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Abstract: We define intuitionistic fuzzy integral through concept for Sugeno’s integral. We
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1 Introduction

Definition 1. Let for every x € X f(x) € [0,1]. We assume that (X, 3, m) is a measure space
withm(X) =1 AeX.
B ={<uz,up(z),vp(z) > Jx € X}

is IFS, where pup(x) and vg(x) are continuous functions on topological space (X, 7). Right
intuitionistic fuzzy integral of f with respect to m on A about B from first and second kind is
defined respectively as

(R[FIS;()QJQ)) fdm =<\ su);;[,uB(x) AM(ANF,@))]s A2 ig}f{[uB(x) Vm(ANF, ;)] >,
€ T
A

(RIFIS2M72)) / fdm =< su)}g[,ug(x) A(AN By (o)), 2 10f [v5(2) V(AN Eyyo)] >,
x€ r
A

where ()\1, )\2), (’71,’}/2) S [0, 1] X [0, 1], )\1 + /\2 <1, Y1+ Ve <1
Left intuitionistic fuzzy integral of f with respect to m on A about B from first and second kind is
defined respectively as

(L]FISE(‘M#ZQ)) /fdm =< q ig)f([,ug(x) Vm(ANFE, @) ¢ su)lg[VB(x) AM(ANF, )] >,
T xE
A



LIFISE™™) [ fdm =<y inf () V(AN Bppio))rasuplin(z) Am(AN Eyye)] >
T €
A

where (q1,q2), (r1,72) € [0,1] x [0,1], 1 + ¢ < 1L, 7 + 79 < L.
Let the sets
Fup@ = 2|7 € Xf(2') > pp(2)}, v € X

and
Epw ={2'|2" € Xf(2') <vp(a)},z € X

be called a pp(x)-R-level set and a vp(x)-L-level set of f, respectively.

From [1] we have that < a,b ><< ¢,d > if and only if « < c and b > d (Using this order we
compare defined above integrals.),

min(< a,b >, < ¢,d >) =< min(a, ¢), max(b,d) >

and
max(< a,b >, < ¢,d >) =< max(a,c), min(b, d) >

Proposition 1. Let B and C are IFS. m is a monotone measure. From [1] we have that B C C' if
and only if for every x € X

pp(r) < polz) & vp(z) 2 ve(w)

is performed.
Then we have that:

(1) (RIFIS;M ) [ fdm < (RIFISI?) { fdm,
A

(2) (RIFIS}02)) 1{ fdm < (RIFISX72)) i fdm,

(3) (LIFIS ™)) { fdm < (LIFIS{™%)) { fdm,

(4) (LIFISX")) /{ fdm < (LIFISX™™) { fdm.

Proof. (1) From vg(x) > ve(x) we have that F, ) C F, ). Whence AN F, ;) € AN
F,(z)- Since m is monotone, m(A N F, () < m(AN F (). From pp(z) < pe(x) follows
pa(x) ANmANF @) < pe(z) A m(A N F,(z)) for every x € X. Therefore, we have
suplyi (2) Am(AN Frop(w)] < suplpc (@) Am(AN Fro)]-

From pp(z) < pe(x) we have that F, ;) € F,, ). Whence AN F, ) € AN F),, ). Since

m is monotone, m(A N F,z)) < m(ANF,,)). From vg(z) > ve(z) follows vo(x) Vm(AN

2



Flc
Fuow)] < infvp() V(AN Fuy@))-

(2) From pp(z) < pe(x) we have that E, ) € E, ). Whence ANE, ;) € AN
E, . (z)- Since m is monotone, m(A N E,,;(z)) < m(AN E, (). From up(z) < pe(x) follows
pe(x) AmANE, @) < pe(x) Nm(AN E, ) for every x € X. Therefore, we have
suplyus (2) A U(A N By (@))] < suplpc(z) Am(AN Eye)]

From vg(r) > vo(x) we have that E, ;) € E,,(2). Whence ANE, ) € ANE, (). Since
m is monotone, m(ANE, ) < m(ANE,, ). From vg(z) > ve(x) follows ve(z) Vm(AN
E, @) < vp(x) Vm(AN E,,w)) for every x € X. Therefore, we have Ilg)f([yc(a:) vV m(AnN
Eve@)] < inf[vp(e) vV m(AN Eypy)l-

(3) From vp(z) > veo(x) we have that F,, ;) C Fl ). Whence ANF, o) € AN F ).
Since m is monotone, m(A N F,,(z)) < m(AN F, ). From pp(x) < pe(z) follows pp(x) V
m(ANF,, @) < pe(x) Vm(ANFE, ) for every x € X. Therefore, we have ;g)f([,uB(x) Y
M(AN Fyp@)] < nf lue(z) Vm(AN Few)]

o(z) - F#B(w). Whence AﬂFuc(x) - AﬂF“B(x). Since
m is monotone, m(AN F, ) < m(AN F,,@)). From vp(x) > ve(x) follows ve(x) Am(AN

@) < vp(w) Vm(ANF,,)) for every € X. Therefore, we have in)f([z/c(x) VvV m(AN
TE

From pp(z) < pc(x) we have that F),

Fiow) < vp(x) Am(ANF, ) for every x € X. Therefore, we have sup[ve(z) A m(A N
zeX
F

he(@)] < 22)1?;[’/3(33) AM(AN Fupa))]-

(4) From pp(z) < pe(x) we have that E, ) € E,, ). Whence ANE, ;) € AN
E, . (z)- Since m is monotone, m(A N E,,;(»)) < m(AN E, (). From up(z) < pe(x) follows
pe(x) vV m(ANE, m) < pe(x)Vm(ANE,. ) for every € X. Therefore, we have
inf [up(x) V(AN Bupe)] < nffue(z) V(AN Eygw)]-

From vg(x) > vo(x) we have that E, ;) € E,,(2). Whence ANE, () € ANE, (). Since
m is monotone, m(AN E,(z)) < m(ANE,, ). From vg(z) > ve(z) follows ve(x) Am(AN

Eyo) < vp(x) Am(AN E, ;) for every © € X. Therefore, we have sup[ve(z) A m(A N
reX

Eyo@))] <suplvp(z) Am(AN E, @)l [

zeX

Proposition 2. Let B and C are IFS. From [1] we have that
BNC ={< z,min(up(x), uc(x)), max(vg(x),ve(x)) > |z € X}

and
BUC = {< z,max(up(x), uc(x)), min(vg(z),ve(z)) > |z € X}.

Then

(1) (RIFIS}AS)Y) [ fdm < min((RIFISM?)) [ fdm, (RIFISEM) [ f dm),
A A A

(2) max((RIFIS;M ™)) [ fdm, (RIFIS{M™) [ fdm) < (RIFISOS) [ f dm,
A A A



(3) (RIFISX) [ fdm < min((RIFISY ) [ fdm, (RIFISE ) [ fdm),
A A A

(4) max((RIFISX)) { fdm, (RIFISX7)) Af fdm) < (RIFISA12)) /{ fdm,
(5) (LIFISQIL8)) /{ fdm < min((LIFISH™%)) { fdm, (LIFIS}"%)) /{ fdm),
(6) max((LIFIS; %)) { fdm, (LIFIS}™%)) /{ fdm) < (LIFIS\158)) 1{ fdm,
(7) (LIFISATLr)) 1{ fdm < min((LIFISY™™) { fdm, (LIFISX)) { fdm) and

(8) max((LIFISX™"™) [ fdm,(LIFISZ™™) [ fdm) < (LIFISA"S™) [ f dm.
A A A

Proof. (1) From BN C C B and BN C C C using proposition 1, we obtain that
(RIFISP) [ fdm < (RIFISYM™) [ fdm and (RIFIS{) [ fdm
A A A

IN

(RIFIS{™ ™)) [ f dm. Therefore we have
A

(RIFISI) / fdm < min((RIFIS}M?)) / fdm, (RIFIS;M™)) / fdm).
A A A

Analogously, we can prove (3),(5),(7).
(2) From B C B U C and C C B U C by using proposition 1 we obtain
that (RIFISpM™)) [ fdm < (RIFIS) [ fdm and (RIFISSM)) [ fdm <
A A A

(RIFIS)™) [ f dm. Where from we have
A

max((RIFISSM ™) / fdm, (RIFIS;\M™)) / fdm) < (RIFIS) / fdm.
A A A

Analogously, we can prove (4),(6),(8). O

Proposition 3. Let B is IFS. From [1] we have
B ={<z,vp(x), up(r) > |z € X}.

Then

(RIFISEM)) / fdm = (LIFIS™) / fdm,
A A

(RIFISJQB(’YLW))/fdm_(LIFIS;(%KH))/fdm’

A A

where < a,b > =< b,a >.



Proof. (R[FIS%(/\“)Q)) [ fdm=

A
<\ su)[?[VB(:U) AM(ANF, )]s A2 inf [uB(:v) Vm(ANF, @) >=
TE
< Ao ig}f([/@( ) Vm(ANE, @), M SU}I?[VB( ) Am(ANE, @) > =
€z re

(LIFIS M) [ fdm
A

(RIFISZ™) [ fdm =
A

<m Su)I?[VB(x> AN(AN Byl 72 1k [pp(2) V(AN By w)] >=
Te z

<Y ig)f([uB(a:) Vm(ANE, )], SU)I?[I/B(ZE) AMANE, )] > =
T e

(LIFISX> ™) [ fdm

bS

Proposition 4. From [1] we have that

C(B) = {{w,suplus(y)], inf [va(y))]x € X},

yeX

[(B) = {{x, inf lus(y)], suplvs(v)))]x € X},

Co(B) = {{w, pp(2), inf [vp(y)))]2 € X},
Lu(B) = {{x, inf [up(y)] vp())]w € X},

Cu(B) = {{x,sup[up(y)], min(1 — sup[up(y)], va(z)))|z € X},

yeX yeX

1,(B) = {{z, min(1 — sup[vs(y)], s (x)), suplvs(y))e € X},

yeX yeX

Then the following inequalities are true.
(1) (RIFIS;(3™) f fdm < (RIFIS; (5 [ fdm <
A
(RIFIS) f fdm < (RIFIS ) f fdm < (RIFIS{5) f fdm,

(2) (RIFIS;3™) f fdm < (RIFIS; (5 f fdm <
/\1 )\2 )\1 )\2 A1,A2
(RIFIS} { fdm < (RIFIS{ 5 /{ fdm < (RIFISS) ! fdm,

(3) (RIFIS;} ”1 7)) f fdm < (RIFIS? 2};2 f fdm <
(RIFIS2012)) ffdm< (RIFISZ ffdm< (RIFISZ ™) ffdm

(4) (RIFIS;™) f fdm < (RIFIS; (47 f fdm <

(RIFIS2M72) f fdm < (RIFISZ ) f fdm < (RIFIS;30) f fdm,
A A



(5) (LIFIS; %)) { fdm < (LIFIS; 1) { fdm <

(LIFISZ™ ™) [ fdm < (LIFISGU)) [ f dm < (LIFISHH™) [ fdm,
A A A

(6) (LIFIS ql ) f fdm < (LJFIS}%;? ) { fdm <

(LIFISy ‘“2) ffdm<(L1FIS”qlq2 ffdm<<L1F15 s ) [ fdm.

(7) (LIFIS}™) f fdm < (L[FISQ(”’”) f fdm <

(LIFISZ™™) f fdm < (LIFISZ) f fdm < (LIFISZ™ f fdm,

(8) (LIFIS}" ffdm< (LIFIST ) ffdm<

(LIFIS%}” 2) f fdm < (LJFJSC’"gg;) f fdm < (LIFISHE™) [ f dm.
A " A A

Proof. It follows from

and proposition 1. ]

Definition 2. Let (q1,q2) € [0,1] x [0,1], ¢1 + ¢2 < 1 forevery x € X f(z) € [0,1]. (X, %, m)
is measure space with o-algebra Y. and general monotone measure m , m(X) =1, A € 3. Let

B={<x,pup(x),vg(x) > /v € X}

is IFS, where j15(x) and vg(x) are continuous functions on topological space (X, ). We define

integral topological operators of closure, C', Cy and interrior I', I.

C'(B) = {(z, a1 K, q2L) Jx € X},

where
K = SUP[NB(?J) A m(A N FNB(IU))]?
yeX
L= inf[vp(y) Vm(AN Eyyy)).
yeX
I'(B) = {{z, 1k, gol) Jx € X},
where

k= Z}g)f([ﬂB(y) vVm(AnN FuB(y))]a

I =suplvp(y) Am(ANE, )]
yeX

L(B) = {{z,qK', g2 L") Jx € X},
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where

K' = ylg)f([ﬂB(y) AM(ANFuum)l,

L' = sup[vp(y) V m(AN Eypy)].
yeX

If B is IFS with ug,vg € C(X), then we define intuitionistic fuzzy set

B = {(z, ¢ (np(x) Nm(AN Fp@)), ¢2(vs(@) V(AN Eyyw))) /o € X},

Then we have
C'(B) = C(B’)

and
I(B)=I1(B'),

where C' and I are topological operators on IFS. See [1].

Co(B) = {(z, K, Lo)/x € X},

where
K = sup[up(y) Am(AN Fuy)l,
yeX
Lo = inf [vg(y) Am(ANF, )]
yeX
]0(B> - {<ZE,K,,L6>/Z‘ € X},
where
K’ = influp(y) Am(AN ),
Ly = sup[vg(y) Am(AN Fuy))-
yeX

If B is IFS with ug,vg € C(X), then we define intuitionistic fuzzy set
B' = {{z,pp(x) Am(AN Fupw),ve(@) Am(ANF,,w))/z € X}.

Then we have

and

Iy(B) = I(B"),

where C' and I are topological operators on IFS. See [1].
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