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1 Introduction

Definition 1. Let for every x ∈ X f(x) ∈ [0, 1]. We assume that (X,Σ,m) is a measure space
with m(X) = 1, A ∈ Σ.

B = {< x, µB(x), νB(x) > /x ∈ X}

is IFS, where µB(x) and νB(x) are continuous functions on topological space (X, τ). Right
intuitionistic fuzzy integral of f with respect to m on A about B from first and second kind is
defined respectively as

(RIFIS
1(λ1,λ2)
B )

∫
A

f dm =< λ1 sup
x∈X

[µB(x)∧m(A∩FνB(x))], λ2 inf
x∈X

[νB(x)∨m(A∩FµB(x))] >,

(RIFIS
2(γ1,γ2)
B )

∫
A

f dm =< γ1 sup
x∈X

[µB(x)∧m(A∩EµB(x))], γ2 inf
x∈X

[νB(x)∨m(A∩EνB(x))] >,

where (λ1, λ2), (γ1, γ2) ∈ [0, 1]× [0, 1], λ1 + λ2 ≤ 1, γ1 + γ2 ≤ 1.
Left intuitionistic fuzzy integral of f with respect to m on A about B from first and second kind is
defined respectively as

(LIFIS
1(q1,q2)
B )

∫
A

f dm =< q1 inf
x∈X

[µB(x)∨m(A∩ FνB(x))], q2 sup
x∈X

[νB(x)∧m(A∩ FµB(x))] >,
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(LIFIS
2(r1,r2)
B )

∫
A

f dm =< r1 inf
x∈X

[µB(x)∨m(A∩EµB(x))], r2 sup
x∈X

[νB(x)∧m(A∩EνB(x))] >,

where (q1, q2), (r1, r2) ∈ [0, 1]× [0, 1], q1 + q2 ≤ 1, r1 + r2 ≤ 1.
Let the sets

FµB(x) = {x′|x′ ∈ Xf(x′) ≥ µB(x)}, x ∈ X

and
EνB(x) = {x′|x′ ∈ Xf(x′) ≤ νB(x)}, x ∈ X

be called a µB(x)-R-level set and a νB(x)-L-level set of f, respectively.

From [1] we have that < a, b >≤< c, d > if and only if a ≤ c and b ≥ d (Using this order we
compare defined above integrals.),

min(< a, b >,< c, d >) =< min(a, c),max(b, d) >

and
max(< a, b >,< c, d >) =< max(a, c),min(b, d) > .

Proposition 1. Let B and C are IFS. m is a monotone measure. From [1] we have that B ⊆ C if
and only if for every x ∈ X

µB(x) ≤ µC(x) & νB(x) ≥ νC(x)

is performed.
Then we have that:

(1) (RIFIS
1(λ1,λ2)
B )

∫
A

f dm ≤ (RIFIS
1(λ1,λ2)
C )

∫
A

f dm,

(2) (RIFIS
2(γ1,γ2)
B )

∫
A

f dm ≤ (RIFIS
2(γ1,γ2)
C )

∫
A

f dm,

(3) (LIFIS
1(q1,q2)
B )

∫
A

f dm ≤ (LIFIS
1(q1,q2)
C )

∫
A

f dm,

(4) (LIFIS
2(r1,r2)
B )

∫
A

f dm ≤ (LIFIS
2(r1,r2)
C )

∫
A

f dm.

Proof. (1) From νB(x) ≥ νC(x) we have that FνB(x) ⊆ FνC(x). Whence A ∩ FνB(x) ⊆ A ∩
FνC(x). Since m is monotone, m(A ∩ FνB(x)) ≤ m(A ∩ FνC(x)). From µB(x) ≤ µC(x) follows
µB(x) ∧ m(A ∩ FνB(x)) ≤ µC(x) ∧ m(A ∩ FνC(x)) for every x ∈ X . Therefore, we have
sup
x∈X

[µB(x) ∧m(A ∩ FνB(x))] ≤ sup
x∈X

[µC(x) ∧m(A ∩ FνC(x))].

From µB(x) ≤ µC(x) we have that FµC(x) ⊆ FµB(x). Whence A ∩ FµC(x) ⊆ A ∩ FµB(x). Since
m is monotone, m(A∩ FµC(x)) ≤ m(A∩ FµB(x)). From νB(x) ≥ νC(x) follows νC(x)∨m(A∩
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FµC(x)) ≤ νB(x) ∨ m(A ∩ FµB(x)) for every x ∈ X . Therefore, we have inf
x∈X

[νC(x) ∨ m(A ∩
FµC(x))] ≤ inf

x∈X
[νB(x) ∨m(A ∩ FµB(x))].

(2) From µB(x) ≤ µC(x) we have that EµB(x) ⊆ EµC(x). Whence A ∩ EµB(x) ⊆ A ∩
EµC(x). Since m is monotone, m(A ∩ EµB(x)) ≤ m(A ∩ EµC(x)). From µB(x) ≤ µC(x) follows
µB(x) ∧ m(A ∩ EµB(x)) ≤ µC(x) ∧ m(A ∩ EµC(x)) for every x ∈ X . Therefore, we have
sup
x∈X

[µB(x) ∧m(A ∩ EµB(x))] ≤ sup
x∈X

[µC(x) ∧m(A ∩ EµC(x))].

From νB(x) ≥ νC(x) we have that EνC(x) ⊆ EνB(x). Whence A∩EνC(x) ⊆ A∩EνB(x). Since
m is monotone, m(A∩EνC(x)) ≤ m(A∩EνB(x)). From νB(x) ≥ νC(x) follows νC(x)∨m(A∩
EνC(x)) ≤ νB(x) ∨ m(A ∩ EνB(x)) for every x ∈ X . Therefore, we have inf

x∈X
[νC(x) ∨ m(A ∩

EνC(x))] ≤ inf
x∈X

[νB(x) ∨m(A ∩ EνB(x))].

(3) From νB(x) ≥ νC(x) we have that FνB(x) ⊆ FνC(x). Whence A ∩ FνB(x) ⊆ A ∩ FνC(x).
Since m is monotone, m(A ∩ FνB(x)) ≤ m(A ∩ FνC(x)). From µB(x) ≤ µC(x) follows µB(x) ∨
m(A ∩ FνB(x)) ≤ µC(x) ∨ m(A ∩ FνC(x)) for every x ∈ X . Therefore, we have inf

x∈X
[µB(x) ∨

m(A ∩ FνB(x))] ≤ inf
x∈X

[µC(x) ∨m(A ∩ FνC(x))].
From µB(x) ≤ µC(x) we have that FµC(x) ⊆ FµB(x). Whence A∩FµC(x) ⊆ A∩FµB(x). Since

m is monotone, m(A∩ FµC(x)) ≤ m(A∩ FµB(x)). From νB(x) ≥ νC(x) follows νC(x)∧m(A∩
FµC(x)) ≤ νB(x) ∧ m(A ∩ FµB(x)) for every x ∈ X . Therefore, we have sup

x∈X
[νC(x) ∧ m(A ∩

FµC(x))] ≤ sup
x∈X

[νB(x) ∧m(A ∩ FµB(x))].

(4) From µB(x) ≤ µC(x) we have that EµB(x) ⊆ EµC(x). Whence A ∩ EµB(x) ⊆ A ∩
EµC(x). Since m is monotone, m(A ∩ EµB(x)) ≤ m(A ∩ EµC(x)). From µB(x) ≤ µC(x) follows
µB(x) ∨ m(A ∩ EµB(x)) ≤ µC(x) ∨ m(A ∩ EµC(x)) for every x ∈ X . Therefore, we have
inf
x∈X

[µB(x) ∨m(A ∩ EµB(x))] ≤ inf
x∈X

[µC(x) ∨m(A ∩ EµC(x))].
From νB(x) ≥ νC(x) we have that EνC(x) ⊆ EνB(x). Whence A∩EνC(x) ⊆ A∩EνB(x). Since

m is monotone, m(A∩EνC(x)) ≤ m(A∩EνB(x)). From νB(x) ≥ νC(x) follows νC(x)∧m(A∩
EνC(x)) ≤ νB(x) ∧ m(A ∩ EνB(x)) for every x ∈ X . Therefore, we have sup

x∈X
[νC(x) ∧ m(A ∩

EνC(x))] ≤ sup
x∈X

[νB(x) ∧m(A ∩ EνB(x))].

Proposition 2. Let B and C are IFS. From [1] we have that

B ∩ C = {< x,min(µB(x), µC(x)),max(νB(x), νC(x)) > |x ∈ X}

and
B ∪ C = {< x,max(µB(x), µC(x)),min(νB(x), νC(x)) > |x ∈ X}.

Then

(1) (RIFIS
1(λ1,λ2)
B∩C )

∫
A

f dm ≤ min((RIFIS
1(λ1,λ2)
B )

∫
A

f dm, (RIFIS
1(λ1,λ2)
C )

∫
A

f dm),

(2) max((RIFIS
1(λ1,λ2)
B )

∫
A

f dm, (RIFIS
1(λ1,λ2)
C )

∫
A

f dm) ≤ (RIFIS
1(λ1,λ2)
B∪C )

∫
A

f dm,
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(3) (RIFIS
2(γ1,γ2)
B∩C )

∫
A

f dm ≤ min((RIFIS
2(γ1,γ2)
B )

∫
A

f dm, (RIFIS
2(γ1,γ2)
C )

∫
A

f dm),

(4) max((RIFIS
2(γ1,γ2)
B )

∫
A

f dm, (RIFIS
2(γ1,γ2)
C )

∫
A

f dm) ≤ (RIFIS
2(γ1,γ2)
B∪C )

∫
A

f dm,

(5) (LIFIS
1(q1,q2)
B∩C )

∫
A

f dm ≤ min((LIFIS
1(q1,q2)
B )

∫
A

f dm, (LIFIS
1(q1,q2)
C )

∫
A

f dm),

(6) max((LIFIS
1(q1,q2)
B )

∫
A

f dm, (LIFIS
1(q1,q2)
C )

∫
A

f dm) ≤ (LIFIS
1(q1,q2)
B∪C )

∫
A

f dm,

(7) (LIFIS
2(r1,r2)
B∩C )

∫
A

f dm ≤ min((LIFIS
2(r1,r2)
B )

∫
A

f dm, (LIFIS
2(r1,r2)
C )

∫
A

f dm) and

(8) max((LIFIS
2(r1,r2)
B )

∫
A

f dm, (LIFIS
2(r1,r2)
C )

∫
A

f dm) ≤ (LIFIS
2(r1,r2)
B∪C )

∫
A

f dm.

Proof. (1) From B ∩ C ⊆ B and B ∩ C ⊆ C using proposition 1, we obtain that
(RIFIS

1(λ1,λ2)
B∩C )

∫
A

f dm ≤ (RIFIS
1(λ1,λ2)
B )

∫
A

f dm and (RIFIS
1(λ1,λ2)
B∩C )

∫
A

f dm ≤

(RIFIS
1(λ1,λ2)
C )

∫
A

f dm. Therefore we have

(RIFIS
1(λ1,λ2)
B∩C )

∫
A

f dm ≤ min((RIFIS
1(λ1,λ2)
B )

∫
A

f dm, (RIFIS
1(λ1,λ2)
C )

∫
A

f dm).

Analogously, we can prove (3),(5),(7).
(2) From B ⊆ B ∪ C and C ⊆ B ∪ C by using proposition 1 we obtain

that (RIFIS
1(λ1,λ2)
B )

∫
A

f dm ≤ (RIFIS
1(λ1,λ2)
B∪C )

∫
A

f dm and (RIFIS
1(λ1,λ2)
C )

∫
A

f dm ≤

(RIFIS
1(λ1,λ2)
B∪C )

∫
A

f dm. Where from we have

max((RIFIS
1(λ1,λ2)
B )

∫
A

f dm, (RIFIS
1(λ1,λ2)
C )

∫
A

f dm) ≤ (RIFIS
1(λ1,λ2)
B∪C )

∫
A

f dm.

Analogously, we can prove (4),(6),(8).

Proposition 3. Let B is IFS. From [1] we have

B = {< x, νB(x), µB(x) > |x ∈ X}.

Then

(RIFIS
1(λ1,λ2)

B
)

∫
A

f dm = (LIFIS
1(λ2,λ1)
B )

∫
A

f dm,

(RIFIS
2(γ1,γ2)

B
)

∫
A

f dm = (LIFIS
2(γ2,γ1)
B )

∫
A

f dm,

where < a, b > =< b, a >.
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Proof. (RIFIS
1(λ1,λ2)

B
)
∫
A

f dm =

< λ1 sup
x∈X

[νB(x) ∧m(A ∩ FµB(x))], λ2 inf
x∈X

[µB(x) ∨m(A ∩ FνB(x))] >=

< λ2 inf
x∈X

[µB(x) ∨m(A ∩ FνB(x))], λ1 sup
x∈X

[νB(x) ∧m(A ∩ FµB(x))] > =

(LIFIS
1(λ2,λ1)
B )

∫
A

f dm

(RIFIS
2(γ1,γ2)

B
)
∫
A

f dm =

< γ1 sup
x∈X

[νB(x) ∧m(A ∩ EνB(x))], γ2 inf
x∈X

[µB(x) ∨m(A ∩ EµB(x))] >=

< γ2 inf
x∈X

[µB(x) ∨m(A ∩ EµB(x))], γ1 sup
x∈X

[νB(x) ∧m(A ∩ EνB(x))] > =

(LIFIS
2(γ2,γ1)
B )

∫
A

f dm

Proposition 4. From [1] we have that

C(B) = {〈x, sup
y∈X

[µB(y)], inf
y∈X

[νB(y)]〉|x ∈ X},

I(B) = {〈x, inf
y∈X

[µB(y)], sup
y∈X

[νB(y)]〉|x ∈ X},

Cν(B) = {〈x, µB(x), inf
y∈X

[νB(y)]〉|x ∈ X},

Iµ(B) = {〈x, inf
y∈X

[µB(y)], νB(x)〉|x ∈ X},

Cµ(B) = {〈x, sup
y∈X

[µB(y)],min(1− sup
y∈X

[µB(y)], νB(x))〉|x ∈ X},

Iν(B) = {〈x,min(1− sup
y∈X

[νB(y)], µB(x)), sup
y∈X

[νB(y)]〉|x ∈ X}.

Then the following inequalities are true.

(1) (RIFIS
1(λ1,λ2)
I(B) )

∫
A

f dm ≤ (RIFIS
1(λ1,λ2)
Iµ(B) )

∫
A

f dm ≤

(RIFIS
1(λ1,λ2)
B )

∫
A

f dm ≤ (RIFIS
1(λ1,λ2)
Cν(B) )

∫
A

f dm ≤ (RIFIS
1(λ1,λ2)
C(B) )

∫
A

f dm,

(2) (RIFIS
1(λ1,λ2)
I(B) )

∫
A

f dm ≤ (RIFIS
1(λ1,λ2)
Iν(B) )

∫
A

f dm ≤

(RIFIS
1(λ1,λ2)
B )

∫
A

f dm ≤ (RIFIS
1(λ1,λ2)
Cµ(B) )

∫
A

f dm ≤ (RIFIS
1(λ1,λ2)
C(B) )

∫
A

f dm,

(3) (RIFIS
2(γ1,γ2)
I(B) )

∫
A

f dm ≤ (RIFIS
2(γ1,γ2)
Iµ(B) )

∫
A

f dm ≤

(RIFIS
2(γ1,γ2)
B )

∫
A

f dm ≤ (RIFIS
2(γ1,γ2)
Cν(B) )

∫
A

f dm ≤ (RIFIS
2(γ1,γ2)
C(B) )

∫
A

f dm,

(4) (RIFIS
2(γ1,γ2)
I(B) )

∫
A

f dm ≤ (RIFIS
2(γ1,γ2)
Iν(B) )

∫
A

f dm ≤

(RIFIS
2(γ1,γ2)
B )

∫
A

f dm ≤ (RIFIS
2(γ1,γ2)
Cµ(B) )

∫
A

f dm ≤ (RIFIS
2(γ1,γ2)
C(B) )

∫
A

f dm,
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(5) (LIFIS
1(q1,q2)
I(B) )

∫
A

f dm ≤ (LIFIS
1(q1,q2)
Iµ(B) )

∫
A

f dm ≤

(LIFIS
1(q1,q2)
B )

∫
A

f dm ≤ (LIFIS
1(q1,q2)
Cν(B) )

∫
A

f dm ≤ (LIFIS
1(q1,q2)
C(B) )

∫
A

f dm,

(6) (LIFIS
1(q1,q2)
I(B) )

∫
A

f dm ≤ (LIFIS
1(q1,q2)
Iν(B) )

∫
A

f dm ≤

(LIFIS
1(q1,q2)
B )

∫
A

f dm ≤ (LIFIS
1(q1,q2)
Cµ(B) )

∫
A

f dm ≤ (LIFIS
1(q1,q2)
C(B) )

∫
A

f dm,

(7) (LIFIS
2(r1,r2)
I(B) )

∫
A

f dm ≤ (LIFIS
2(r1,r2)
Iµ(B) )

∫
A

f dm ≤

(LIFIS
2(r1,r2)
B )

∫
A

f dm ≤ (LIFIS
2(r1,r2)
Cν(B) )

∫
A

f dm ≤ (LIFIS
2(r1,r2)
C(B) )

∫
A

f dm,

(8) (LIFIS
2(r1,r2)
I(B) )

∫
A

f dm ≤ (LIFIS
2(r1,r2)
Iν(B) )

∫
A

f dm ≤

(LIFIS
2(r1,r2)
B )

∫
A

f dm ≤ (LIFIS
2(r1,r2)
Cµ(B) )

∫
A

f dm ≤ (LIFIS
2(r1,r2)
C(B) )

∫
A

f dm.

Proof. It follows from
I(B) ⊆ Iµ(B) ⊆ B ⊆ Cµ(B) ⊆ C(B),

I(B) ⊆ Iν(B) ⊆ B ⊆ Cν(B) ⊆ C(B)

and proposition 1.

Definition 2. Let (q1, q2) ∈ [0, 1]× [0, 1], q1 + q2 ≤ 1 for every x ∈ X f(x) ∈ [0, 1]. (X,Σ,m)

is measure space with σ-algebra Σ and general monotone measure m , m(X) = 1, A ∈ Σ. Let

B = {< x, µB(x), νB(x) > /x ∈ X}

is IFS, where µB(x) and νB(x) are continuous functions on topological space (X, τ). We define
integral topological operators of closure, C ′, C0 and interrior I ′, I0.

C ′(B) = {〈x, q1K, q2L〉/x ∈ X},

where
K = sup

y∈X
[µB(y) ∧m(A ∩ FµB(y))],

L = inf
y∈X

[νB(y) ∨m(A ∩ EνB(y))].

I ′(B) = {〈x, q1k, q2l〉/x ∈ X},

where
k = inf

y∈X
[µB(y) ∨m(A ∩ FµB(y))],

l = sup
y∈X

[νB(y) ∧m(A ∩ EνB(y))].

I1(B) = {〈x, q1K ′, q2L
′〉/x ∈ X},
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where
K ′ = inf

y∈X
[µB(y) ∧m(A ∩ FµB(y))],

L′ = sup
y∈X

[νB(y) ∨m(A ∩ EνB(y))].

If B is IFS with µB, νB ∈ C(X), then we define intuitionistic fuzzy set

B′ = {〈x, q1(µB(x) ∧m(A ∩ FµB(x))), q2(νB(x) ∨m(A ∩ EνB(x)))〉/x ∈ X},

.
Then we have

C ′(B) = C(B′)

and
I1(B) = I(B′),

where C and I are topological operators on IFS. See [1].

C0(B) = {〈x,K,L0〉/x ∈ X},

where
K = sup

y∈X
[µB(y) ∧m(A ∩ FµB(y))],

L0 = inf
y∈X

[νB(y) ∧m(A ∩ FνB(y))].

I0(B) = {〈x,K ′, L′
0〉/x ∈ X},

where
K ′ = inf

y∈X
[µB(y) ∧m(A ∩ FµB(y))],

L′
0 = sup

y∈X
[νB(y) ∧m(A ∩ FνB(y))].

If B is IFS with µB, νB ∈ C(X), then we define intuitionistic fuzzy set

B1 = {〈x, µB(x) ∧m(A ∩ FµB(x)), νB(x) ∧m(A ∩ FνB(x))〉/x ∈ X}.

Then we have
C0(B) = C(B1)

and
I0(B) = I(B1),

where C and I are topological operators on IFS. See [1].
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