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Basic Definitions

By an intuitionistic fuzzy set A defined over a discrete or
continuous universe set X we understand the following set of
ordered triples:

A = {〈x, µA(x), νA(x)〉|x ∈ X} (1)

where the mappings µA, νA : X → [0, 1] are such that

µA + νA ≤ 1.

The mapping µA is called a membership function of A, νA a
non-membership function of A and πA = 1− µA − νA denotes the
hesitancy function of A. If πA ≡ 0, then we say that A is a fuzzy
set.

2 / 11



Further we require the following definitions

Definition
For any two intuitionistic fuzzy sets A and B defined over the
same universe X, we say that A is a subset of B if and only if (iff)
for all x ∈ X

A ⊆ B ⇔ (µA(x) ≤ µB(x))&(νA(x) ≥ νB(x)) (2)

Definition
For any two intuitionistic fuzzy sets A and B defined over the
same universe X, we say that A has less hesitancy than B iff for
all x ∈ X

A ≤π B ⇔ πA(x) ≤ πB(x).
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Remark
We choose the denotation ≤π instead of the @ used in the book,
in order to be closer to the denotation used by E. Marinov (�π)
while stating a subtle difference. Marinov says that A �π B iff for
all x ∈ X it is simultaneously fulfilled:

µA(x) ≤ µB(x)&νA(x) ≤ νB(x).

It is easy to see that �π implies ≤π but the reverse is not true.

Since further we will be more interested when B has less hesitancy
than A we rewrite the equality from Definition 2 as:

B ≤π A⇔ πB(x) ≤ πA(x) (3)
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Let us consider a sequence of intuitionistic fuzzy sets {Ai}ki=1, for
some natural k. What conditions should the sets Ai have such that
for any any couple Ai, Ai+1, (i < k − 1) equalities (2) and (3) are
fulfilled simultaneously. That is we want:

A1 ⊆ A2 ⊆ · · ·Ak & πA1 ≥ πA2 · · · ≥ πAk (4)

Obviously, we must have monotonously increasing membership and
decreasing non-membership functions for these sequence of sets
with increase which is faster or equal to the rate of decrease.
In other words for all i ≤ k − 1 and for all x ∈ X we should have:

µAi+1(x)− µAi(x) = εi(x) ≥ νAi(x)− νAi+1(x) = δi(x). (5)

From (5) we obtain:

∆πi = πAi − πAi+1 = εi − δi.
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The last reminds to the way the operator Fα,β distributes the
hesitancy to the degrees of membership and non-membership of an
intuitionistic fuzzy set A. Let us recall its definition:

Definition
The operator Fα,β is defined over intuitionistic fuzzy sets as
follows:

Fα,β(A) = {〈x, µA(x) + απA(x), νA(x) + βπA(x)〉|x ∈ X},

where 0 ≤ α, β, α+ β ≤ 1.

Here we have,

πA − πFα,β(A) = (α+ β)πA(x).

This operator, however, works only with positive values of α and
β, hence we cannot use it to describe a solution to our problem.
On the other hand it has a very convenient for computation form.
This leads us to our next step.

6 / 11



The generalized operator Fα(x),β(x)

Here we will consider a generalization of the operator Fα,β,
depending on two mappings α : X → [−1, 1] and β : X → [−1, 1].

Definition
Let α : X → [−1, 1] and β : X → [−1, 1] be two mappings such
that for all x ∈ X : α(x) + β(x) ≤ 1. Then the operator
Fα(x),β(x) : IFS→ IFS is defined as

Fα(x),β(x)(A) = {〈x, µ∗(x), ν ∗ (x)〉|x ∈ X}, (6)

µ∗(x) = µA(x) + α(x)πA(x) + |µA(x) + α(x)πA(x)|
2 ,

ν∗(x) = νA(x) + β(x)πA(x) + |νA(x) + β(x)πA(x)|
2
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Theorem for a sufficient condition based on the new
operator

Theorem
A sufficient condition for the sequence of intuitionistic fuzzy sets
{Ai}ki=1 to satisfy the relations (4) is the existence of mappings
αi : X → [0, 1] and βi : X → [−1, 0] (αi(x) +βi(x) > 0) such that

Fαi(x),βi(x)(Ai) = Ai+1,

for i = 1, 2, . . . , k − 1, with Fα(x),β(x) defined by (6).

Proof.
Let Fαi(x),βi(x)(Ai) = Ai+1. Since the inclusion follows from the
definition of the operator, we only have to show that
πAi(x) ≥ πAi+1(x). But we have πAi = 1− (µAi + νAi) ≥
1− (µAi(x) + νAi + (α(x) + β(x))πAi(x)) = πAi+1 i.e. (4) is
satisfied.
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Remark
We note that the condition of the theorem is not necessary since
for two IFS A and B which are fuzzy sets we can have both
conditions in (4) satisfied, yet Fαi(x),βi(x)(A) = A 6= B. For
example:

A = 〈x, 0.7, 0.3〉; B = 〈x, 0.8, 0.2〉

We obviously have: A ⊆ B and πA = 0 = πB.

The importance of the Theorem lies in the fact that it provides a
constructive way of obtaining such a sequence of subsets.
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