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Abstract: The concept of an Intuitionistic Fuzzy Coloured MultiGraph (IFCMG) is considered.
An Index Matrix (IM) is constructed for each IFCMG. The operations “union” and “intersection”
on IFCMGs via their IM interpretation are defined and some of their properties are studied.
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1 Introduction

The concept of an Intuitionistic Fuzzy Graph (IFG) was introduced in September 1994 in [19].
Only a month later—in October 1994—the IFGs were given in [2] Index Matrix interpretation
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(IM, see [4,6]). Ten years later, the concept of an intuitionistic fuzzy multigraph was introduced
in [20] and its IM interpretation was discussed. These graphs are based on the concepts of
Intuitionistic Fuzzy Sets (IFSs, see [3]) and Intuitionistic Fuzzy Pairs (IFPs, see [5,7]).

In 1987, in [1], the concept of an Index Matrix (IM) was introduced as an extension of the
well-known object “matrix” (see, e.g., [17,18]). In [4,6], the IMs (which were defined initially as
two-dimensional objects) were extended to 3- and n-dimensional IMs, as well as to Intuitionistic
Fuzzy Index Matrices (IFIMs) and to Extended IFIMs (EIFIMs).

In the present paper, we discuss the concept of an Intuitionistic Fuzzy Coloured MultiGraph
(IFCMGQG), show its EIFIM interpretation and some of its properties.

2 Short remarks on EIFIMs

Following [5, 7], we will mention that the ordered pair (a, b) is called an IFP when a,b,a + b €
[0,1].
When there is a fixed universe F and its subset A, the corresponding IFS is an object with the

form
A= {(z,pa(z),va(z)) |z € E},

where the functions p14 : E — [0,1] and v4 : E — [0, 1] define the degree of membership and the
degree of non-membership of the element = € E to the set A, respectively, and for every = € E:

0 <pa(z)+rvalz) <1

is called an IFS (see, e.g., [3]).
Let I be a fixed set. By EIFIM with index sets K and L (K, L. C I), we denote the object:

[K*a L*7 {<,uki,lj7 Vk’i,lj>}]

L (o, BY) .. (e, BF) o L (o, BY)
kl? <a{(7 BlK> <:uk17117 Vk1,11> s <:uk1,lj7 Vkl,lj> s </’Lk1;ln7 Vk17ln>
i (S, BEY | (itns Vo) -+ (s Vkity) <o (s Vkidn)
Koy Q5 B | et s Vi) -+ (Bl s Vims) -+ Bkt s Vool

where K = {ky, ks, ..., kn}, L={l,ls,....1,} and
K= {(ki, i, B) | ki € K} = {{ki, ", B*) [ 1 <0 < m},
L= {{l, a7, 8) |l € L} = {(lj, a5, B7) | L < j < m}
are [FSs and forevery 1 <: <m,1 < j <n:
ki dys Vhidys Had; + Vit € 10, 1],
ol BE ok + BE € 10,1],

L pL L L
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Following [4, 6], we will describe two operations over EIFIMs that are extensions of the
standard operations over IMs, IFIMs and EIFIMs.

Let everywhere below o, x € {V, A} and when o or * is V, then o; or #; is “max”, and o or
%o 18 “min”; and when o or x is A, then o or *; is “min”, and oy or x5 is “max”. Let e, = (0, 1)
and e, = (1,0).

For the EIFIMs A and B operations that are analogous to the standard matrix operations of
addition and multiplication are defined as follows:

Addition &
A @z B = [T*7 V*’ {<(10tuavw7wtuﬂ)w>}]’
where
T = K*UP*={{t,,a,B) | t, € KU P},
V*=L"UQ" = {{vy,ap, o) | vw € LUQ},
af, ift, e K—P ]l-, ifv, € L—Q
aiz al, ift,e P- K, p(,= a, ifv, €@ — L,
¥ (af aP), ift,e KNP x2(85,89), ifv, € LNQ
and
( </"Lki7lj7 Vki,lj>7 ift, =4k € Kandv, = lj e L — Q

ort, =k € K—Pandv, =1[; € L;

ift,=p. € Pandv, =¢q, € Q — L
ort,=p. € P—Kandv, =q, € Q;

<O-prvqs ) Tpmqs > )
<Lptu7vw ’ ¢tu7vw> =

<01(Mki7lj7 Upr,qs)v 02(Vk¢,lj7Tpr,qs>>7 ift, =k = Pr € KnpP
and v, = l; = ¢; € LN Q;

\ €o, otherwise.

Termwise multiplication ®*

A ®Z B = [T*7 V*’ {<(’0tUa’Uw7 wtuﬂ)w>}]’

where
T = K*NP*={{t,,a,B) | t. € KNP},
V =L"NQ" = {{vw, ap, Bo) | vw € LN Q},
ol = (af,al), fort, =k =p, € KNP,
B = %o ;,63), forv,=1l=¢ € LNQ
and

<80tu771w’ 77Z}tu,11w> - <ol(/’bki,lj7 Upm‘]s)’ OQ(Vkiylj7 Tpmq.s)>'
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3 Short remark on coloured multigraphs
and intuitionistic fuzzy graphs

Let V be a finite set of vertex identifiers. Let £y, and L4 be a bounded lattices of, respectively,
vertex and edge colours, with operations N and U, least elements |, and L4, and greatest
elements T, and T4, respectively. These operations describe the prescribed combination of
vertex and edge labels and their interpretation can be algebraic. Let L¢ Ly U Ly, denote the
absence of an edge in the corresponding colour or, as we used it above.

Following [8-16], the term Colour MultiGraph (CMG) will denotate the object G = (V*, H*)
for which the following notations are introduced:

o V" CV XLy,

e « = |V|is the cardinality of the set of the G-vertices V' C V and o < |V,

o V*={(vi,c1),...,(Va,Ca)},

o H*CVxVxN x{0,1}",

e N is the set of the natural numbers,

e |, ; is the number of the edges between vertices v; and v; of V/,

e 1 is the number of all colours used for colouring of the edges of G and n < |Ly],

o H*={(vi, v, hij, Aci,), o M) [ v, € V& (VE 1<k <n)(cf; € Ly)}.

Therefore, we can interpret the set L4 as a fixed palette of edge colours for the graphs with
vertices from V and for each &k (1 < k < n), for every two vertices v;, v; (1 < 7,5 < a):

A(©) 1, if ¢ € Ly is a colour of an edge between v; and v,
C|) =
0, if there is no edge

Then h;; =, /\(cﬁj).

The IFG is a graph which vertices and edges are indexed by IFPs.

Having in mind the relationship between the colours and IFSs discussed in [3], we can see
immediately that each CMG (and, of course, each standard colour graph) can be interpreted as
an [FG. Really, as it is shown in [3] all colours without black, white and their nuances can be
represented by IFPs (see Figure 1).

Blue
(43,1)

3

Red Green
(0,0) (2.0)
Figure 1. Intuitionistic fuzzy representation of the RGB colour triangle,
with Red, Green, and Blue at its vertices and Gray at its centroid.
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When we like to represent black and white colours, and all their nuances we can use a
modification of Temporal IFS (see, [3]) where temporal scale corresponds to the dimension
defined by the vertices “Black” and “White” on Figure 2. In the figure, depicting a triangular
bipyramid, all colours without black, white and their nuances and with only gray colour lying on
the base plane as the centroid determined by vertices “Red”, “Green” and “Blue”.

Blue

Black Green

Red

Figure 2. Schematic extension of the RGB colour triangle to a triangular bipyramid.
Red, Green, and Blue form the base plane; Black and White are the apices.
The Black—White axis meets the base at the RGB centroid Gray.

The triangles that lie in planes parallel to the base plane close to vertex “Black™ will contain
all colours from the base plane to which some quantity of black colour is added. Respectively,
the triangles that lie in planes parallel to the base plane close to vertex “White” will contain all
colours from the base plane to which some quantity of white colour is added.

We restrict our attention to colours in the RGB base triangle. In Figure 3, Red, Green, and
Blue correspond to the vertices P, M, and N, respectively. If (wg, wg, wp) are the barycentric
coordinates of a point with respect to Red, Green, and Blue, respectively, we represent the point
by the IFP (wq, wp), with degree of uncertainty (indeterminacy) wg = 1 — wg — wp.

Figure 3. Membership, non-membership, and uncertainty degrees
in an equilateral version of the intuitionistic fuzzy interpretational triangle.
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4 Intuitionistic fuzzy coloured multigraphs

Now, we can define: Intuitionstoc fuzzy coloured multigraph (IFCMG) is a CMG which vertices
and edges are indexed by IFPs. It can be defined as G = (V*, H*), where set V' has the above
sense, but

V= {(v1, €1, foys Voy )5 - 5 (Vas Cas Hug s Vo) I

where the IFP (u,, ., 1, ) represents, e.g., the degrees of existence and non-existence of the k-th
vertex vy, of the graph (for 1 < k < a).
For the set of edges [1* there are two cases that determine the type of the IFCMG.
For the Simple IFCMG (SIFCMG), H* has the above form, but
(per ;00 ), if (p 00 ) is the IFP that corresponds to the colour ¢j; € Ly
B 2,7 2,7 (2%} ),

0]
)\(cfj) = of an edge between v; and v;

0, if there is no edge

For the Complex IFCMG (CIFCMG), H* has the form

H# = {<Ui7 Yj, hi7j7 A(Cil,j% <H’c%,].7 Vcll’]->a ceey )‘(C?,j)v <”cﬁj7 VC?’J->> | Uy, U5 € 4

& (Vk:1<k<n)(d; €Ly}

Therefore, in the complex case, the graph has as coloured edges, as well as degrees of
existence and of non-existence of these colours. If the k-th edge between vertices v; and v,
has a colour ci-‘i ; with a corresponding IFP (pcﬁj, acﬁj) and if this is valid for each edge of the
graph, then we can transform the CIFCMG to a SIFCMG as follows: replace set H# with H*,
but now function A has the form

Op s o ((Mc§j7 Vek )), if ( Pek s ac§j> is the IFP that corresponds to the colour
2, 2,7 ’ ’ ’ ?

A(Cﬁj) — cf; € Ly of an edge between v; and v;

0, if there is no edge,

where the intuitionistic fuzzy operator O, g (o, § € [0, 1]) is defined over the IFP (a, b) and it has
one of the following forms (see [5]):

Fop({a,b)) =(a+a(l—a—0),b+p(1—a—">)) anda+ <1
Gap({a,b)) = (aa, 5b)

H,p({a,b)) = (aa,b+ 5(1 —a — b))

H;ﬁ((a,b)) = (aa,b+ 6(1 — aa — b))

Jap({a,0)) = (a+a(l —a—1b),5b)

Jap({a,0)) = {a+ a(l —a—pb), 5b)

for every a,b, o, 5 € [0,1] suchthata +b < 1,0, < 1.
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Example 1. Consider a CIFCMG with two vertices v; and v, joined by one undirected edge of
colour ¢, where ¢ denotes a shade of green. The IFP associated with ¢ in the palette is (p., o0.) =
(0.6,0.2). For this particular edge, let (u., v.) = (0.3,0.4) be the additional IFP describing the
degrees of existence and non-existence of the colour ¢ on the edge.

The entry in the c-layer of the complex representation therefore stores the two pairs separately:

((0.6,0.2),(0.3,0.4)).

The first pair describes the colour in the palette; the second describes its occurrence on this
particular edge.

To obtain a simple representation, choose the operator O, ,. = F),_ .. The uncertainty degree
of the second pairis 1 — 0.3 — 0.4 = 0.3, and hence

= (0.48, 0.46).

Thus, the operator assigns the value 0.18 of the original degree of uncertainty to membership and
0.06 to non-membership, hence leaving a degree of uncertainty of 0.06.

Since the edge is undirected, the entries at (v1,vy) and (ve,v1) coincide. In the complex
representation, both entries store the two original IFPs; in the simple representation, both store
the single IFP (0.48, 0.46). The edge still belongs to the c-layer, and its contribution to the total
edge count remains one.

S5 Representation of SIFCMGs and CIFCMGs by EIFIMs

When we have a SIFCMG, we can bijectively juxtapose to it the following EIFIM:
C = [V*, V*,N, <hi,j7 )\(Cil’j), Ce )\(CZ])}H,
where
N={c,... 1}

are the sets of all colours with which the edges of (G; and GG, are coloured, respectively, and the
remaining components are described above. The vertex colours ¢; are part of the indices in V'*
and are omitted from the displayed headings for readability. Then C' has the form

.
1 U17<M017VU1> vj7<lu’vj7y'Uj> UOZ?</LUMVUQ>
V1, <,uv17 Vv1> hl,l e th e hl,a
(UN </1’U7;7 VUi> hi,l e hz,] e hi,a ’
L Vo (Hoas Voo Pt . o . hoa
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Cl

Ul? <,u1)17y1)1>

Uj’ <IU“UJ‘7 ij>

UO“ <ILLU(17 y’Uoz>

V1, <,uv17 Vv1>

<pc%,1’ O'C%,1>

2]

1,

<pcia: Ol >

(per 00 )

(et 01 ) (per ot )

(per 001 )
'Oci,l’ i1 i, i

Vi <ILLU1'7 Vvi>

Vays <l’L’Uo47 V’Ua) <pcé’1 ) O-c}l’l> <pcllxyju Ucclx,j> <pc}¥7a7 Uc}l’a>

T

c" 'U17<,uvl7yv1> 'Uj7<,uvj71/v]~> Ua7<,uva7y’ua> )
V15 (o s Vi) <p0?,1 ’ 00?71> <p671”1ja Uc*f,j> <Pc§l707 Ucﬁ())
Vi (Ho s Vo) <Pc3170c;§1> e <,0c;§j, Uc;fj> (Pc;.ja, Uc;ja>

Vars {Hves Voo ) <pcg,1 ’ ch,1> <ch,]., chyj> <IOCZ7O¢7 ch,a> J

When we have a CIFCMG, we can bijective juxtapose to it the following EIFIM:

ik

V.n
PTG

¢ = [V*a V*7N7 <hi,ja ()‘(Czl,j)7 <1uc}’jﬂ Vcil’j>)> R ()‘(CZ]')7 <,ucn

then C has the form
4

Va, <Mvaa Vva>
hl,oc

'Uj, <lu1)j7V’Uj>

h1;

1 Ulv<uv1”/v1>
U1, </‘L’U17 V’U1> hl,l

Vs, <H"Ui’ Vvi> hi,l e h@j Ce hi@ ’
. Vas <,uva7 Vva> ha,l ha,j ha,a
Cl U17<IU"U17V’L)1> Ua7</'l’vauyva>

U1, <,uv1> Vv1> ((pcilv UC%,1>’ <Mc%717 Vc},1>>

Vi </’L’Uz’7 VUi) <<pc}1 ) O-c}’l>> <Hc%’17 Vc},1>) (<pcllya7 Ol

UOH </‘1"Uo¢7 VUa) (<pc}x’1 ) O‘C}l’l>7 <Mc(11717 Vc}l’l>)

364

1,

(</Oc},a7 O'cio)a <Ncia> Vel >)



c" U17<:U’017Vvl> UCU<IU’UQ7V'UQ> )
V1, <,uvlal/v1> <<pc7f’170'c7f71>7 </Lc{i’1ayc?’l>) R (<pc§l’aaac?’a>a <,uc?’aayc?ﬂa>>
Uiy (B> Voi) | (e 0en, )y (ben s ver)) oo ((pen, s 0en, )y (en, s Ver )
Va; <'u”a’ V”O¢> (<pcg,1’acg,1>’ </ch’17 I/CZ,1>) c (<pCZ,a’ O-Cﬁ,o)’ <Iu03,a7 VCE,a>) Y,

In the example in Section 4, the green-layer entries in row vy, column vy, and in row v,,
column vy, both store ((0.6,0.2), (0.3,0.4)) in the complex representation and (0.48, 0.46) after
reduction to the simple representation. Both corresponding count entries are 1.

For the CMGs considered here, we use a common edge-colour palette C'; and allow no loops
and at most one edge of each colour between any pair of vertices. We match vertices by identifier
and identify each coloured edge by its endpoints and colour. The operations & and ® take the
union and intersection of the vertex and coloured edge sets, respectively. At common vertices
they combine the colours by join and meet, respectively. Under union, a vertex occurring in only
one graph retains its colour. The total-count slice is recomputed from the resulting binary colour
layers.

Following [8], we can define object G(V, L,,, L) as the class of CMGs defined in Section 3,
with vertex sets contained in V. Let GG be the graph with no vertices and no edges. Let Gy
have vertex set V), vertex colour L, at every vertex, and one edge of each colour in £, between
every pair of distinct vertices.

Therefore, we can prove the following theorem.

Theorem 2. The structures
<g(V7 £V7 E'H)7 @za G®> and <g(V7 EV’ ﬁH)? ®Z7 Gﬁﬂ1>

are commutative monoids.
Consequently, the corresponding EIFIM representations of these CMGs form commutative
monoids under operations & and ®, respectively.

Proof. For a graph G, let V; be its set of vertex identifiers and let N be its set of coloured edges.
The operations satisfy:

Veor = Ve UV, Nggn = Ng U Ny,

Veeon = Ve NVu, Negm = Ng N Npy.
At a common vertex, the resulting colour is the join of the two colours for & and their meet for
®z. Under &?, a vertex occurring in only one operand retains its colour.

Both operations are closed: the endpoints of each retained edge belong to the resulting vertex
set, the vertex colours remain in £y, and there is at most one edge of each colour for any
admissible pair of endpoints. Commutativity follows from the commutativity of set union and
intersection and of lattice join and meet.

For the union of three graphs, either bracketing gives the same vertex and edge sets. At
each resulting vertex, the colour is the join of its colours in the operands containing that vertex.
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This join is independent of the bracketing. For the intersection of three graphs, either bracketing
retains the same common vertices and edges, and each surviving vertex receives the meet of its
three colours. Thus, both operations are associative.

The empty graph G is an identity for &?. The graph Gy, contains every admissible vertex
and coloured edge. Its vertex colours are all £y, so taking the meet with these colours leaves the
colours of the other operand unchanged. Hence G¥, is an identity for ®.

Finally, the index-matrix encoding is injective: the indices record the vertex identifiers and
colours, and the binary colour layers record the coloured edges. On the image of this encoding,
the matrix operations act on the same identifiers and colour layers by the rules above. The two
monoid structures therefore carry over to the corresponding index-matrix representations. [

6 Conclusion

The present paper is the first step to realize the idea from [8] to introduce IFCMG.

In the next study, we will discuss other operations, as well as relations and modal and level
type operators over CMGs and their IM interpretations.

The basic concepts related to graphs (e.g. path, diameter, etc.) and properties (e.g. planarity,
(dis)connectedness, symmetry, etc.) of IFCMGs in their IM-forms will be discussed.
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