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1 Introduction

One of the generalizations of fuzzy sets theory [15] can be considered the proposed intuitionis-
tic fuzzy sets(IFS). Later on Atanassov generalized the concept of fuzzy set and introduced the
idea of intuitionistic fuzzy set [1-3]. They are very necessary and powerful tool in modeling
imprecision, valuable applications of IFSs have been flourished in many different field [4,6,8,9].

For intuitionistic fuzzy concepts, recently the authors [5, 11-13] established, the theory of
metric space of intuitionistic fuzzy sets, intuitionistic fuzzy differential equations, intuitionistic
fuzzy fractional equation and the Cauchy problem for complex intuitionistic fuzzy differential
equations. They proved the existence and uniqueness of the intuitionistic fuzzy solution for these
intuitionistic fuzzy differential equations using different concepts.
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This paper is to investigate the existence and uniqueness theorem of intuitionistic fuzzy solutions
for the follwing intuitionistic fuzzy differential equations:

<<u7 U>,(t> = f(tv (<u7 U>(t))7 <u7 U) (tO) = <u07 UO) (11)

when (ug, vo) is an intuitionistic fuzzy quantity and f satisfies the generalized Lipschitz condition.

The paper is organized as follows. In Section 2, we collect the fundamental notions and facts
which will be used in the rest of the article and we list several comparison propositions on classical
ordinary differential equations in [7]. In Section 3 we show the relation between a solution and
its approximate solution to the Cauchy problem of the intuitionistic fuzzy differential equation,
and furthermore, in Section 4, we prove the existence and uniqueness theorem for a solution to
the Cauchy problem of the intuitionistic fuzzy differential equation.

2 Preliminaries

Throughout this paper, (R”, B(R"), ) denotes a complete finite measure space.
Let us P (IR™) the set of all non empty compact convex subsets of R".
we denote by

F, =IF(R") = {(u,v) : R" = |0, 1, |Vz e R" 0 < u(z) 4+ v(zx) < 1}

An element (u, v) of IF,, is said an intuitionistic fuzzy number if it satisfies the following condi-
tions

(i) (u,v) is normal i.e there exists xg, x1 € R™ such that u(xg) = 1 and v(x;) = 1.
(i1) w 1s fuzzy convex and v is fuzzy concave.
(ii1) w is upper semi-continuous and v is lower semi-continuous
(iv) supp (u,v) = cl{x € R" :|v(z) < 1} is bounded.

so we denote the collection of all intuitionistic fuzzy numbers by IF,,
On the space IF,, we will consider the following metric,

() ey ) = 5 s [ )] (@) = [ ] (@)
e [wo] @[] @]+ 5 g [[on] @ [Eo] @]
1o [ ] @ - [En] @)

where || . || denotes the usual Euclidean norm in R™.

Theorem 2.1 ([12]). d2. define a metric on I F,,.

Theorem 2.2 ([12]). The metric space (I F,,d2 ) is complete.

sy Yoo
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The norm || || of an intuitionistic fuzzy number (u,v) € I'F,, is defined by

1 1
— sup |a|+ = inf b
2 4w 2 be[(uw)]°

I {u,v) ll= doe (0q.0), (u, v)) =l [{u, v}]o [|I=
Definition 2.1. An intuitionistic fuzzy set (u,v) is called convex intuitionistic fuzzy set if and only
if u is convex fuzzy set and v is concave fuzzy set.

The question that arises, is what [ F;, with addition and multiplication by a scalar is a vector

Theorem 2.3 ([13]). There exists a normed space X and a function j : I F,, — X with proper-
ties:

L. jisanisometryi.e. || j({u,v)) — j({u', ")) [|= di({u, v), (u', V"))
2. j({u,v) & (W, 0")) = j({u, v)) + (v, 0))
3. §(Mu, ) = Aj((w,0)) A =0
Remark 2.1. if (u,v)(t) : T —s IF, is differentiable at to € T, then
G{u, o)) () = j({u,0)(t)) T — X

is Frechet differentiable at ty and (j{u,v)) (to) = j({u,v)(to)), where j is the embedding in
Theorem 2.3.

In the following we list several comparison propositions on classical ordinary differential
equations following [7]

Proposition 2.1. Let G C R? be an open set and g € C[G, R, (to, o) € G. Suppose r(t) is the
maximum solution to the initial value problem

¥ =g(t,x), x(ty) =0 2.1

and its largest interval of existence of right solution is [to, to + a). If [to,t1] C [to,to + a), then
there exists an €g > 0 such that the maximum solution r(t, €) to the initial value problem

¥ =g(t,x)+e, x(ty) =w0+¢

exists on [to,t1] whenever 0 < e < ¢, and r(t,c) uniformly converges to r(t) on [to,t1] as
e — 07

Proposition 2.2. Let G C R? be an open set, g € C[|G,R], (t,z9) € G. Suppose that the
maximum solution to the initial value problem (2.1) is r(t) and its largest interval of existence
of right solution is [to,to + a). If m(t) € C|[[to,to + a),R], satisfies (t,m(t)) € G for all
t € [to,to + a), m(ty) < xo, and

Dm(t) < g(t,m(t)), Vte [to,to+ a)\I

where D is one of the four Dini derivatives (see [7]), G at most is a countable set on t. Then we
must have
m(t) < r(t), Vte lto,to+a)
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3 Therelation between a solution and its approximate solution
to intuitionistic fuzzy differential equations

Assume that f : T'x W — [F,, is continuous (it is denoted by f € C[T' x W, I F,]). Consider
the initial value problem

<u7 U>/<t> = f(t7 (<u7 v> (t))7 <u7 U><t0) = <u7 U>0 (3.1

where W C IF,, (u,v)(ty) € W.
In the following we give the relation between a solution and its approximate solutions. We
denote Ry = [to,to + p] X B((u,v>0,q) where p > 0, ¢ > 0, (u,v)g € IF,, B((u, v>0,q) =

{{u,v) € IF, \ d ((u,0), (u,v)o) < q)
Theorem 3.1. Let f € C[Ry, [F,), r € (0,p), (u,v), € C[to, to + 7], B({u,v)0, q)] such that

G, v} (8) = 3£ (t (w,0)a(t) + Ba(t), (u,v)(to) = (u,v)o,

(3.2)
| B(t) ||< &0 ¥t € [to, to +7](n = 0,1,2,...),

where ¢, > 0, &, — 0, B,(t) € C[[to,to + r], X] and j is the isometric embedding from
(IF,,dY) onto its range in the Banach space X. For eacht € [ty,to + 1| there exist an 6(t) > 0
such that H-differences (u,v),(t + h) © (u,v),(t) and (u,v),(t) © (u,v),(t — h) exist for all
0<h<d(t)andn =1,2,...

if we have
dgo(<u, Wa(t), (u, v)(t)) 50 we VEE [to, o + 7] (n —> 00) (3.3)

(u.c. denotes the uniform convergence), then (u,v) € C'[[to,to + r], B({u, v)o, q)]
(w,0) (1) = F(£ (wo) (), (u,0)(te) = (to,v0), t € [to, o+ 7], (3.4)

Proof 1. From (3.3) we know that (u, v) € C[[to, o+ ], B(x0, q)]. For fixed t; € [to,to+ 7] and
any t € [to,to + 7|, t > t1, denote
j<u> U>n<t) — ]<u7 U>n(t1)

F(t,n) = t—t _jf(tla <U,U>n(t1)) - Bn(tl)

It is well known that

lim F(t,n) = 2000 Zi(wvpt) Jf (1, () (1) (3.5)

n—-ao0 t — tl

From [ € C'[Ry, I F,] is known that for any ¢ > 0, there exists §; > 0 such that

a2 (£ (t (2 0)®), £t u0) (1)) ) < S (3.6)
whenever t; <t < t; + d; and dgo((z, w)(t), (u, v)(t1)> < &y with (z,w) € B({u, v)o,q)].
Take natural number /N > 0 such hat
e < S (a0, ) (0) < D forany m>Noi€lodotrl (D)
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Take 6 > 0 such that § < ; and

)
i ((u, W)(t), (u,v) (tl)) <3 whenever i <<t +0. (3.8)
By the definition of F'(¢,n) and (3.2), we have

G, v)n(t) = j{u, v)n(tr) = (€ = 1) (u, v}, (0) = (£ = t1) F(t,n) (3.9)
We choose ¢ € X* such that || ¢ ||= 1 and
P (7 (u, ) (t) = J(u, v)n(tr) — (€ = £1)5(u, v), (1)
=11, 0)n(t) = 5w, v)n(tr) = (¢ = £2)5(u, v), () |
Let (1) = (5 (u, v)n(t)) = (t = t1)p(5(u, v),,(11)), consequently,
() = (G, 0)alt)) — 00l v (11))

hence

15 Cu v)n(E) = s v)n(tr) = (€ = t1) 5 (u, v}, (1) (= () = P(tr) = ' () — )

= (5w, v} () = j{w, 0), (0))(E = t0) <[ o [ 5w, ) () = 5w, v}y () || -(E =)
= 15, ) () = 5w, v}y (0) || -(E =)

where t; <t < t. In view of (3.9), we have
| E(tn) [[<]] 5w, v),(E) — jlu,v)y, (@) |, 6 <E<t (3.10)

From (3.7) and (3.8) we know that

2 (G, 00, ) 1)) < &

A% () (0). ) (0)) < () D). o 00D ) + 2 (o 0) 0. {0 (1))

o1 61
< 5+§_51

Hence by (3.6) and (3.10) we have

| F(tm) | <) ju v> @) - i(u, v> ()
= 5./ (%, (u, 0)n (@) + Bu(t) = 3 f (tr, (w, v)n(t1)) = Bu(tr) ||
<l (F s 0)u(B) — af(tl, uv) (1) |
+ |l ]f(tl u,v)(t1)) — 5 f (t1, (w,v)a(t))) || +22n
= a2, (f (T, va(@), f <t1,<u,v><t1>))
i (F (1 e (1) £ (0 (0,0 (1)) + 22,

<€—|—6+25 < e
4 4 "
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whenevern > N and t; <t < t; + 6.
Now let n — o0, and applying Eq. (3.5), we have

‘ J{u, 0)(t) = j{u, v) (1)

t—11
On the other hand, from the assumption of Theorem 3.1, there exists an §(¢;) € (0, ) such that
the H-differences

- jf<t1a <U, U>(t1))

‘Sé‘, t<t<t;+6. 3.11)

(u, 0)n(t) © (u, v)n(t1)

exist forall t € [t1,t1 +d(t1)] andn = 1,2, ...

Let (z,w),(t) = (u,v),(t) © (u,v),(t1). We verify that the intuitionistic fuzzy number-valued
sequence {(z, w),(t)} uniformly converges on [t1, t; + d(t1)]

In fact, from the assumption d” ((u, v),(t), (u,v)(t)) — 0, u.c V¢t € [to, to + |, we know

Since (I F,,dZ ) is complete, there exists an intuitionistic fuzzy number-valued mapping such
that {(z, w),(¢)} uniformly converges to (z,w)(t) on [t1,t; + d(t1)] asn — oo
In addition, we have

s ((u, ) (1) + (2, 0) (), u,0)(1)) <

Vit € [t1,t1 + 6(t1)]
Let n — oo. It follows that

(u,v)(t1) ® (z,w)(t) = (u,v)(t) forall t € [t1,t; 4+ (t1)].
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Hence the H-differences (u, v)(t) © (u, v)(t1) exist for all t; € [t1,t1 + 0(t1)]
Thus from (3.11) we have

i ((u, v)(1) © (u, v) (1)

— Sl (wo))) <5 h<t<ti+6n)

So lini w = f(t1, (u,v)(t1)). Similarly, we have
t—t]

o (8000 () (1)

t—sty t—1

= f(t1, {u, v)(t1))

Hence (u, v)’(t;) exists and
<u7v>,<t1) - f(tlu <u7 U>(t1))

From ¢, € [tg,to + r] is arbitrary, we know that Eq. (3.4) holds true and
(u,v) € C[to, to + 7], B({u,v)o, q)]-
Thus, we conclude the proof. ]

Corollary 3.1. If we replace condition (3.2) by

j(“? U>,n+1(t) = jf(tv <U’v U)ﬂ(t)) + Bn(t)7 <u’ U> (t0> - <u7 U>0’

(3.12)
H Bn(t) HS En YVt € [to,to + r](n = O, 1, )
and retain other assumptions, then the conclusions also hold true.
Proof 2. This is completely similar to the proof of Theorem 3.1. [

4 Existence and uniqueness theorem for a solution
Theorem 4.1. Let
(a) f € ClRy,IF,| and d, (f(t, (u,v)), 0(170)> < M forall (t,{u,v)) € Ry.

(b) g € Cl[to, to+p] x[0,4q], R], g(t,0) = 0and g(t,x) < My, forallt € [tg, to+p], 0 <2 <gq
such that g(t,x) is nondecreasing on x (i.ety < t < tg+p 0 < 27 < 29 < ¢ =
g(t,x1) < g(t, x2)), the initial value problem

2(t) = g(t,2(t),  w(to) =0 4.1)

has only the solution x(t) = 0 on [to, to + p)-

(c) d (f(t, (u,v>), f(t, (u’,v’})) < g(t, dgo((u,v% (', v’>)>,f0rall (t, (u,v)), (t, (u',0")) €
Ry, and d&((u, vy, (U, v ) <q.
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Then the Cauchy problem (3.4) has a unique solution {u,v) € C[ty,ty + 7|, B(xo,q)] on
[to, to + ], where r = min{p, q/M, q/M, }, and the successive iterations

t
(u, v)o(t) = (U, v)o, (U, V)n41(t) = (U, v)o B / f(s;(u,v)n(s))ds  (n=0,1,2,...) (4.2)
to
uniformly converge to (u,v)(t) on [to, tg + 7).
Proof 3. from (4.2) and the assumption (a), by the inductive method we know

(b, ) < [ (5 ) ou0)ts @3)

to

< thE[tQ,tOJrr] 7’L:O,1,2,...

IN

Hence (u,v), 11 € C[to, to + 7], B(xo, ¢)] and
<u7 ,U>;L+1(t> = f(t7 ((uv U>n(t>)7 <u> U>n<t0) = <u7 U)O (n = 07 17 27 ) 4.4)

Let My = max{M, M, }. Then r = min{p, q/M>}. and we get the successive iterations as

xo(t>: M2<t—t0> to StSto"‘T
t 4.5)
Tpy1(t) = fto 9(s,xn(s)), to<t<to+r (n=0,1,2,..)
It is immediate that
t
xq(t) = / g(s,z0(s)) < My(t —to) < xo(t) <q, Vtelto,to+7] (4.6)
to
So, by the inductive method and in view that ¢(¢, z) is nondecreasing on x, we have
0 <xpii(t) <z,(t) <gq, Vtelto,to+r] (n=0,1,2,..) 4.7)

As |zl ()| = |g(t,zn(t))| < My, from the Ascoli-Arzela theorem and (4.7) we know that
{z,,(t)} uniformly converges to some continuous function z(¢) on [tg, to + r] and

x(t):/ g(s,x(s))ds.

to
Thus = € C[[to, to+ 7], [0, q]] and z is the solution the initial value problem (4.1). From assump-
tion (b) we get z(¢) = 0. In addition, we have

(10,000, o) = ([ (st 0do5) s, 000

to

< /tt a2 (f (s 0)0(5)) . 00 ) ) s < Mt~ 1) < (1)

Suppose d7, <<u, v)g(t), (u, v)k,l) < xk_1(t), then by the assumption (c) , we have

t

2 (0, 0hees s 04 0) = ([ (ovteha(o)as, [

to to

f (s, (u, v>k_1(s))ds)
S/td&<f(s7<u,v>k(s)),f(s,<u,v>k_1(s)))dsS/tg(s,d&(w,z;)k@),<u,v>k_1(s)))ds

to to

< /tg<3, a:k_l(s)>ds = xx(t)

to
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Thus by the inductive method we know

dgo(<u,v>n+1(t),<u,u>n(t)> < wa(t) te<t<to+r (n=0,1,2,.).

So, we have

s ({0 (0, )y (0) = (£ 0)a(®), £ (8 s v)aa (1) )
(. 42 (0, 0al0), . 0)0 (1) )

g(t,zna (1))

IN A

Assume m > n, and in view of (4.9) and (4.7) we get

2 ({0030, (0,00 () < i (£ (8 s 0)a (8), £ (2 (0D (9) )
2 (£t 0)a(0), S (8 (1,0} (1)

+d”( (t, () (1)) £ (£, (10, V) 1(t)))
(

< g(twn-a(t) + g(t, 2 ((w, v)n (1),
< 2g(t, 2n-1(t)) + g(t, dog ((w, V) (t), (w1, V) (1))

Furthermore, from

a2 (s 0)a(t + B), (1, 0) @+m0

< 2 ((u, o)t + ), (s 0)(t+ 1) = (i, 0)n(8) + (s 0} (1))
+W(WUmt+h (w0} (£) + {1 0} (1)), (1, 0)n(E 4 ) )
— a2 ({0t + ) © 1, 0)a(8), (w0}t + B) © {1, 0)n (1)) )
A (TRONORTROME))

we deduce that

D* di ((u, 0)a(0). (u,0)m(1)))
_ i ({0t + ), (0, 0t 4 ) = d({u, 0)a(8), (1, 0)()

h—0+ h

a2 (0, 0)(t+ 1) © (1, 0)a(t), (s 0}t + 1)) © {u,vhm(1))

< lim
T h—07t h

= % (s 0 (0), (s 07, (1)) < 20t ama (1) + g (2 42 (s 0a0), (s (1)

(4.8)

4.9)

u,0)m(t))) + g(t Tm-1(t))

Since g(t, xn_l(t)) uniformly converges to 0, then for arbitrary ¢ > 0 there exists a natural

number N such that

D+dgo(<u,v>n<t), <u,v>m(t))> < gt d% ((w, V)u(t), (w, 0)m(8)) +2  Ym>n>N
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Here D™ is the Dini derivative (see [7]). From the fact that d”, ((u, V)n(to), (u, v>m(t0)) =0<e¢
and by proposition 2.1, we have

a2 ((, 0)n(0), (w00 (0)) Swlte) VEftosto+1] Ym=n>N (@10
where w(t, €) is the maximum solution to the initial value problem
) =g(t,z(t))+e, x(tg) =c¢ 4.11)

By proposition 2.2 we know that w(t, €) uniformly converges to the maximum solution z(t) = 0
of problem (4.1)onty <t <tyg+rase— 0.
Thus, according to (4.10) and that (/F,,,d") is complete, we know that there exists an intu-

itionistic fuzzy set-valued mapping (u,v) : T — IF, such that d&((u,v}n(t), (u,v)(t)))
uniformly converges to 0 as n — oo. Applying (4.4) and Corollary (3.1) we have (u,v) €
CH[to, to + 7], B({u,v)g,q)] and (u, v)(t) is the solution of the initial value problem (3.4).

Finally, we prove the uniqueness. Suppose (z, w)(t) is another solution of initial value problem

(3.4). Let
mit) = d% ({u. ) (8), (2, 0) (1))
Then m(ty) =0
Dt m(t) < di ((uw,0) (1), {2 w) (6)) = A (F(E (w,0) (D), £ (2 (2,0)(0)) < glt,m(D)).

Hence from proposition 2.2 we know
4z ((w,0)(0), (2, w) (1)) a(t) =0, V€ [to,to +7]

where z(t) = 0 is the maximum solution of problem (4.1) on [to, to + 7].
Therefore (u, v)(t) = (z, w)(t). O

Corollary 4.1. Let f € C[Ry, IF,] such that d”. ( f(t, (u,v>),0) < M forall (t, (u,v)) € Ry
and f satisfies the Lipschitz condition

d". (f(t, (w,v)), £ (¢, (u',v'))) < Ld@;(<u,v>, (u’,v’)), Y(t, (u,v)), (¢, (u,0)) € Ry

where L is a constant. Then the Cauchy problem (3.4) has an unique solution (u,v) € C[[to, to+
r], B(xo, q)] on [to,to + |, where r = min{p, q/M,1/L}, and the successive iterations (4.2)
uniformly converge to (u,v)(t) on [to, tg + 7).

Proof 4. In the proof of Theorem (4.1), taking g(¢, z) = L.x we then obtain the proof of Corollary
4.1, where My = L.q, hence r = min{p,q/M,1/L}. O
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