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1 Introduction

Group theory and the closely related representation theory have many important applications in
physics, chemistry, and materials science. Group theory is also central to public key cryptography.
In mathematics, a module is one of the fundamental algebraic structures used in abstract algebra.
A module over a ring is a generalization of the notion of vector space over a field, wherein the
corresponding scalars are the elements of an arbitrary given ring (with identity) and a multiplication
(on the left and/or on the right) is defined between elements of the ring and elements of the module.
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In mathematics, given a group G, a G-module is an abelian group M on which G acts compatibly
with the abelian group structure on M. The term GG-module is also used for the more general
notion of an R-module on which G acts linearly (i.e. as a group of R-module automorphisms).
Representation theory (G-module theory) has had its origin in the 20" century. In 1965, Zadeh [22]
introduced the concept of fuzzy subset as a generalization of the notion of characteristic function
in classical set theory. The concept of intuitionistic fuzzy set was introduced by Atanassov [2],
as a generalization of the notion of fuzzy set. The theory of intuitionistic fuzzy set is expected to
play an important role in modern mathematics in general as it represents a generalization of fuzzy
set. Fernadez introduced and studied the notion of fuzzy G-modules in [4]. The triangular norm,
T'-norm, originated from the studies of probabilistic metric spaces in which triangular inequalities
were extended using the theory of 7T-norm. Later, Hohle [6], Alsina et al. [1] introduced the
T-norm and the S-norm into fuzzy set theory and suggested that the 7-norm be used for the
intersection and union of fuzzy sets. Since then, many other researchers have presented various
types of T-norms for particular purposes [5,21]. In practice, Zadeh’s conventional 7'-norm,
/\ and \/, have been used in almost every design for fuzzy logic controllers and even in the
modelling of other decision-making processes. In previous works [8, 11-20], by using norms, we
investigated some properties of fuzzy algebraic structures. Here in this paper, we define anti fuzzy
G-submodules with respect to t-conorms and investigate some of their algebraic properties. Later
we introduce the union and direct sum of them and finally, we prove that the union, direct sum,
homomorphic images and pre images of theirs are also anti fuzzy G-submodules with respect to
norms (7" and 5).

2 Preliminaries

The following definitions and preliminaries are required in the sequel of our work and hence
presented in brief. For details we refer readers to [3,7,9]. Throughout the paper, Q, R, C will
always be rational, real and complex numbers, respectively.

Definition 2.1. Let R be a ring. A commutative group (M, +) is called a left R-module or a left
module over IR with respect to a mapping

O RXM—M

ifforallr,s € Rand m,n € M,

(D r.(m+n)=rm-+rn,

(2) r.(s.m) = (rs).m,

3) (r+s).m =r.m+ s.m.
If R has an identity 1 and if 1.m = m for all m € M, then M is called a unitary or unital left
R-module.
A right R-module can be defined in a similar fashion. Note that throughout this paper, R-modules
will be left R-modules.

Definition 2.2. Let M be an R-module and N be a nonempty subset of M. Then N is called a
submodule of M if NV is a subgroup of M and forallr € R,a € N, we have ra € N.
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Definition 2.3. Let G be a finite group. A vector space M over a field K is called a G-module
if for every g € G and m € M, there exist a product (called the action of G on M) m.g € M
satisfying the following axioms:

(1) m.1g = m,Vm € M ( 14 being the identity element in G),

(2) m.(g.h) = (m.g).h ,Ym € M : g,h € G, and

(3) (kymy + kamy).g = ki1(my.g) + ka(mao.g) Vmy,me € M : g € G : k1, ks € K.

Example 2.4. Let G = {1, —1,i,—i} and M = C" with n > 1. Then M is a vector space over
C and under the usual addition and multiplication of complex numbers, we can show that M is a
G-module.

Remark 2.5. The operation (m, g) — m.g defined above may be called a right-action of G on M
and M may be said to be a right G-module. In a similar way, we can define left-action and left
G-module. We shall consider all G-modules as left G-modules.

Definition 2.6. Let M be a G-module. A vector subspaee N of M is a G-submodule if N is also
a G-module under the same action of G. Thus NV is G-submodule of GG-module M if and only if
N is submodule of M and N be a G-module.

Example 2.7. Let Q be the field of rationals and G = {1, —1} and M = R. Then M is a G-module
over Q. Now for each r ¢ Q we get that N = Q(r) is a G-submodule of M.

Definition 2.8. Let M and N be G-modules. A mapping f : M — M is a G-module
homomorphism if

(1) f(kima + kama) = k1 f(ma) + k2. f (mo2)

(2) fgm) = gf(m)
for all mq, mom € M and k1,ky € K and g € G.

Definition 2.9. Let X be an arbitrary set. By a fuzzy subset of X, we mean a function from X
into [0, 1]. The set of all fuzzy subsets of X is called the [0, 1]-power set of X and is denoted
[0, 1]%. For a fixed s € [0, 1], the set yu, = {x € X : u(x) > s} is called an upper level of ;1 and
the set s = {z € X : p(x) < s} is called a lower level of p.

Definition 2.10. Let X be a nonempty set. A complex mapping A = (ua,v4) : X — [0,1] %[0, 1]
is called an intuitionistic fuzzy set (in short, IF'S) in X if pus + v4 < 1 where the mappings
pa: X —[0,1] and v4 : X — [0, 1] denote the degree of membership (namely j14(z)) and the
degree of non-membership (namely v4(z)) for each x € X to A, respectively. In particular () x
and Ux denote the intuitionistic fuzzy empty set and intuitionistic fuzzy whole set in X defined
by Ox(x) = (0,1) ~ 0 and Ux(z) = (1,0) ~ 1, respectively. We will denote the set of all IFSs
in X as IFS(X).

Definition 2.11. Let ¢ be a function from set X into set Y such that A = (p,v4) € IFS(X) and
B = (up,vp) € IFS(Y). Forall z € X,y € Y, we define

o(A) () = (e(pa)(y), (va)(y))
_ J sup{pa(z) |z € X p(x) =y}, inf{va(z) [z € X, p(z) =y}) ifo7'(y) #0
(0,1) if o=t (y) =0
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Also o' (B)(x) = (¢~ (us)(x), 97 (v8)(2)) = (us(0(2)), vB(P(2))).

Definition 2.12. A ¢-norm 7 is a function 7" : [0, 1] x [0, 1] — [0, 1] having the following four

properties:
(T1) T(z,1) = = (neutral element),
(T2) T(z,y) < T(z, z) if y < z (monotonicity),
(T3) T'(z,y) = T(y, x) (commutativity),
(T4) T'(x,T(y,2)) = T(T(x,y), z) (associativity),
forall z,y, z € [0,1].

It is clear that if zy > x5 and y; > yo, then T'(z1,y1) > T'(x9,y2).

Example 2.13. (1) Standard intersection ¢-norm T, (x,y) = min{x, y}.
(2) Bounded sum ¢-norm 7 (z,y) = max{0,z +y — 1}.
(3) Algebraic product t-norm 7, (z,y) = xy.
(4) Drastic t-norm
y ife=1
Tp(x,y) =1 x ify=1
0 otherwise.

(5) Nilpotent minimum ¢-norm

min{z,y} ifx+y>1
7% ) = .
w(z,9) { 0 otherwise.

(6) Hamacher product ¢-norm

0 ifr=y=0
otherwise.

TH0($’y> = { Ty

T+y—zy

The drastic ¢-norm is the pointwise smallest {-norm and the minimum is the pointwise largest
t-norm: Tp(z,y) < T(x,y) < Tmn(x,y) forall z,y € [0, 1].

Definition 2.14. An s-norm S is a function S : [0, 1] x [0, 1] — [0, 1] having the following four

properties:

(1) S(x,0) = =z,

@ S(x.y) < S(x.2) if

3) S(z,y) = S(y,x),

4) S(z, Sy, z)) = S(S(x,9),2) .
forall x,y, z € [0,1].

Example 2.15. The basic s-norms are S,,(z,y) = max{z,y}, Sp(z,y) = min{l,z + y} and
Sp(z,y) = v +y —zyforall z,y € [0,1]. Thus S,, is standard union, S, is bounded sum, S,, is
algebraic sum.

We say that 7" and S are idempotent if for all z € [0, 1] we have T'(x, ) = x and S(z, z) = .
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Definition 2.16. Let A = (p14,v4) € IFS(X) and B = (up,vp) € IFS(X). Define
ANB= (MAQB,VAQB) X = [O, 1]

as panp(z) = T(pa(x), up(z)) and vanp(z) = S(va(z),vp(z)) forall x € X.

Lemma 2.17 ([11]). Let T be a t-norm. Then
T(T(z,y), T(w, 2)) =T(T(z,w),T(y, 2)),

S(S(x,y),S(w,z)) = S(S(a:,w),S(y,z)),
forall x,y,w,z € [0, 1].

3 Main results

Definition 3.1. Let GG be a finite group and M be a G-module over K, which is a subfield of C.
Define A = (ua,va) € IFS(M) an intuitionistic fuzzy G-module on M under norms (t-norm 7’
and s-conorm 5) if it satisfies the following inequalities:

(D) paaz +by) = T(pa(), pa(y)),

(2) palgm) > pa(m),

3) valaz + by) < S(va(z),valy)),

@) va(gm) < va(m),
foralla,be K :z,ye M :m & M and g € G.
Denote by IFMN(M ), the set of all intuitionistic fuzzy G-modules on M under norms (t-norm 7’
and s-conorm .5).

Example 3.2. Let G = {1,—1} and M = R* is a vector space over real field R. Then M is a
G-module over R. Define pi4,v4 : M — [0, 1] by

(z) 1, ifz; =0,Vi
xT) =
fia 0.35, ifatleastone x; =0

and

(z) 0, ifz; =0,V
valx) =
A 0.55, if atleastone x; =0

where © = (21, 29,73, 74) € R* such that z; € R. If T'(a,b) = T,,(a,b) = min{a, b} and
S(a,b) = Sp(a,b) = max{a,b} forall a,b € [0,1], then A = (p1a,v4) € IFMN(M).

Example 3.3. Let F be a field, K be an extension field of F' and a € K. Let F'(a) be the field
obtained by adjoining a to F as F'(a) = {by + bja + bya® + - - - } with b; € F. If G = (a), be the
cyclic group generated by a, then M = F'(a) will be G-module. Define 14,4 : M — [0, 1] by

1, ifz=0
pa(z) =< 0.15, ifz e F—{0}
0.55, ifz € F(a)— F
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and
0, ifz=0

va(x) =< 065, ifxe F—{0}
0.25, ifz € F(a) — F.
Let T'(a,b) = Ty(a,b) = max{0,a + b — 1} and S(a,b) = Sy(a,b) = min{l,a + b} for all
a,b € [0,1] then A = (ua,va) € IFMN(M).

Example 3.4. Consider the G-module M = C over the field R where G = {£1}.
Define pia,v4 : M — [0, 1] by

1, if2=0
pa(z) =4¢ 0.25, ifz € R—{0}
| 035, ifzeC—R.

and
0, ifz=0

va(z) = ¢ 045, ifz € R —{0}
| 055, ifzeC—R.

Let T'(z,y) = Ty(z,y) = xy and S(a,b) = Sy(a,b) = a + b — ab for all a,b € [0, 1] then
A= (,uA, VA) € IFMN(M)

Proposition 3.5. Let M be a G-module over K and |1 be a fuzzy set of M. Let A = (pua,va) €
IFMN(M) and T, S be idempotent. Then the A = {x € X : A(x) D (s,t)} is either empty or
a G-submodule of M for every st € [0, 1].

Proof. Let A = (pia,v4) € IFMN(M) and A;; = {z € X : A(x) D (s,t)} be not empty. Let
x,y € U(p,) and a,b € K. Then pa(x) > sand pa(y) > sand va(x) < tand va(y) < t. Now

palax +by) = T(pa(x), paly)) 2 T(s,s) = s,

valar +by) < S(va(x),valy)) < S(t,1) =1,

so A(az + by) D (s,t) then ax + by € Agy. Also pa(gr) > pa(x) > sand va(gr) < wva(z) <t
mean that A(gz) O (s,t) and then gz € A, ;. Thus A, will be G-submodule of M. O

Proposition 3.6. Ler M be a G-module over K. If A = (pa,va) € IFMN(M) and B =
(up,vp) € IFMN(M), then AN B = (tians, Van) € IFMN(M).

Proof. Letx,y € M anda,b € K and g € G.
As

(tans)(azx + by) = T(palax + by), pp(ax + by))
T(T(palz), pay)), T(ps(z), ps(y)))
(T(pa(z
(

v

27\
T(T(pa(z), pp(x)), T(pay), ps(y))) (from Lemma 2.17)
= T((trans) (@), (Lans)(Y)),

then (pang)(az + by) > T((pans) (), (1tans)(Y))-
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Also
(1tans)(g97) = T(palgz), pp(gr)) = T(pa(r), pp(r)) = (Hans) ().

Moreover

(vanp)(ax + by) = S(va(ax + by), vp(azx + by))

= 5(

< S(S(walz),va(y)), S(ws(z),vs(y)))

= S(S(va(z),ve(x)), S(valy), ve(y))) (from Lemma 2.17)
= S((vanB) (), (vanB) (),

then (vang)(az + by) < S((vang) (@), (vans) ().
Further

(vanp)(97) = S(valgz), ve(gz)) < S(wa(z),ve(x)) = (vans)(z).
Therefore AN B = (fiang, Vang) € IFMN(M). O

Corollary 3.7. Let A; = (ua,,va,) CIFMN(M) fori =1,2,3,4,...,n. Then Ni=123.. ,Ai €
IFMN(M).

Proposition 3.8. Ler f : M — N be a G-module epimorphism. If A = (pa,v4) € IFMN(M),
then J(A) = (£(4). f(v)) € IEMN(N).

Proof. Lety;,y» € N anda,b € K.
Then

f(a)(ayy + by2) = sup{pa(azs + bxs) | 21,22 € M, faxi) = ays, f(baz) = bya}
= sup{pa(axrs + bxa) | x1,22 € M, af(x1) = ayr,bf (x2) = by}
> sup{T'(pa(z1), p(x2)) | 21,22 € M, f(21) = y1, f(22) = 2}
= T(sup{pa(z1) | f(z1) = y1},sup{pa(z2) | f(22) = yo})
= T(f(ra)w), f(pa)(y2)),

thus f(pa)(ays +bya) > T(f(pa) (1), f(1a)(y2))-
Also

f(wa)lay, + bys) = inf{va(az; + bxo) | 1,20 € M, f(axy) = ay, f(bxa) = bys}
= inf{va(azs + bxy) | 21,22 € M, af(x1) = ayr,bf (x2) = bys}
< inf{S(va(x1),v(xe)) | 1,29 € M, f(x1) = 11, f(22) = y2}
= S(inf{va(z1) | f(z1) =y}, inf{va(a2) | f(z2) = y2})
= S(f(va)(y1), f(va)(y2)),

then

fwa)(ay: +byz) < S(f(va)(yr), f(va)(ya))-
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Lety € Nand g € G.

f(pa)(gy) = sup{pa(gr) |z € M, f(gz) = gy}

sup{pa(gzr) |z € M, gf(x) = gy}
sup{pa(z) |z € M, f(z) = y}
fra)(y),

v

and so

F(ra)(gy) > flpa)(y).
Also

f(va)(gy

~—

= inf{va(gz) | z € M, f(gz) = gy}
= inf{va(gx) |z € M,gf(z) = gy}
<inf{va(z) |z € M, f(z) =y}
= f(va)(y),
thus
fwa)(gy) < f(va)(y).
Therefore f(A) = (f(pa), f(va)) € IFMN(N). -

Proposition 3.9. Let f : M — N be a G-module homomorphism. If B = (ug,vg) € IFMN(N),
then £~1(B) = (£~ (), £~ (v5)) € IFMN(M).

Proof. Let xy,29 € M and a,b € K. Then

N (uB)(azy + bxo) = pp(f(azy + bas))

AAA
/—\

= pup(f(az1) + f(bx2))
= pplaf(zr) +bf(x2))
> T(pp(f(z1), pu(f(22))
=T(f " ps)(x1), f~ (1s)(72)),
then
7 ) (axy +bas) > T(f (up)(21), f (18) (22)).
Also

flaxy + bxy))

flazy) + f(bx2))

(1) + bf (22))
f(@1),vp(f(22))

(vp)(x1), f~ (vB)(22)),

f 1 (vg)(azy + bxy)

[
XX
UJ
Q
KHA

B

X
oy}

vp

/-

ANl
2%

SO

N ve)(azy + bxy) < S(f ' (vp) (1), ' (vs)(x2)).
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Letx € M and g € G. Then

f (up)(gz) = na(f(92)) = up(gf(2)) > pp(f(2)) = £~ (us)(2)
and
FHwe)(gr) = vp(f(92)) = ve(9f(2)) < ve(f(x)) = [~ (vs)(2).
Therefore f~1(B) = (f*(ug), f*(vg)) € IFMN(M). O

Definition 3.10. Let A = (p4,v4) € IFMN(M) and B = (pup,vg) € IFMN(M ). Define

A+ B = (pa,va) + (up:vB) = (fta + i, va + vp) = (patp, vasp) - M — [0,1] x [0,1]
as
pavs(@) = sup{T(ua(y), pp(2)) |z =y + 2 € M}
and
vayp(x) =inf{S(va(y),va(?)) |z =y + 2 € M}
forall z € M.

Proposition 3.11. Let A = (ua,va) € IEMN(M) and B = (up,vg) € IFMN(M). Then
A+ B € IRMN(M).

Proof. Let xy,x9,y1,Y2, 21,22 € M and a,b € K. Then

pasp(ary + bxy)
= sup{T (ua(ay; + bys), up(azy + bz)) | axy + bxy = ay; + bys + az; + bz}
= sup{T(T(pa(y1) pa(y2)), T(up(21), pp(22))) | azy + bre = ayy + az1 + byz + bz}
= sup{T(T(pa(y1), pa(y2)), T(up(21), up(22))) | azr = ayr + az1, bwy = bys + bz}
= sup{T (T (pa(y1), pa(y2)), T(up(21), p(22))) | 21 = Y1 + 21,22 = Y2 + 22}

(from Lemma 2.17)
= sup{T (T (a(y1), 1B (1)), T(a(y2), 1B (22))) [ X1 + T2 = y1 + 21 + Y2 + 22}
= T(sup{T'(pa(y1), p(21)) | 21 = y1 + 20) }, sup{T (paly2), pp(22)) | 22 = 12 + 22})
= T(parn(21), payp(@2)).

Also
VA+B(CI$1 + bafg)

= inf{S(valays + byz),vp(az; + bzs)) | axy + bxe = ayy + bys + az; + bzo}
< Inf{S(S(wa(y1), va(ys)
=inf{S(S(va(y1),va(y2)), S(ve(z1),vB(22))) | ax1 = ay, + azy,bry = bys + bza}
= inf{S(S(vayr), va(y2)), S(va(21),vB(22))) | 21 = y1 + 21,22 = Y2 + 22}
(from Lemma 2.17)
= inf{S(S(va(yr), ve(21)), Swalyz), vp(22))) [ #1 + 22 = y1 + 21 + Y2 + 22}
= S(Inf{Swa(y1), ve(21)) | 21 =y + 21)}, inf{S(va(y2), ve(22)) | 22 = y2 + 22})

= S(warp(®1), vasn(22)).

y2)), S(vp(z1),vE(22))) | axy 4+ bxy = ayy + az; + bys + bza}
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Letx,y,z€ Mandg € G.
Further

pars(gr) =sup{T(pnalgy), ns(92)) | 9r = gy + gz}
> sup{T(pa(y), pp(2)) | v =y + 2}

= ,LLA+B(SU),

80 patp(97) = parp(T).
Moreover

vays(gr) = inf{S(valgy), vs(92)) | 9v = gy + gz}
<inf{S(va(y),ve(2)) | v =y + 2}

= vayB(w),

then v, g(gx) < vayp(z).
Therefore we get that

A+B == (/,LA+B,VA+B) c IFMN(M) O]

Proposition 3.12. Let M be a G-module and N be a subset of M such that A = (jia,va) €
IFS(M). Let
(1,0), freN
Az) = =
() = (palz),va(z)) { (a,a), ifz ¢ N
with o € [0,1). Then A = (pa,v4) € IFMN(M) if and only if N is a G-submodule of M.

Proof. Let A = (ua,va) € IFMN(M) and we prove that N is a submodule of M. Let x,y €
N C M and a,b € K. Now

palaz +by) = T(pa(x), paly)) =T(1,1) =1

and
valaz +by) < S(va(x) valy)) = S(0,0) =0

thus A(x) = (pa(x),va(x)) = (1,0) and then az + by € N.

Also let g € G and then pa(gz) > pa(z) = 1, and va(gz) < va(z) = 0, then A(gx) =
(a(gx),va(gr)) = (1,0), thus gx € N. Therefore NV is a submodule of M and since N is a
subset of M so N will be a G-submodule of M.

Conversely, let N be a submodule of M, we prove that A = (pa,v4) € IFMN(M).

Suppose z,y € M and a,b € K and we investigate the following conditions:
(D) Ifx,y € N, then

palar +by) =1>1=T(1,1) = T(pa(z), pa(y))

and
valaz +by) =0 <0=5(0,0) = S(va(z),va(y))-
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(2) Forany x € N andy ¢ N, then ax + by ¢ N and so

palar +by) = a > 0="T(1,0) = T(ua(z), paly))
and

va(az +by) = o < a = S5(0,a) = S(ua(z), pa(y))-
(3)Letz ¢ N and y € N, then ax + by ¢ N and then

palaz +by) = = 0="T(0,1) = T(pa(z), pa(y))
and

valaz +by) = a < a=5(0,a) = S(va(z),va(y)).
(4) Finally, if z,y € N, so ax + by ¢ N and so

palar +by) =a>0="T(0,0) = T(ua(z), pa(y))
and

valar +by) = a < a= S(a,a) = S(va(z),valy)).
Therefore, from (1)—(4) we have that

palaz +by) > T(pa(z), pa(y))
and
va(ax +by) < S(va(z),va(y)).

Now let z € M and g € . Then we have:

(5)If x € N, then gx € N and then p4(gz) = 1 > pa(z) and va(gzr) =0 < va(x).

(6)If x ¢ N, then gr ¢ N and so pua(gzr) =0 > 0 = pa(x) and va(gz) = a < a = va(x).
Therefore from (5) and (6) we have that p4(gz) > pa(x) and va(gz) < va(x).

Hence A = (p1a,v4) € IFMN(M). O

Definition 3.13. Let M be a G-module over K and M, be G-submodules of M such that
A; = (pa,,va,) € IFMN(M;) foralli = 1,2,3,...,n. Define

A=, A,
= <@?:1MA1‘7 @?:1%41’)
= (:u@?:lAm V@?:lAi) : M
- @?:1Mi — [07 1] X [07 ]-]

as

pan 4, (m = Zml) = /\{,uAi(mi) c1=1,2,3,...,n}
and .

von a(m=>_ m)=\/{va,(m;):i=1,23 . n}

such that /\ denotes minimum [infimum] and \/ denotes maximum [supremum] and
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A(0) = @i, Ai(0)
= (D114, (0), 71v4,(0))
= (pen_ 4;(0), ven 4,(0))
= (114,(0),4,(0))
= A;(0)

for all ¢. Thus A = ®}* , A; is called the direct sum of A;.

Proposition 3.14. Let M be a G-module over K and M; be G-submodules of M such that
A; = (pa,,va,) € IFMN(M;) foralli = 1,2,3,...,n. Then A = &' | A; € IFMN(&!_, M;).

Proof. Letx =) 'm;andy = ) " m;and a,b € K and g € G. Thus

pan A, (ax 4+ by) = pgn A Z m; +0b Z m;)

= M@;;lAi(Z am; + mej)

( J
= /\{,uAi(ami +bm;) i, j=1,2,3,...,n}
> N{T(pa,(ms,my) < i, j =1,2,3,...,n} (Since A; € IFMN(M;))
= T(N\{pa,(mi) i = 1,23, .0}, Nfpa(my) - j=1,2,3,....n})
= T(M@?:lAi (I)v Ko A (y))v

then MEB?:lAi(ax + by) > T(“@?:lAi (:E)IUEB?ZlAi (y))
Also

Van A, (ax +by) = vgn | aZmﬁmeJ

= V@?zlAi(Z am; + Z bm;)

( J
= \/{VAi(ami +bm;):i,j=1,2,3,...,n}
< \/A{S(wa,(mi,my) 1 i,j =1,2,3,....,n} (Since A; € IFMN(M;))
= S(\/{va,(mi) :i=1,2,3, .0}, \[{va,(my) : j = 1,2,3,....,n})
= S(”@?zlAi (I)7 V@?zlAi (y))a

then vgr  a,(ax +by) < S(ven a,(2)ver  a,(y))-
Further

M@;;lAi(gx = Heor_ 1A Zmz

= fier_ 4, (Z gm;)
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= /\{,qu(gml i=1,2,3,....,n}

> /\{M(mz i =1,2,3,...,n} (Since A; € IFMN(M;))
(
i

_/\{ pa,(m;) i =1,2,3,...,n}

SO figr_, 4,(9T) > Mea;;lAi(m)-
Moreover

; :i:1,2,3,...,n}

thus vgn 4, (gz) < 2y ().
Therefore A = &' | A; € IFMN(&!, M;). O

Example 3.15. Let G = {£+1} and M = C over R. Then M is a G-module. We have M =
M, & Ms, where M; = R and My = iR. Define A; = (pa,,va,) : My — [0,1] x [0, 1] as

(2) 1 ifz=0
x =
Haa Loifg 40,
and
(z) 0 ifz=0
va, (z) =
o Loifx #0.
Also A2 = (,UAQ,VAQ) : M2 — [0, 1] X [O, 1] as
() = 1 ify=0
Ma\Y) = % lfy#o,
and
v (y) = 0 ify=0
W L ey 20,
Define
A= Al @AQ = (MAl@A2,VA1@A2) M =M, ® M, — [0,1] X [O, 1]
as
1 ifr=y=0
Haea(r+iy) = 5 ifx#0,y=0
5 ify#0,
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and

0 fz=y=0
VA1GBA2(I+iy): % ifz#0,y=0
ﬁ ify #0.

Let T'(a,b) = T,(a,b) = aband S(a,b) = Sy(a,b) =a+b— abforall a,b € [0, 1]. Then as
Al € IFMN(Ml) and A2 € IFMN(MQ) so A= Al D A2 € IFMN(M = Ml D Mg)

4 Open problem

In this paper, as using norms (7" and S), intuitionistic fuzzy GG-modules on M under norms and
some related results like intersection, sum and direct sum of them has also been discussed. Now
one can define and investigate intuitionistic fuzzy GG-bimodules as we did for intuitionistic fuzzy
G-modules and this can be an open problem.
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