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1 Introduction

In the works of Faddeev et al. [18] and Drinfeld [15], quantum groups were introduced and a new
class of Hopf algebras was constructed. Vallin [32] developed Hopf C*-algebra theory. Recently,
different approaches are contained in the papers of Vaksman and Soibelman [31], Kruszynski
and Woronowicz [24], and Brown and Goodearl [11]. A compact matrix pseudo group is defined
in [34] as a non-commutative compact space endowed with a group structure.

Manin [25] defined quantum plane as a particular start point to construct quantum groups
and introduced multiparametric quantum deformation of the general linear supergroup in [26]
and later Wachter [33] discussed analysis on g-deformed quantum spaces. Recently the author
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[28] defined quantum partial derivatives of ()-analytic functions on quantum superspace A, and
investigated relations between them and some automorphisms of O,. For more details on Hoph
algebras, we refer the readers to [1] and [13].

In 1983, Atanassov [3], introduced the concept of intuitionistic fuzzy sets as a generalization
of the concept of fuzzy sets defined by Zadeh [35], to overcome the difficulties in dealing with
uncertainties. In intuitionistic fuzzy sets, computational complexity is more as two types of uncer-
tainties are used. But, for obtaining better results, where uncertainty present is more, especially
in diagnosis based on medical images, accurate result is very much important, compromising the
computational complexity. Later, with Stoeva, Atanassov [8] further generalized that concept to
an intuitionistic L-fuzzy set, where L stands for some lattice coupled with a special negation.
He also published some results himself in [5, 6, 19-21]. Many other mathematicians have been
generalized the concept of intuitionistic fuzzy sets, such as Biswas [10], El-Badawy Yehia [17],
Hur et al. [22,23], Banerjee and Basnet [9], Davvaz and Dudek [14] and Akram [2]. Atanassov
provided a comprehensive, complete coverage of virtually all results obtain up to 2012 in the area
of the theory and applications of intuitionistic fuzzy sets in the book [5].

So far algebraic approches to fuzzy quantum spaces and compatibility [16], fuzzy quantum
spaces [29], quantum structures and fuzzy set theory [30] and fuzzy subcoalgebras and duality
[12] have been established and discussed but no intuitionistic L-fuzzification of g-deformed
quantum space has been done. The goal of this paper is to introduce the concept of Z,-graded
intuitionistic L-fuzzy g-deformed quantum subspaces of A,. In order to discuss the L-fuzzification
of the concepts of geometry, we estabilshed the concept of C*° L-fuzzy manifold with L-gradation
of openness in [27].

We proceed as follows. In Section 2, we recall the definition of intuitionistic L-fuzzy vector
subspaces and dual of them. In Section 3, we discuss intuitionistic L-fuzzy subcoalgebras as well
as intuitionistic L-fuzzy Hoph subalgebras. In Section 4, intuitionistic L-fuzzy quantum subsets
of k,[x,y] and in Section 5, Z,-graded intuitionistic L-fuzzy g-deformed quantum subspaces of
A, are introduced and some interesting examples are given.

2 Preliminaries

We assume that L = (L, <) is a complete lattice set (or a complete chain, or a complete ordered
semi-ring, etc.) with an (unary) involutive order reversing operation NV : L — L.

Definition 2.1 (see [5]). Let M be a nonempty set. An intuitionistic L-fuzzy subset B of M is
defined as an object having the form B = {(z, u,(x),v,(z)) | x € M} or B = (u,, v, ), Where
the functions p1, : M — L and v, : M — L denote the degree of membership and the degree of
non-membership of each element © € M to the set B, respectively, and u,(z) < N(v,(z)) for
eachz € M.

Definition 2.2 (see [12]). Let V be a k-vector space where k=R, C or any field with characteristic
> 2. An intuitionistic L-fuzzy subset B = (11, ;) of V' is called an intuitionistic L-fuzzy vector
subspace of V if
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fp(ax + By) = pup(2) A pg(y), vy(ax + By) < vy(z) Vvg(y)
forany x,y € V and « € k.
Definition 2.3 (see [7]). The intuitionistic L-fuzzy subsets 0 and 1 are defned by ps(z) = 0,
vi(r) = lifz # 0and 4, (0) = 1, v,(0) = 0,and p.(v) = 1, v.(z) = 0, Vr € M. Let
A= (p,,v,)and B = (u,,v,) be intuitionistic L-fuzzy subsets of M. We say A < B if for

all z € M, wehave u,(z) < p,(x), v,(z) > v,(x). We define intuitionistic L-fuzzy subsets
ANB, AU B by

Hans (@) = 1, (2) N g (), Vs (2) = v, (2) Vv (2)

Haos (2) = 1 (2) V g (2), - vy (2) = va(2) Avy (@),

Definition 2.4 (see [5]). Let A = (u,,v,) and B = (u,,v,) be intuitionistic L-fuzzy vector
subspaces of a k-vector space V. The intuitionistic L-fuzzy subsets A 4+ B and «. A of V' for each
a € k, x € X, are defined by

sup {1, (a) App(B)}, ifz=a+b

MA+B (;p) = r=a+b
0, otherwise
inf {v,(a)Vr,(b)}, ifz=a+b,
Vatn (x) = ¢ ==t ]
0, otherwise
and )
pq(ax), if a#0
Hoa2) =3 1, it a=0,2=0
L 0, if a=0,2#0
( v, (ax), it a#0
v, ,(z)=<¢ 0, if a=0,2=0
[ L if a=0, z+#0.

Further if AN B = 0, then A + B is said to be the direct sum and denoted by A® B.

Lemma 2.5. Let A = (p,,v,) and B = (u,,v,) be intuitionistic L-fuzzy vector subspaces
of an L-fuzzy vector space V. Then A + B = ( ANB = (

a.A=(u, ,,v, ,)foreach o € k, are also intuitionistic L-fuzzy vector subspaces of V.

v v and

MAJrB? A+B)7 MAHB’ AﬁB)

Definition 2.6. Let f be a mapping from a k-vector space V' to a k-vector space V' . If A =
(u,,v,)and B = (u,,v,) are intuitionistic L-fuzzy vector subspaces of V' and V", respectively,
then the preimage of B = (1, v,,) under f is defined to be an intuitionistic L-fuzzy set f~'[B] =
(uf_l[B], yf_l[B]) where p _, () = py(f(x)), Vo () = v,(f(x)) for any = € V and the
image of A = (p1,,v,) under f is defined to be an intuitionistic L-fuzzy set f[A] = (11, V)
where
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sup {u, ()}, ifye f(V)
[y (T) =  #€/71W)

0, ify ¢ f(V),
mf {1/ (x)}, ifye f(V)

Vi (@) = 477 !
0, ify ¢ f(V).

Lemma 2.7. Let A = (u,,v,) and B = (u,,v,) are intuitionistic L-fuzzy vector subspaces of
V and V', respectively, and f : V — V' be a mapping. Then f~'[B] = (,uffl[B],fol[B]) and
f1A] = (u s A]) are intuitionistic L-fuzzy vector subspaces of V and V', respectively.

Notation remark 2.8. From now on we assume that L = (L, <, \,\/,") is a complete distributive
lattice set with at least 2 elements and (L,+) is also an additive group. To obtain the best
generalization of notions of intuitionistic fuzzy sets [3], fuzzy subcoalgebras [12] and fuzzy quantum
spaces [15], we consider the condition 0 < ji,(x) + v, (z) < 1 instead of the condition p,(x) <
N(v,(z)), for each x € M in Definition 2.1.

We denote all intuitionistic L-fuzzy subsets of M by I LM,

3 Intuitionistic L-fuzzy Hoph subalgebras

Proposition 3.1. Let V be a k-vector space and B = (u,,v,,) be an intuitionistic L-fuzzy vector
subspace of V. We define i ,.,v,. : V* — L by

(% %up{,uB Y|zeV, f(z 7&0} if f#0
pe (=907

| 5~ gflus(@) |z eV, if f=0

[ S, (@) s eV f(2) £}, if [#0
v (f) =

%—%SUP{VB(I)|(EE V1, if f=0

Then B* = (. ,V,.) is an intuitionistic L-fuzzy vector subspace of V'*.

Proof. First we show that B* = (y..,v,.) is an intuitionistic L-fuzzy subset of V*.
By Notation remark 2.8, it should be shown that 0 < 1. (f) + (v,.(f)) < 1foreach f € V*.
If f # 0, then

uB*(f)+VB*<f)—1—%(mf{uB Yo eV, f(x)#0} +inf {v,(z)]z €V, f(z 7Ao}><1

If f =0, then

uB*(f)—l—yB*(f)—l—%(mf{,uB )|z € M} + inf {v,(z |:17€V})

Hence B* = (u,,.,V,. ) is an intuitionistic L-fuzzy subset of V*.
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Now it must be shown that

v (af +Bg9) Sv, (f) Vg (g), VfgeV", 0#a,B€k.

‘We consider three cases:

o If f =0and g =0, then

1 1

o (0 +89) = 1, (0) = 5 — 5 sup{w, ()| € V} = v, (f) = ,.(9)

o If f =0and g # 0, then

vy (0f +8g) = 5 — 5 b, (D)l €V, f(x) # 0}
< (3 - 35wl @)l € VI A\ (5 - 3 it ()l € V. g(0) 7 0})
=v, (f)Vr,(g)

o If f # 0and g # 0, then

vye(0f +59) = 5 — 3 int{v,. (D)l €V, (af +6g)(x) £ 0)
< (5 - 5t €V, f(x) #0})
A G~ 5 nflis ()l €V, g(z) #0})
= (/) V. (9)

We can prove similarly that
pp-(@f +89) 2 1y (f) Ny (9), VfgeV', 0#a,fek.

Hence B* = (p,,.,v,.) is an intuitionistic L-fuzzy vector subspace of V*. [

Definition 3.2. Let (A, M, U) be a k-algebra. An intuitionistic L-fuzzy subset B = (u,,v,) of
A is called an intuitionistic L-fuzzy subalgebra of A if it satisfies the following conditions:

1) B = (u,,v,) is an intuitionistic L-fuzzy vector subspace of A,

2) pg(wy) > pg(x) Apug(y), ve(oy) <vy(z)Vug(y), foranyz,y € A

Definition 3.3. If we set the condition
to(2y) = 1n(y), vaey) < v (), (us(xy) > (), vy(ay) < v, <x>), Va,y € A,

instead of condition 2) in Definition 3.2, then B = (i, v,,) is called an intuitionistic L-fuzzy left
(right) ideal of A.
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Definition 3.4. Let (C, A, ¢) be a coalgebra and for any = € C,
A(l’) = leﬁﬂ X x;9.
i=1
An intuitionistic L-fuzzy subset B = (i, v, ) of C'is called an intuitionistic L-fuzzy subcoalgebra
of C'if it satisfies the following conditions:
1) B = (u,,v,) is an intuitionistic L-fuzzy vector subspace of C,

2) 1y (2) < ppl@a) Ay (@), vy(2) 2 vg(za) Vg(ze), Voel, Vi

Definition 3.5. If we set the condition
1y (@) < pp(in), vy(@) > vy (w), (uBm <y (), vy(2) > v, (%1))7 Vo € C, Vi,

instead of the condition 2) in Definition 3.4, then B = (u,,, v,,) is called an intuitionistic L-fuzzy
left (right) coideal of C'.

Remark 3.6. 1) Anintuitionistic L-fuzzy subcoalgebra is an intuitionistic L-fuzzy left (right)
coideal.

ii) If B = (u,,v,) is an intuitionistic L-fuzzy left and right coideal, by Definition 3.5, we
have

MB(‘T) < Hp ($i2)7 “B(x) < /’LB<xi1) = /’LB('I') < /’LB(xi]-) /\“B(xl?)

VB(x) 2 VB<:C2'2)7 VB(Q;) 2 UB<:C2'1) = VB(Q;) 2 VB<:C2'1>\/VB($1'2)7

Vz € C, Vi. Hence B is an intuitionistic L-fuzzy subcoalgebra.

Theorem 3.7. An intuitionistic L-fuzzy subset B = (1, v, ) of the coalgebra C'is an intuitionistic
L-fuzzy left (right) coideal if and only if the level sets

Bo={ze€C:p,(x)>r v,(z) <s}
are left (right) coideals of C where
r+sel, 0<r<pu,0), r,(0)<s<l.

Proof. (=) Let B = (u,,,v,) be an intuitionistic L-fuzzy left coideal of C and 7, s € L, such
thatr+se L, 0<r <p,(0), v,(0) <s<1. Since0 € B, then B, ; # &. Letz,y € B,
and o, € A. Using (1) of Definition 3.2 we have

(0 + By) = 1y (@) Ay () = 70 vpla+ By) < vy(2) Vv, (y) < s.
So (ax + By) € B, 5. Letx € B, ; C C. By Definition 3.4 we have
P (@) < pplr), s> vy(e) > vgle).
Then z;; € B, 5. Hence we have A(B, ;) C C' ® B, ;. Therefore B, 4 is a left coideals of C.
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(<) Letz,y € C. We assume that u,(z) =r, v,(x) = sand u,(y) =1, v,(y) = s'. Hence
ros,r'ys € Ly st.r+se L, r"+s €L, 0<rr <u,0), u,0)<s,s <1. Then
x € B, and y € B,y . Without loss of generality we assume only two cases:

i) r<r"ands < s Hence uu,(z),p,(y) > randv,(x),v,(y) < s Therefore z,y € B, .
Since B, ¢ is a subspace of C, hence ax + By € B, ¢ for each o, 3 € A. Thus

pplox+ By) >r=rAr' = p,(z) A p,(y),
VB<Ck]}+ﬂy) <s=sVs= VB(Q:) \/VB(y)'

it) r <r'and s’ <s. Hence p,(x), u,(y) > rand v,(z),v,(y) < s. Therefore z,y € B, 5.
Since B, s a subspace of C, hence ax + By € B, ; for each o, 3 € A. Thus

pplar +By) Zr =1 A1 = pg(x) Apg(y),
vy(ar+ fy) <s=sVs =v,(z)Vr,(y).

Therefore B satisfies the condition 1) of Definition 3.2.
To prove condition 2), we use the assumption that B, ; is a left coideals of C'. Then we have
A(B,;) C C ® B, ,. Hence z;, € B, 5. Thus

MB('Z'LQ) ZT:MB(1‘>, VB<wi2) S‘S:VB(:E)'
Therefore, B is an intuitionistic L-fuzzy left coideal of C.

The proof of the intuitionistic L-fuzzy right coideal is similar. [

Definition 3.8. Let C' and D be two coalgebras. The linear map f : C' — D is a morphism of
coalgebras, if

Apof=(f®f)olAp, e,0f=¢..

Z f(@)a ® f(x)ia = Z f(zjn) ® f(x2), 3.1

Proposition 3.9. Let B = (u,,v,) be an intuitionistic L-fuzzy subcoalgebra (respectively, left /
right coideal) of D and f : C — D be a morphism of coalgebras. f~'[B] = (i
an I L-fuzzy subcoalgebra (respectively, fuzzy left / right coideal) of C.

v is
f=1B)’ f—l[Bl)

Proof. Letx,y € C'and o, B € A. Then

By (0 + BYy) = g, (faz + By))
=t (af () + Bf(y))
> pp (f(2) A pg(f(y)
= 1ty (@) N\ bty @)
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v (0 + By) = v, (faz + By))
= v, (af(z) + Bf(y))
< v, (f(2) \ vy (f()
OAVEZN ()

Let Ac(z) = 37", j1 ® ;9. Since

= Z f(@)in @ f(x)p = Z fzj) @ f(z2), (3.2)

By (@) = 15 (f(2)
<y (f(@)ir) \ s (f()
= s (F (1)) \ s (f (22))
= 1y (T31) [\ Py (252)

Similarly we can show that

f_l[B](x) 2 Vi1 (1) Vi (252)-

So f~![B] is an intuitionistic L-fuzzy subcoalgebra of C.
The case of intuitionistic L-fuzzy left (right) coideal can be proved by the similar manner. ]

Proposition 3.10. Let A = (pu,, v, ) be an intuitionistic L-fuzzy subcoalgebra (respectively, left /
right coideal) of C and f : C' — D be a morphism of subcoalgebras. Then f[A] = (V)
is an intuitionistic L-fuzzy subcoalgebra (respectively, left / right coideal) of D.

Proof. Letx,y € D. We show that

Fopra (:C + y > lLLf[A A/’l’f (4] Yiia) (l‘ + y) < Vi (1‘) \/ Viia) (y> (3.3)

I f4 () = @or [1(y) = 2, thend = 1 () Ay () and L= v, (2)V v, (). So (3.3)
holds. Now we assume that there exist -, s € C' such that f(r) = z, f(s) = y. So by linearity of
f,wehave f(r +s) =z +y. Hencer + s € f~'(x + y) and we have

po (@ +y) =sup{p,(2) | 2 € fH(z+y)}
>sup {p,(r+s)|(r+s)efH(z+y)}
> sup { (1, (1) Ay (s)) | (r+5) € f7H(z +y)}
> sup {p,(r) | r € f7 (@)} N sup {p,(s) s € f ()}

> g (@ /\'uf[A] ()
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V(@ +y) = =inf{v,(2)|z€ fT(z+y)}
<inf{v, r+3)|(r+3)€f_1(x+y)}
<inf {(v,(r)Vuv,(s) | (r+s)e f(z+y)}
<1nf{1/ |7“€f x}\/sup{y ) sef ()}

Vi \/ Vi (Y

Letz € D and a € A. Foreach z € f~(x), we have f(az) = af(z) = ax. So we get

)
fy () = sup {p,(w) |w € f~(ax)}
> sup {p, (@2) | (az) € f (ax)}
> sup {p,(2) |z € f(2)}
= 0y (@)

v, (ax) =if {v,(w) |we [(ax)}
<inf {v,(az) | (az) € f'(az)}
<inf{v,(z) ]z € f ()}
= V(@)

Letz € D and Ap(z) = Y70 21 ® ;5. We want show that

Hoia) (37) < g (le) /\ Hogpa (ij)a Viia (QE) = Vi (:Cﬂ) \/ Vsia (x]?) (3.4)

If f~'(z) = &, then 0 =y, (v) and 1 = v, , (). So (3.4) holds. Now we assume that there
exists z € C such that f(z) = z. Since

Z{Ejl X Tjo = AD(x) = AD(f(Z))

J=1

= (f® f)oAa(z)
= flzn) ® f(z2)

So 21 € f_l(.fL'jl) and Zio € f_1<£ll'j2). Hence
Py (T x) =sup {p,(2) |z € f7H(2)}
< sup {(NA Zi1 /\MA ZZQ)) | 21 € f71(55j1)7 Zi2 € fﬁl(f’;ﬂ)}
= sup {1, (zn1) | zn € [ (@)} \ sup {pa(22) | 22 € [ (w2) }
= g (Ijl) /\ luf[A](sz)

We can similarly show that v, , (z) > v, , (zj1) Vv, (%2)-
Therefore f[A] = (1, V) isan [ F fuzzy subcoalgebra of D.
The case of intuitionistic L-fuzzy left (right) coideal can be proved in a similar manner. [
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Let (C, A, ¢) be a k-coalgebra. We define the mappings M : C* — C* @ C*, M = A* o p,
where pis definedas p: C* @ C* — (C R C)* by p(f @ g)(z®@y) = f(x)g(y) and U : k — C*
by U = €* o ¢, where ¢ : k — k™ is the canonical isomorphism. Using [13, Proposition 1.3.6],
we have (C*, M, U) is an algebra. The multiplication is denoted by M (f ® g) = f * g and we
have

(f *9)( Z f(xin) g(wi2).
Proposition 3.11. Ler (C, A, €) be a coalgebra.

i) Let B = (u,,v,) be an intuitionistic L-fuzzy subcoalgebra of C. Then B* = (p1,.,v,.) is
an intuitionistic L-fuzzy ideal of C*.

ii) Let B = (u,,v,) be an intuitionistic L-fuzzy left (right) coideal of C. Then B* =
(W e, Vo) Is an intuitionistic L-fuzzy left (right) ideal of C*.

Proof. i) Using Proposition 3.1, B* = (u,.,v,.) is an intuitionistic L-fuzzy vector subspace of
C*. We should prove that

7 (f /\/’LB* , forany f,g € C”. (3.5)

Let f # 0 and g # 0. We have

vy (f20) = 5 — gink {u, (@) |2 € V, (F % g)(x) # 0}
RO N 0
=5 —5in { v, (1) /\VB(.TiQ)) | T, 20 €V, ;f(ﬂfu) 9(zi2) # }
= % - %mf{@B(%l) /\UB(xiQ)) |z, 22 €V, f(zan) 9(@i2) # 0}
= % - %mf{@g(%l) /\VB(Iiz)) | 21,02 €V, f(wa) # 0, g(xi2) # 0}
< % — %inf{(VB(%‘l) |z €V, f(za) # 0}

=

I/B(xiz)) | 22 €V, g(xi2) # 0}

A
N —

N | —

'nf{

inf{(uB(u) (weV, flu)+ o}
inf{(z/B(v)) v eV, g(v) £ o}
£ N\ b (9)

N >
mt
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Let f = 0and g # 0. Then we have (f xg)(z) => 1, f(za) g(zi2) = 0. Thus

Vo (f#9) = ,.(0) = v, (f)

1 1

=5- §sup{VB(x) |z eV}
1 1

< 5 §sup{uB(3:) |z €V, g(x) # 0}
1 1,

< 575 inf{v,(z) |z €V, g(z) # 0} =v,..(9).

Hence we have v, (f * g) < v, (f) A\ iy (9)-
Let f = 0and g = 0. Then v, (f % g) =v,.(0) = v,.(f) = p,.(g) and the result is obtained.

We can prove similarly that

pge (f%9) = 1. (f) \/ 1. (g), forany f,g € C*.
Hence B* = (u,,.,Vv,. ) is an intuitionistic L-fuzzy ideal of C*.
i1) This can be proved in a similar manner. U

Let the k-algebra (A, M, U) be a finite dimensional algebra. We define the mappings A :
A* - A*@A*and ¢ : A* - kbyA=p loM*ande = oU* where p: A*@ A* — (AR A)*
by p(f®g)(x®y) = f(x)g(y) and ¢ : k* — k by ¢o(f) = 1. Then (A*, A, ¢) is a coalgebra.

Proposition 3.12. Let (A, M, U) be a finite dimensional algebra.

i) Let B = (p,,v,) be an intuitionistic L-fuzzy ideal of A. Then B* = (u,.,v,.) is an
intuitionistic L-fuzzy subcoalgebra of A*.

ii) Let B = (p1,,,v,,) be an intuitionistic L-fuzzy left (right) ideal of A. Then B* = (j1,,.,V.)
is an intuitionistic L-fuzzy left (right) coideal of A*.

Proof. i) Using Proposition 3.1, B* = (u,,.,v,.) is an intuitionistic L-fuzzy vector subspace of
C*. Let A(f) = >_7_, fin ® fja. We show that

( fjl \/V fﬂ

Let f # 0, then we have

vy (F) = 5 — 5 influ, (@) T € 4, f(x) £ 0)
> % — %inf{yB(uv)\ wv € A, f(uv) # 0}
> 0yt () \ v, () [w € V. Zf w)fja(v) # 0}
> % — %mf{ \/y |uv €V, fi1(u)f2(v) # 0}
> -~ s (inf{, ()] w e V. fulu) #0}) \nf{y, ()] v € V, fa(v) £0)
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If
inf{v,(u)|u eV, fj1(u) #0} >inf{v,(v)|v eV, fia(v) #0},

then v, (fi1) < v,.(fj2). Hence v, (f) > v,. (fi2).
If

inf{v, (u)| u €V, fi(u) # 0} <inf{v, (v)[v €V, fia(v) # 0},
thenv,, (fjl) > v, (fjg). Hence v, (f) > v, (fjl) . Therefore v, (f) > v, (fjl) Vv, (fjg).

Let f = 0. Then fjl = fjg =0.So Vs (f) Z Vs (fjl) v Vi (fjg).

We can also show that
Mg (f) < My (f]l)) /\MB (fﬂ))

and this completes the proof.

i1) This can be proved similarly to 7). O

Definition 3.13. Let (H, M,U, A, ¢) be a k-bialgebra. If B = (u,, v,) is either an intuitionistic
L-fuzzy subalgebra or intuitionistic L-fuzzy subcoalgebra of H, then it is called an intuitionistic
L-fuzzy subbialgebra of H. Let S : H — H be the antipode of H, then for each x € H we have
(S®@IA(x) = (I ®S)A(x) = U(e(x). If

v, ( Z S(xiy)zi,) = vy ( Z 2, 5(z3,)) = v, (U(e(x)), (3.6)
(z) ()

Hp ( Z S(ZL‘“)ZL‘ZQ) = Mg ( Z :E”S(wu)) = Up (U(g(x))a (3.7
(z) (z)

then B = (u,, v, ) is called an intuitionistic L-fuzzy Hoph subalgebra of H.

Example 3.14. Let A be the algebra generated by an invertible element a and an element b such
that 0" = 0 and ab = Aba, where A is a primitive 2n-th root of unity. It can be shown that A is a
Hopf algebra with the comultiplication, counit and antipode defined by

Ala) =a®a, AD)=axb+bxa’, cla)=1, b)=0

S(a)=a', S(b) = —a 'ba.
An interesting solution is given by [13, Exercise 5.6.24] as follows:

“Let C' = (a) be an infinite cyclic group and a*(a) = V/\. Clearly A ~ H(C,n,a? a*). So
A has the properties of Ore extension Hopf algebras of the form H(C,n,c,c*,a,b).”

Now we define an intuitionistic /-fuzzy subset B = (yu,,, v, ) of A by
(@) = pa(a™) = 0.7, v,(a) = vy(a™") = 0.2

pp(b) =04, v, () =06,  py(1) =1, v, (1) =0, py(0)=05, p,(0)=05

It is easy to prove that B = (11, v,,) is an intuitionistic /-fuzzy subbialgebra of A.
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Furthermore

Similarly, we can show that ., (I ® S)A(z)) = p, (U(e(x)), Yz € A.
Hence B = (u,,v,) satisfies the condition (3.7) and similarly satisfies (3.6). Therefore
B = (u,,v,) is an intuitionistic /-fuzzy Hoph subalgebra of A.

Example 3.15. Let H be a k-vector space with the basis {c; }°,. Define two k-linear mappings
M:H®H — HandU : k — H by M(c; ® ¢;) = ¢ic; forall 4,7 > 0and U(1) = ¢o. Also
define two k-linear mappings A : H - H ® H ande : H — k by

Aen) = Zci ® Cneiy  E(Cn) =0no Yn >0,
i=0
and define the antipode S : H — H, S(c,) = 6,0 ¢, Itis proved in [1] that (H, M, U, A, ¢, S)

is a Hoph algebra. Let I = [0, 1]. We define an intuitionistic /-fuzzy subset B = (u,,v,) of H
by

palen) = ==, valen) = =, Yn 20,
plax + By) = p(x) vV uly),  viex+ By) = v(z) Av(y),

)
wzy) = plz) Apy),  vizy) =v(z)V(y),

forall z,y € H and for all o, 8 € k.
Therefore B is an intuitionistic /-fuzzy subalgebra of H.

Since we have foreach: =0, ..., n:
1 1 1
o < 1 N n_irl tg(Cn) < iy (Ci) Ay (Cni) = pig(7) < uB(xu)/\uB(xiz)

n 7 n
> - V -
n+1" 1+1 n—t+1

= VB(CH) > VB(Ci) VVB<Cn—i) = VB(‘T) > VB(xil) \/VB<wi2)'
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Hence B is an intuitionistic /-fuzzy subcoalgebra of H. Now

s ( Z S(ci) eni ) =

tg (030 i) N pig(cns)

-

=0
" 1
:i\/ol/\ n—i+1:1
"1
:.\/ M

s
Il
=)

:uB<Ci) A /’LB<5n*i,0 Cnfi)

I

N
Il
o

= ,UB(ZCi S(en—i) )

(U 02)(c0)) = 15 (U (500) = 11y (1) = 1.
Hp ((U © 5)(071)) = 15 (U(6n0) = p(0) = 1.

Hence B satisfies (3.7) and we can similarly show that (3.6) holds. Therefore B = (u,,v,)
is an intuitionistic /-fuzzy Hoph subalgebra of H.

4 Intuitionistic L-fuzzy quantum subsets of k,[x, y|

Let g be an invertible real (complex) number less than 1, and let /, be the two-sided ideal of the
free algebra k[x, y| generated by the element yx — gxy.
The quantum plane is defined as the quotient-algebra

kglz,y] = K[z, yl /1. 4.1

Definition 4.1. Let B = (41, v,,) be an intuitionistic L-fuzzy Hoph subalgebra of k[z, y|. If it
satisfies the condition
pp(yr) = pglary),  vy(yz) = vy(qey)

then B = (1, v,,) is called an intuitionistic L-fuzzy quantum subspace of k,[x, y].

Example 4.2. We can consider H = k[, y] as a k-vector space with the basis {z™y" };¢ _, and
define
M(Imyn ® xkyl> — J:m+kyn+l, U(l) — xOyO = 1.

Ay = 3N i @y @™y = G

i=0 j=0

S(x™y") = Smgno ™Y", VYm,n,k,[ > 0.
Then similarly to Example 3.15 we can prove that k[x, y] is a Hoph algebra.
Define an intuitionistic /-fuzzy subset B = (u,, v, ) of H by

1
ot mpy = T s
m+n+1

g (2™y") = vy (2™y eRTIEE
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Then B = (41, v,,) is an intuitionistic /-fuzzy Hoph subalgebra of H. Also we have

pole) = 5 = polaye), vy (ay) = 5 = v, (aya)

Hence B = (p,,v,) is an intuitionistic /-fuzzy quantum subset of k,|x, y|.

S Zs-graded intuitionistic L-fuzzy quantum subspaces of A,

Let k be a field of characteristic # 2 (R or C). Suppose the format (a,, ..., a,) be an arbitrary
sequence, a; € Z» and the multiparameter

q=1{q; gl <1, 1<i<j<n}, (5.1)
be the family of non-zero elements of k. The quantum superspace A, or, rather, the polynomial
function ring on it is generated by coordinates 1, ..., x, with parity #; = ¢ and commutation
rules: B

2?=0 for i=1 and zjz;=(-1)7¢;2;2; for i<j. (5.2)
We call z; an odd (even) coordinate if ¢ = 1(; = 0) and we have k; = 0;1(k; > 0). We denote
briefly an polynomial function

f(xl,...,xn) = Z Ozkl ..... kn, x'fl...xﬁ”,

0<k1,....,kn<m
by f(z) =3 ay 2"

Proposition 5.1. The multiplication of any two polynomial functions using (5.2), can be briefly

written:
f(x). g(z) = Z ag ¥ Z Bt = Z o By 2 (5.3)
where B
w= ] I 0" a"
1<i<n—1 i<j<n
Proof.

x’fl xﬁ”mlf whn = (xlfl xﬁ") (xlf xif)

- ( I1 (_1>hkf”qi;‘“j> (ah gk ook (ol alr)

1<j<n
o lik;1j Lik; ki+l kn+l
—< IT GO I @y ) (@ aget)
1<i<n—1 1<j<n
_ (k1+l1) kntln
= Vi Tq . ;1:7(1 ), [l

Definition 5.2. An intuitionistic L-fuzzy subset B = (u,,v,) of A, is called a Z,-graded
intuitionistic L-fuzzy g-deformed quantum subspaces of A, if it satisfies three conditions:

1) B = (p,,v,) is a Zy-graded intuitionistic L-fuzzy vector subspace of A,

2) py(fg) > pp(x) Apg(y), vy(fg) Svy(f) Vuy(g) forany f,g € Ay(V)

3) Hp (Qj]jjl) = Up ((_1)iqu' xizj)> Vg (37]372) = Vg ((_1)ijQij :Bixj)a forall i < ]
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Proposition 5.3. Let E = A, and B = (u,,v,) be an intuitionistic L-fuzzy subspace of E
defined by

pog(xi) =mri, vy(r)=s, m,8€L, st. 0<r,+s5;<1 Vi,jelL,

and for each f € E,

py(f)=sap  {(kKir) A A (Kra)}
0<k],...kl,<m
v, (f) = os%i%;gm {(Kis)) V...V (k,sn)},
where
0, ifk; =0,
ki = 4 (5.4)

Then B = (i, v,) is an intuitionistic L-fuzzy vector subspace of E.

Proof. Clearly for each f, g € E, wehave 0 < u, (f)+v,(f) <1. Also:

ty(F)Apy(g) = sup  {(Kir) Ao oA (k) } /\ sup {@r) A oA Urn)}
0<KY ..o kly <m0 0<L] o 1, <1
< sup  {(Kr) A A (k) } \/ sup  {(lir) A A ()}
0<kY ..o kly <m0 0<L] o lly <l
= 1 (f +9),
VB(f)\/VB(g)::0<H;g£/<n1{<k;sg VoV (st \/ 0<l/mfl/<l{(z;sl)v...v (Ilsn)}
> i ! .. ! ! o !
- Oﬁk/li?,fl;ilﬁm {(Rs) VoV (sn) ) /\ o<t <mf<l/ <l ) VeV (Rsn) }

=v,(f+9).

Since for any o € k, we have:

pp(axy) =1 > py (),  vg(ax) = s <vy(w),

hence
pplaf) = sup  {(Kir) A A (kyra) b =, (F),
0<K] ooyl <
v,(af) = inf  {(K{s1) V...V (Kysn)} =v,(f). O

0<K} ... k!, <m

Definition 5.4. Let V = Vj; @ Vj be a Zy-graded vector space. Suppose that Ag = (u agrV A())
and A7 = (p AV Ai) are intuitionistic L-fuzzy vector subspaces of Vg, Vi, respectively.
Define A} = (uAé , Z/AE_)) where

:{,uAO(x) xr € Vs A/(>:{VAO(3:) r e Vs

,(x
MAG() 0 xr ¢ Vg, gt 1 x ¢ Vg,
and define A} = (p Foar A,)where
% %
R N T Il
I 0 x & Vi, I 1 x & Vi
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Then Aj = (p ar Y ) and AL = (p A VA,i) are the intuitionistic L-fuzzy vector subspaces

of V. Moreover, we have ASNAT = 0. So Af + Af is the direct sum and is denoted by Aj @ Aj.
If A= (u,,v,) is an intuitionistic L-fuzzy vector subspace of V and A = Ay & Aj, then
A= (p,,v,) is called a Zy-graded intuitionistic L-fuzzy vector subspace of V and Ay, A7 are
called the even part and odd part of A respectively.

Proposition 5.5. Let B = (u,,,v,) be the intuitionistic L-fuzzy vector subset of E = A, which
we defined in Example 5.3. Setting Ey, the k-algebra generated by

aht Zkl =0 (mod2)}
i=1

and FE7 the k-algebra generated by

Zki =1 (mod 2)},

=1

it is clear that E = Egj & Ej has the structure of a k-superalgebra. Then B = (ji,,v,) is an
intuitionistic L-fuzzy q-deformed quantum subsuperalgebra of E.

Proof. 1) We define two intuitionistic L-fuzzy vector subsets By, Bi of £ by

(T if ze Fy v,(x if x € Ej
N&(Q/’): B( ) ‘ ? VB,(ZE): B( ) ‘ (j
0 0 if v € by 0 1 if v € by
if E7 if Eq

N RN B SR
1 0 if x € Ej 1 1 if x € Ej.

Then B3N B; = 0. We show that B = By + Bj. Since each f € E canbe wrtien as f = f; + f»
which f; € Ejand f; € E7. Hence we have

Pogn (F) = sup {pg (f0) Ay (f2)} = ps(fi) A ps(f2) = 1, (1)

f=fi+f2

VBﬁ+Bi(f)_f1}11£ {V (f1>/\1/ (fQ)}:VB(fl)vﬂB(fQ):VB(f)

Thus B = By & Bj is a Zy-graded intuitionistic L-fuzzy vector subspace of E.

2) For each f, g € £/, we have:

ty(F)Apy(g) = sap  {(kir) Ao A (Kra) ) /\ sup {Gr) A oA (Ura)}

0<k} ...k, <m o<l 0l <l

< sup {(k:’lrl) AN (Krn) /\(l’lrl) AT (l;rn)}

0<Kk} ,.oskly <m, 0<I,,...,1,, <l

< sup {((k—l—l),lh) VANAAN ((ki—l—l);ch)}

0 (kA1) ..oy (k1) <t

= g (f 9)
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ve(HVuy(g)= inf  {(Ks) V...V (Ks.)} \/ ogi?fl;g{(l/ﬁl)V"'V(

0<K!,....kl,<m

> inf {(k;’lsl) VoV (Ksa) \ (s VoV (Lsn

0<KY okt <1, 0} .01, <m

>t {<<k+z>;sl>v...v<<k+Z>;sn>}

0L (k+0)] .., (R+D)1, <1

=vs(f9).
In the case i = 1 and k; = [; = 1, then by (5.2), 2" = 22 = 0. So

o (20 ) () = i (0) = 12 gyl ) A\ gl )

v, ((:Elfl O R ai)) =v,(0)=0< v, (ah . k) \/ v, (22l
Therefore condition 2) of Definition 5.2 holds.
Also, forall 0 <17 < j < n, we have

Uy (iL‘jiL'l) =Ty ANry=1; N\ Ty = Up ((_1)ijqij xixj)’

vy(@jm) = sV si =5,V 55 = v, (1) q;5 z315)

and this completes the proof.
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