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1 Introduction

Following, extending and correcting [17], here we give short remarks on the results related to
the intuitionistic fuzzy negations. We give the full list of the intuitionistic fuzzy negations and
three tables of the relations between them. Similar research is made for the first time in fuzzy sets
theory. The list of relations between separate negations and implications is also given.

In the series of papers [2,3,5,7-12,12,15,16, 18, 18-20,22,24,26,27,29-44,46-48,50,51],
different intuitionistic fuzzy implications and generated by them intuitionistic fuzzy negations
have been defined and some of their basic properties have been studied. In some of these publi-
cations, some misprints in the formulas of the implications and of the negations have been found
over the last years. Here, we give the full list of the corrected intuitionistic fuzzy negations.
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Historically, the first two intuitionistic fuzzy negations were introduced in [6] by K. Atanassov.
Fifteen years ago, the first ten implications, described in [10], were constructed as intuitionistic
fuzzy analogues of some existing fuzzy implications in literature (see, e.g., [49]. These ten im-
plications generated three negations. The first two of them coincide with the negations from [6].
It is worth noting that a lot of the first ten implications (—1, —4, —5, —¢, —7, —10) generate one
particular negation (—;), three implications (—9, —3, —g) generate another negation (—2), and
only implication —¢ generates a unique (for the first batch of ten implications) negation (—g3).
Later, two other implications also proved to generate that negation —3 (—17, —>21).

All currently existing negations are given in Table 1. We preserve the numeration from [14,
17,52].

It is necessary to mention that there is a mistake in the monographs [17,52]. There, an impli-
cation —5o was included that later proved to coincide with the implication —. By this reason,
the fifty third and the fifty fourth implications are now denoted by —5, and — 53, respectively,
and this is mentioned in Table 5, too.

Let everywhere below the intuituinistic fuzzy truth values of the variable = be © = (a,b).
In [25], these pairs are called Intuituinistic Fuzzy Pairs (IFPs). Below, we will describe the
different forms of —z.

We must mention that in some formulas we use the following functions

. 1 ifz>0 o) 0 ifz>0
sg(x) = , sg(x) =
0 1fz<0 1 iz <0

Table 1. List of the intuitionistic fuzzy negations

-1 | (b,a)

-9 | (58(a),sg(a))

=3 | (b, a.b+ a?)

=y | (b,1—10)

—5 | (58(1 —b),sg(1 - b))
—6 | (58(1 —b),sg(a))
-7 <§(1 — b)v a>

- | (1 —a,a)

—9 | (s8(a), a)

—10 | (sg(1 —0b),1 — D)

—11 | (sg(b),5g(b))

=19 | (b.(b+a),a.(b* +a+b.a))
—u | (sg(1 —a),58(1 —a))
—14 | (sg(b),58(1 — a))

—15 | (58(1 —b),58(1 — a))
—16 | (58(a),5g(1 —a))

(Continued on next page)

19



Table 1 (Continued from previous page)

—17 | (sg(1 —b),58(b))
—18 | (b.sg(a),a.sg(b))
19 | (b.sg(a),0)
—20 | (0,0)
=91 | (min(1 — a,sg(a)), min(a,sg(l — a)))
=99 | (min(1 — a,sg(a)),0)
=3 | (1 —a,0)
94 | (min(b,sg(1l — b)), min(1 — b,sg(h)))
—95 | (min(b,sg(1 — b)), 0)
96 | (b,a.b+5g(1 — a))
—97 | (1 —a,a.(1 —a)+35g(1 —a))
=98 | (b, (1 —0).b+5g(b))
“0 | (max(0,b.a + g1 — b)) min(L a.(ba + 51— ) + 81— a)))
—30 | (a.b, a.(a.b+5g(1 —0b))+5 (1 —a))
—31 | (max(0, (1 — a).a +5g(a)), min(1, a.((1 — a).a +5g(a) +5g(1 — a)))
—32 | (1 —a).a, a.((1 — a).a+5g(a)) +58(1 —a))
—33 | (0.(1 —b) +58(1 —b), (1 —b).(b.(1 —b) +5g(1 — b)) +58(b)))
—34 | (0.(1—D), (1 —0).(b.(1 —b) +5g(1 — b)) +5g(b))
—35 | (5, 139)
-3 | (3 5%
e | (3 |
BEnIA \
e | 55 |
‘ —10 ‘ <2—32a, 1—1;32a> ‘
B \
o | (B ) where A > 1
43,y (;j—:p ;;fl% where v > 1
‘ “Wiap (bzml, Zi@, where o > 1,5 € [1, o ‘
“usen | (min(l, b+ ¢), max(0,a — 7)), where e, € [0,1]and e <7 < 1
e | (%552, 452), where A > 1
‘ 47 ‘ (Bt 1202 where A > 1 ‘
sy | (T, 5), where y > 1
49,y <2b;f1v 12_717:?% where v > 1
‘ 50,0, | (2 fgj‘, zi@ where « > 1,5 € [1, ] ‘
510, (bafﬁo‘, 1;51?) where o > 1,8 € [1, q]
—52 | (38(a) + sg(a)b, a)
s | (58(a), 125)
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2 Main results

As a next step in the research on intuitionistic fuzzy negations, here we determine the relations
between every two nonparametric negations — see Table 2 and its continuations in Tables 3 and 4.
For this purpose, we use the software tool — IFSTool, developed by Angelova, [1].

In the cell with coordinates (7, j), stays one of the symbols < , > | = or — . The first
symbol corresponds to the case x —; y < = —; y, second symbol corresponds to the case
xr —; y > x —; vy, and the third corresponds to x —; y = = —; y (that is the normal
situation), while the fourth symbol corresponds to the case when there is no one of the three
possible relations. Here, 1 < 7,5 < 53 except for 42 <,5 < 51.

In the research, we eliminate negations —ys, . . . , 751, because they contain parameters and are
incomparable to the other negations. An Open problem is to search for the relations among these
ten parametric negations and to find what relations hold between them (for the different values of
their parameters) and the rest of the (nonparametric) negations.

Table 2. Relations between the nonparametric intuitionistic fuzzy negations —y, ..., 75

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
1= - < > 0> > < - > - - << =
2 |- = - - > > - < < - - - < = =
30> - = > > > > - - > - - < < =
4 1< - < = > - - < - > < - < o< -
5 € € € = < < < < << < < o< o< <
6 | < < < - > = < < < - - < < < <
T - < = > > =< - <o < <
81> > - > > > > = > > - - < - -
91 - > - = > > > < = > - - < = -
Ni< - < < > - < < < = < < < < <
mji- - - > > - - - - > = - < < -
R2- - - = > > > - - > - = < < -
B> > > > > > > > > > > > = > >
> - > > > > > - - > > > < = >
5- - - = > > > - - > - - < < =
w6|- > - = > > > - > > - - < - >
7(- - - = > - - - - > < - < < <
8- - - = - = - - - - - - - - -
9/ - - - - - - - - - - - - - - -
200> = > > > > > - - > - > - - >

(Continued on next page)

21



Table 2 (Continued from previous page)

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
21 - = = — - - - - - - - - - - -
2 - - - - - - - - - - - - - - -
231> > > > > > > > > > - > - - >
24| - - - - - - - - - - - - - - -
25| - - - - - - - - - - - - - - -
260> - > > > > > - - > - > < < -
271> > — > > > > > > > - - < - -
28/ - - = > > - - - - > < - < < -
29/ - - - = > > > - - > - - < < -
0|- - = = = - - - - - - - < < -
3= > = = > > > - > > - - < - =
RN - - = = = = - - - - - - < = -
Bl- - == > - - - - > - =
M4l- - - - - - - - - - < - < < -
B - < = - - - < - - - - < o< -
< - < - - - - < - - - - < < -
3N < - < = - - - < - - - - < < -
|- - = = - - - < - - - - < - -
PV I< - < < = - - < - - < - < o< o=
40/- - - = - - - < = - - - < = =
41 1< - < < = = - < - - < - < < -
N> > - > > > > < > > - - < = =
B3i- > - - > > - < < - - - < - -
Table 3. Relations between the nonparametric intuitionistic fuzzy negations =g, . . . , 730
16 17 18 19 20 21 22 23 24 25 26 27 28 29 30
I - - - - < - - < - - < < = = -
2 1< = - - - - - < = - - < = = -
3] - - - - < - - < - - < - = - -
4 1 - - - - < - - < - - < < < - -
S < - - < - - - - =
6|l < - - - < - - < - - < < - < -
TI< - - - < - - < - - <K< - -
8 |1 - - - - - - - < - - - < - - -
9 1 < = = - - - - < - - - < = = -
NiI< < - - < - - < - - < < < < -
nf- > - - - - - - - - - - > - -

(Continued on next page)
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Table 3 (Continued from previous page)
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Table 4. Relations between the nonparametric intuitionistic fuzzy negations
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Table 4 (Continued from previous page)

31 32 33 34 35 36 37 38 39 40 41 52 53
37 - - - = > > = - > < > < -
- - = = = > - = > < - - -
9 - - - - KK o< o< o< -
40/- - - = > > > > > = > - -
41 - - - - - - < - > < = < -
N - - = = > > > - > - > = >
Bl - = = - - - - - - - < =

1 2 3 4 5 & T g 9 0w N @’ 13 14 15 6 1T 1% 19 20 @21 22 a2F 24 2F 26 27 2 23 S0 W 2 OIF ¥ OFF OS6 T I I 40 41 2 55

] e

Figure 1. Visualization of the Tables 2 to 4.
Red cells are >, blue cells are <, yellow cells are =, white cells are —.

The relationships between the negations and implications are shown in Table 5. Following
[17], in Table 5 we show the relationships between the negations and implications, determining
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the implications that generate the different negations. We can see that some negations, e.g.,
-1, 79, T4, 75, g are generated from a lot of different implications, while for other negations
there are unique implications that generate them.

Table 5. Relationships between negations and implications

it 1, 74, 775, "6, 77, 7105 ~713, ~761, ~763; ~764, ~766, 767 ~768; 769,
705 T771s 772, 7735 TP78; ~780, —7124, —7125, —7127, —7166, —7186, —7192

2 —72, 773, 778, ~711; ~7165 ~720, ~731; ~732; ~737, ~740, 741, ~742
—172, —7173; ~7181, 7182, —7183

-3 9, —717, —721

4 712, 718, T722, 7465 749, ~750, ~ 751, ~ 753, 754, — 791, ~793; ~794,
—295, —796, —798; ~7134, ~7135, ~7137; ~7169, ~71705 —7179, ~7180, —7187; ~7189,
—7190, 7193, —7197, — 7198

-5 714, T7155 ~7195 7235 ~747, ~748, T 752, 7555 7565 757 ~ 7171, 71745
—7175, 7184, ~7185

6 24, 7265 7275 765

-7 —725; T728; ~729, 762

-8 —730, 733, ~734; ~735; ~736, ~738, 739, ~776, 782, ~784; ~785, 786, ~787;
—789, ~7129; ~7130, ~7132, 71675 ~7168, 71775 — 7178, ~7188; —7194; ~7195, 7196

9 743, T744, —745, 783

10 —758, ~759; ~760; ~792

11 74, 97

12 —75

13 77, 788

14 —79

15 —81

16 —790

17 —799

18 —7100

19 —101

120 —7102; ~7108

—21 —7103

122 —104

123 —7105

124 —106

125 —107

126 —109; —7110, 7111, —7112; 7113

27 114, ~7115, —7116, 7117, 7118

128 —7119, 7120, ~7121, ~7122, ~7123

(Continued on next page)
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Table 5 (Continued from previous page)

129 —126
7130 —128
31 —131
132 —7133
33 —7136
134 —7138
35 —7139
136 7140
37 —7141
138 —7142, ~7143
139 —7144, ~7145
140 7146, —7147
41 —7148, ~7149

142\ —150

43,y —7151

44,08 | 7152

T45.em | 7153

46, —7154,\5 ~7155,\

472 —7156,A5 ~7157,\

148y —7158,y; ~7159,y

149, —7160,y; ~7161,y

50,08 | T7162,0,85 "7 163,08

T51,0,8 | T7164,a,85 ~7165,a,8

52 —176

53 —191

3 Conclusion: Ideas for the future

Our idea for the present paper is a second step (after this, described in [4]) of a more general
research. Using the results from Table 1, we will construct, by analogy with [14], oriented graphs
with vertices corresponding to the different negation and oriented arcs with directions determined
by the symbols of the Table 1. After this, we will search those elements of the graphs that satisfy
the axioms for negations (and implications), checked in [17].

Finally, we will preserve only the negations exhibiting the best modelling properties, that are
related to the implications with the best modelling properties, and for them, we will offer a new
numeration, different from the one adopted so far in the literature. In this way, we will address
an important question that we have been facing for the last 15 years, regarding the comparability,
rangeability and modelling applicability of the numerous distinct implications and negations over
intuitionistic fuzzy sets.
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