <V(y2), then V(x = y1) < V(X = Yy2),

@i3) O=yisanlFT,

(14) x=1lisanlFT,

(i5) 1=0isanlIFcT.

2 Main results

In [7] were introduced a class of two-parametric intuitionistic fuzzy implications. For V(x) =
(a, by and V(y) = (c, d) such implication is the intuitionistic logical connective with the truth-
value:

b+c+a-1 a+d+p5-1
V(X—)a,ﬁy):< a+ﬂ y a+§ >a

where a,f € R, a,f>1,and f € [a—2, a].

The implication fulfills the Definition 1. Therefore, it is a WIFI. We denote it as («, 5)-WIFI.

One of the fundamental tautologies of classical logic is the relationship between the
implication and negation. This relationship says that the truth-value of negation of the variable
x is equal to the value of the logical implications of the antecedent x and the consequent false.
Symbolically, this tautology is written in the form of N(x) < (x= 0). Using this relationship,
we can, for every intuitionistic fuzzy implication, designate a corresponding negation, called a
generated (induced) negation. The negation N,, s generated by an (a, §)-WIFI is given by the
formula:

V(No () = <b;0_‘;1, Zi@

There exist in the literature two basic modal operators over intuitionistic fuzzy sets or
intuitionistic fuzzy pairs. We remind them both in the form for IFPs.

The operators 1 and <, called necessity and possibility operators, are defined (see, e.g., [1])
as follows:

O(a,b) = (a1-a),
O(a,b) = (1-b,b).
Now, using the (a, B)-WIFI and the above operators, we will define four new WIFIs. For
simplicity we write Ox and ¢x instead of TOV(x) = 0(a, b) and OV(x) = O(a, b).
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Definition 2. For any variables x and y

V(K> ¥) = V(X 0Y) = <C ara aa‘fﬂﬂ>
V(X =0 y) = V(Dx—>aﬂ<>y):<1 Z:;*“,a*j:g 1>,
V(K —0:Y) = V(OX e g ) = <b+““ L Z+Cﬂ+ﬂ>,
V(x—><><>y)=V(<>x—>a,/;<>y)=< ;i;“d;i+ﬁ/3>

Theorem 1. The logical connectives X =, Y, X >0 Y, X =00 Y @and X —o¢ Y With truth-values
given in Definition 2 are the WIFIs.

Proof. The reasoning will be presented only for the first connective. For the other three
connectives, the reasoning is analogous.

—-a+a a-c+p
a+f ' a+
We check now the properties (i1)—(i5) from Definition 1.

(i1) LetV(x1) <V(x2), therefore (a,b,) < (a,,b,), which means that a: < a2 and b1 > b2. Now,

c-a+a al—c+ﬂ>

Let us note firstly that the value <C > is an IFP.

V(X1 =00 Y) = V(OX1 e, p OY) :<

a+f ' a+p
c—a,+a a,—C+
V(xZ—>ij)=V(DxZ—>MDy)=< ajﬂ , 2a+,[)’ﬂ>'

Since inequalities

C-q+ta C-3+a and 31—C+,3£ a-c+pf
a+pf a+pf a+pf a+pf
are equivalent to
ai < ay,
and this, by assumption, holds, then the property (i) is fulfilled.

(i2) LetV(y1)<V(y2), therefore (c,,d,) < (c,,d,) what means ci <c and di > d2. Now,
c,—a+a a—cl+ﬂ>

V(X =00 Y1) = V(OX —a, p OY1) =<

a+f ' a+p
_ _/¢,—a+a a-C,+p
V(X —>00 y2) - V(DX —a,p DyZ) - ! '
a+pf a+pf
Since inequalities
cl—a+ozS C,—ata . g a—c1+,b’2 a-c,+p
a+pf a+pf a+p a+p
are equivalent to
C1 < Cy,

and this, by assumption, holds, then the property (i2) is fulfilled.
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(i3) Foranyy it holds that

VO —ooy) = <

The IFP is an IFT because

c-0+a 0-c+p
a+f  a+p |

C+a:>ﬂ—c

a+f a+p’
and equivalently
ct+a=>p-c,
that is
2c>2f-a

The value of the left-hand side of this inequality belongs to the interval [0, 2], while the
value of the right-hand side belongs to [-2, 0]. Therefore, the inequality holds and the
property (i3) is fulfilled.

(i4) Forany x it holds that

V(X —.. 1) = <l;i+ﬂ“ , a;;ﬂ> .

The IFP is an IFT because
l-a+a«a S a-1+p

a+pf  a+p

and equivalently
l-a+a>a-1+p,
that is
a—-p>2a-2
The value of the left-hand side of this inequality belongs to the interval [0, 2], while the
value of the right-hand side belongs to [-2, 0]. Therefore, the inequality holds and the
property (i4) is fulfilled.

(i5) It holds that

Vo= (e 1)

The IFP is an IFcT because

1+p S a-1
a+pB  a+p’
and equivalently
1+4>a-1,
that is
a—-p<L2.

The value of the left-hand side of this inequality belongs to the interval [0, 2]. Therefore,
the inequality holds and the property (i5) is fulfilled.

Thus the proof has been completed. L]
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The introduced implications generate negations with the following truth-values:

V(N=o(x)) = <%%>
e (558228
V(No. () = <b+a -1 1atjr+ﬁﬂ>
V(Noo()) = <b+a -1 1ab++ﬁﬁ>

Remarks:

(R1) All the values V(x = Y), V(X =0 ), V(X =00 ), V(X =00 Y), V(N.(X)), V(N-o(X)),
V(Noo(X)), and V(Noo(x)) are classical fuzzy values, i.e., the sum of their membership and
non-membership values is equal to 1.

(R2) V(Nza(x)) = V(Noo(x)) and V(Noo(X)) = V(Noo(X)).

(R3) No-(1) = Noo(d) = Noo(1) = Noo(1) = <“‘1 1+p > +V(0), i.e., it is an IFcT, and
a+pf a+pf
N:5(0) = Noo(0) = Noo(0) = Noo(0) = < a_ P > #V(1), i.e., itisan IFT.
a+pf a+p

(R4) The negations N.-(x), Noo(X), Noo(x), and Noo(X) are not involutive.

(R5) The negations N.(x), N.o(X), Noo(X), and Noo(X) do not fulfill the property: the negation
of an IFT should be an IFcT and the negation of an IFcT should be an IFT. Therefore, the
above negations should be carefully used in the potentially applications.

(R6) The special case of the presented above implications and negations are given by
Atanassova in [5]. In this case, both parameters « and S are equal to 1.

There exist two basic rules of the inference; Modus Ponens (MP) and Modus Tollens (MT).
In the IF environment they can be formulated as follows:

ifxisan IFT and x =y isan IFT, thenyisan IFT, (MP)
ifx=yisan IFT and y is an IFcT, then x is an IFcT, (MT)

where = is some implication.
For the WIFIs introduced in Definition 2 the following theorem holds.

Theorem 2. The WIFIS X =0 Y, X =00 Y, X =00 Y, and X —o0 Y do not satisfy the (MP) rule
and does not satisfy the (MT) rule of inference.

Proof. We present only the counterexample for the x — y implication. The counterexamples
for the other implications can be created analogously.

Let ¢ =1, =1, V(x) = (a by = (0.3,0.0), V(x —.. y) = (0.55,0.45), and V(y) = (c, d).
117



Then c—a+a,a—c+,8 = C_0'3+1,0'3_C+1 = (055, 0.45) only for ¢ = 0.4, but for
a+pf a+pf 2 2
any d. For example, for d = 0.6 the x isan IFT, X —>. y isan IFT while y is not an IFT.

Therefore, the (MP) rule does not hold.

Let @ =3, =1, V(y) = (c,d)=(0.0,0.4). In this case V(x —>.. Y) =<C‘a+“ a‘c+ﬂ> =

a+pf ' a+p

<3%4a’aT+1> . The x >, yisan IFT because 3 —a >a + 1. Therefore, x —>., y is an IFT and
y isan IFCT but x is not necessarily an IFcT. For example, it can be V(x) =(0.5, 0.0).
Finally, the (MT) rule does not holds. [

In the literature on fuzzy implications (not necessarily intuitionistic fuzzy implications),
besides (i1)—(i5), the following axioms are also postulated (see, e.g., [5]).

(i6) V(L =vy)=V(y),

(i7)  Vx=x=V(Q),

i8) Vx=(y=2)=Vy=KxX=12)

(19)  V(x=y)=V()iff V(x) < V(y),

(i10) V(x=y) =V(N(Y) = N(x)), where N is a negation,

where X, y, z are variables with truth-values V(x) = (a, b), V(y) = (c, d), V(z) = (e, f), and
a,b,cdefa+bc+de+fe|01].

Theorem 3. The WIFIS —., =00, =00 and —oo

a)  do not satisfy (i6) and (i8),

b)  do not satisfy (i7), but X —oo X, X 500 X @and X —oo X are IFTSs,

c)  do not satisfy (i9), but if V(x—>eey) = V(1), then V(x) < V(y), where ©,@ e{1,0},

d) satisfy (i10) with N = — for — and —¢., and does not satisfy for —., and —oo, but
V(X >0 Y) = V(=Y =00 —X) and V(X o0 Y) = V(=Y =00 —X),

The proof is omitted.

It is easy to check that the WIFIs =, =0, —on and —o0 do not satisfy the classical

(two-valued) logic axioms. Namely V(0 —oe 0) = V(1 —oe 1) = < & P > = V(1),

a+p a+p
V(L0 0) = <f+_;’%> % V(0) (except o« = p = 1) and V(000 1) = <§:;’_f+_;> ’

V(1) (except @ € [1, 3], B = 1), where ©,@e{,0}.
But we notice that 0 00 0, 1 >0e 1l and 0 oo 1 are IFTs, and 1 —oe 0 is an IFcT.
Therefore, neither of the implications —., =0, =00 and —¢¢ IS a generalization of the
classical implication.
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Conclusion

In the paper four new modal forms of weak intuitionistic fuzzy implications with their basic
properties are presented. These implications may be the subject of further research, both in
terms of their properties or comparisons with other intuitionistic fuzzy implications, and
possible applications.
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