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Abstract

In this paper we study dynamical systems based on IF-sets. We show that
the notion of Kolmogorov-Sinaj entropy can be extended on this systems.
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1 Introduction

We start with classical dynamical systems (92, S, P, T'), where (2, S, P) is a probability
space and T : ) — 2 is a measure preserving map, i.e. T71(A) € S and P(T"'(A)) =
P(A) for any A € S. The entropy of the dynamical system is defined as follows
(see [9],[10]). Consider measurable partition A = {Ay,..., Ax}, where A; € S;i =
L. kA NA =0;i+# 7, Ule A; = Q. Its entropy is the number

where p(z) = —xlogz, if x > 0, and ¢(0) = 0. If A is a measurable partition, then
T HA) ={T"(Ay), ..., T (A)}

is a measurable partition, too. Moreover, if A, B are two measurable partitions, then
AVvB={ANB;Ac A B € B}

generates a measurable partition. It can be proved that there exists
n—1

WA T) = lim H(\/ T7/(A)).

n—00 )
=0

The entropy h(T) of (2, S, P,T) is defined as the supremum
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h(T) = sup{h(A,T); A is a measurable partition}.

The notion of the entropy has been extended using fuzzy partitions instead of
partitions (see [10]). Fuzzy partition is a set of functions fi, ..., fi such that

k

> fi=1

i=1

2 IF-dynamical system

Consider classical dynamical system (£2,S, P,T). Then we define the family of all
fuzzy sets

T ={f:2—(0,1); f be S-measurable function}.
and the family of all IF-sets (IF-events)

F ={(pa,va)ipa+va<1,pua,va €T}

We shall consider an algebraic structure (F, +, -, (1,0)) where + is a partial binary
operation on F defined by the formula

(ta,va) + (uB,vB) = (pa + pip,va + vp — 1), whenever ps + pp < 1 and
0<vpg+rvg—1<1

and - is a binary operation on F defined by the formula
(ta,va) - (uB,vB) = (HAlB, VA + VB — VaVB).
Recall that

Z(/”LAZ'7VA~L) = (Z :uAinVAi - (n - 1))

i=1
and operations +, - fulfill the distributive law.
On F, we define a state m : F — [0, 1] by the formula

m((pa,va)) = (1 — 04)/

padP + a/(l — vy)dP,
Q

Q

where a € [0,1] and then we define a mapping 7 : F — F, where 7((pa,v4)) =
(paoT,vgo0T).
Since

() = (1 — a) /Q“A o TdP + a/Qu o TVAP =

:(1—@)/,[LAdPOT_1—|—Oé(1—/I/AdPOT_l):
Q Q

_(1-a) / jiadP +a / (1~ va)dP = m((pa, v4),

then (F,m, ) is an IF-dynamical system.
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3 IF-partitions

Definition 3.1. By an I[F-partition we shall mean a finite collection A =
{(ay,vay), -, (fa,,va,)} of IF-sets such that

k

> (pas,va) = (1,0).

i=1

If A = {(pa,,va,)s - (ta,,va,)} and B = {(up,,vB,); -, (LB,» VB,)} are two IF-
partitions, then we define

AV B = {(na,,va,) - (s, vB,)ii =1,k j=1,...,1}

and we write B > A (we say B is a refinement of A), if there exist a partition
I(1),....,1(k) of the set {1,...,1} such that

(/"LAZ'7VA7;) - Z (Iqu’VBj)
Jel(i)

for everyi=1,... k.

Proposition 3.2. If A = {(ua,,v4,),(

KAy VA )} and B = {(uBl7VBl>7"‘
. (1B, vB,)} are two IF-partitions, then 7'( ) = {7((1ra,,vay)), -, T((1a,, va,)) }
and AV B are IF-partitions, too. Further AV B > A.
Proof.
T(A) = {T((NJANVAJ)a "'77—((:“141@7 UAk))} -
= {<,UA1 OT> VA, OT), ) (/’LAk OT> VA OT)}
Then
k k
ZT((MAN va,)) = Z(”Ai 0T, va,0T) =
i=1 i=1

= ((Z#&) oT, (ZVAi_(n_l)) oT)=(1oT,00T)=(1,0).

Further, AV B = {(pa,,v4,) - (t5,,vB;);i =1,....k,j = 1,...,1}. Therefore

k l k l
SN (wasva) (ps,.ve) =YY (naps, va, +ve, — vavs,) =
i=1 j=1 i=1 j=1
k l k ! k l k l
= (> mams;,y Y va+ ZZ =22 vavs — (mn—1)) =
i=1 j=1 i=1 j=1 i=1 j=1 i=1 j=1
k l k k
() ) £
i=1 j=1 \i=1 i=1 \j=1
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() () e

= (Lm(n—1)+nlm—1)— (n—1)(m—1) — (mn — 1)) = (1,0).

Finally, let us mention that AV B is indexed by {(¢,7);i = 1,....,n;5 = 1,...,m}.
Therefore, if we put I(i) = {(i,1), ..., (¢, m)}, then by the equahtles

l

(1,0) = Z(MBj,VBj)

j=1

we obtain

z
(agva,) = (pa;, va,) - (1,0) = (pa,, va,) (Z [4B;: VB, >

Z :U/ANVA NijyB )) = Z ((NAMVAJC) ’ (Iqu?VBj))

(k,g)€1(i)
for every i = 1, ..., k. It follows AV B > A.

4 Entropy of IF-partitions

Definition 4.1. If A = {(pa,,va,), .y (pa,,va,)} and B = {(,,vs, ), -, (1L,, VB,) }
are two IF-partitions, then we define the entropy of an IF-partition

k

H(‘A) = Z @(m((:uz‘lw VAi)))?

=1

where p(x) = —xlogz, if t > 0, p(0) = 0 and the conditional entropy

H(AB) = iim (a5, 25,) <m<<uAi,uAi>-<qu,UBj>>>.

i=1 ] 1 m((/"LB]7VB]))
Proposition 4.2. If B<C, then H(A|C) < H(A|B).

Proof. Put (ps;,vB;) = D r(;y(Hey, ve,), where {I(1), ..., I(k)} is the correspond-
ing partition and put (for fixed j) oy = m((uc,, ve,))/m((us;,vs;)). Then

> o=

tel(y)

))m Z (/JJCNVCz) = 17

((ILLBJJ B tel1(j)
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hence by the concavness of ¢

Z () < (Z atﬂft) .

tel(j) tel(j)

Therefore

n k
.A|C sz //JCUVCt <m((/"LAi7VAi)®(:uCt7VCt))> _

i=1 t=1 m((ﬂC’“ VCt))

n m

_ sz«MBj,VBj)) Z m((pe.s ver)) o <m((,uAi,VAi) O] (Mct,Vct))) <

i=1 j=1 1e1() m((ks;: vB;)) m((se,, ve,))

n

=1 j=1 tel(y) m((ﬂBp VBj))

B Zim MB]7VB (m((ﬂAiaVAi) QZtGI(J')('uC”th))) = H<A|B>

i=1 j=1 m((s;; s;))

3

a
Proposition 4.3. H(BVC|A) = H(B|A)+H(C|BV.A) for any IF-partitions A, B,C.

Proof. By the definition

H(BVC|A) = Zm ((pa,,va,)

NN

- (m((qu ve,) © (o, ve,) © (pa,, va))m((ps,, ve,) © (pa,, VAi))) _
m((pa;s va,))m((ms;, ve;) © (Ha;, va;))
m((us;,ve,) © (e, ve,) © (fa,, va;))
m((up;,vB;) © (Ha;sva;))

= > mllps, vy, o )Opa, va) log
m((MBj’ VBJ') ® (ta;s va;)) _
m((:uAiv VAi))

+Z MB]7VB (I’Lck7yck>®(/’l’Ai7VAi))]'Og
1,7,k

— H(CIBV A) + H(BJA).
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5 IF-entropy
Proposition 5.1. For any IF-partition D there exists
1 (Y.
lim ~H (\:/0 T’(D)> .

Proof. Let A = {(1,0)}. Then H(B|A) = H(B), hence by Proposition 4.2 and
4.3
H(BVC)=H(BVC|A)=H(BJA)+ HCC|BV A) =

— H(B) + H(C|B) < H(B) + H(C)

for every B,C. Put a, = H(\/!Z, 7(D)). Then apim < a, + a, for ev-
ery n,m € N and this property guarantees the existence of lim, .. (1/n)a, =

limnﬁw(l/n)H(\/::ol Ti(D))'

Definition 5.2. For every IF-partition A we define

h(A,7) = lim lH (71\_/ Ti<./4)>

n—oo M
=0

and then the entropy of IF-dynamical system (F,m,T) (shortly IF-entropy) by the
equality

h(1) = sup{h(A,1); A be an IF-partition}.

Proposition 5.3.

h(C,7)=h (\/ TJ‘(C),T) .

J=0

for every k € N and any IF-partition C.

Proof. We obtain immediately

h (\/ Tj(C),T) :JEEO %H (” Tt (\/ Tj(C)>) =

Theorem 5.4.
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Proof. By Proposition 4.3

Now, by induction we obtain

H <\/ T"(A)> — H(A) + iH (Ay \/r’(A)) .

=0

By Proposition 4.2 we obtain that (H (A]\/_, 7'(A))),, is decreasing, so that

7}1_)1201{ <A| \n/TZ(A)> :

exists. But then there exists also the limit of the Cesaro means
1 n k
lim ~ % H (A| \/ TZ(A)) .
k=1 i=1

By (1) we obtain

Theorem 5.5. h(A,7) < h(C,7)+ H(A|C) for any IF-partitions A,C.
Proof. Since H(BV D) = H(B) + H(D|B) (see Proposition 4.3),

H (V#(A)) <H (:gTi(A)) v (F\_/: ﬂ'(C))] =

=H <\/ Tj(C)> +H <\/T’(A)| \/Tj(C)> :
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Further H(DV &|B) < H(D|B) + H(E|B), HD|BV &) < H(D|B) (see Proposition
4.2 and 4.3), hence

i (VTf<A>| \_/rj<c>> <n (TW \_/rj<c>) <

=0 7=0 =0 7=0
n—1
< H (TZ(.A)’Ti(C)) =nH(A|C).
=0
Therefore
1 n—1 1 n—1
lim —H 7(A) ] < im —H () | + H(A|C
Jim -~ (\:/0 ()) Jim -~ (]\:/0 ()) (AIC)
and finally
h(A,7) < h(C,T)+ H(A|C).
O
Corollary 5.6. PutC, =\/_,7(C). Then
hA,7) < h(C,7) + H(A|C,)
for any IF-partition A.
Proof. See Theorem 5.5 and Proposition 5.3.
O

6 IF-entropy and generators

Now, we want to prove a variant of the Kolmogorov-Sinaj theorem (see e.g. [10]) for
our entropy on IF-dynamical systems. Recall that by F(f|Sy) we denote the expected
value of a random variable (measurable function) with respect to a sub-c-algebra Sy
of the g-algebra S. If &y is finite with atoms Uy, ..., U, then

t

£18) = 3 (g [ 17

=1

Proposition 6.1. Let A = {(pa,,va,), s (fta,,va,)} be a IF-partition and B =
{Uy, ..., U} be a crisp partition of Q). Let o(B) be the o-algebra generated by B. Then

H(A|B) = i /Q @(E((l — ), +a(l — yAi)|a(B))>dP.
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Proof. Put B = {(xv,,1 — xuv,), -, (Xv,, 1 — xv,)} instead of B = {Uy, ..., U;}.
Then we have

(s 1 — vu,)) = (1 a)/QxUdew/Qu C(1— X~ T,)dP =

=(1—-)P(U;) +aP(U;) = P(U;);j =1,...,t

and
m((pa,va,) - (xu;, 1= xv,)) = m((pa,xuv, s va, + (1= xu,) —va,(1 = xu,))) =
=(1-a) /QNAZ-XUde + 04/9(1 — (1 = xu; +va,xu;))dP =
= /U (1 —a)pa, +a(l —vg)dPi=1,.. kj=1,..,t

J

By the definition

HAB) =3 > ml(xw,: 1= xu,))e <m((ﬂf%’<?f}i; ix_vj;% xm)) -

ml(pasva) - Oy L= x0) o
- Z /U 14 ( P(U;) > dP =

5 ), (= +al1 - uA»dP) x) dP =

¢(E((1 — ), +a(l - yAi)]a(B))>dP.

O

Proposition 6.2. Let (B,,):°, be an increasing sequence of crisp partitions such that
o(U2,B,) =S8. Let A= {(pa,,va,)s ... (fa,,va,)} be an IF-partition. Then

k
lim H(A|B,) = Z /Q o((1 — a)pa, + a(l —va,))dP =

n—00
k

= /S; (Z @((1 - O‘)uAi + 05(1 - VAi))) dp.

i=1
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Proof. Since o(B,,) /S, by the martingale convergence theorem
E((1 = a)pa, +a(l —va)lo(Bn)) / E((1 = a)pa, +a(l —va,)|S) =

=(1—a)pa, +a(l —va,);i=1,..k

since (1 — a)pa, + a(l —vy,) are S-measurable. Since ¢ is a continuous function, we
obtain

(E((1= s, +a(l = wa)|o(Ba) ) / 9((1 = a)pua, + a(l = )i = 1,0 k.

Finally, by the Lebesgue dominated convergence theorem, the linearity of the integral
and Proposition 6.1

TL]LIiIOH (A|B,) = nhm Z/ (1= @)pa, + (1 - I/Ai)‘O'(Bn)))dP =

— Z /Q o((1 — a)pa, +a(l —va,))dP = /Q <Z o((1 — a)pa, +a(l — yAi))) dP.

O

Theorem 6.3. Let C = {C,...,C} be a measurable partition of Q being a generator,
i.e. 0(UsooU(C)) =S. Then for every IF-partition A = {(f1a,,va,), -, (fags Va,) }
there holds

h(A7 T) < h<67 T) + /Q (Z (:0((1 - a)/’l’Ai + Ck(l - VAi))) dp.

Proof. Put B, = \/;_,7(C). Since o(U;=, 7(C)) = S, we obtain o(B,) / S. By
Theorem 5.5 and Proposition 5.3 (see Corollary 5.6)
h(A,7) < h(C,7)+ H(A|B,).
Finally, Proposition 6.2 implies

k
h(A,7) < h(C.7) + / (Z (1= )i, + a1 - uA»)) dP.

i=1
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