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Abstract: In this paper, we explore the concept of degree of the intuitionistic fuzzy functions.
In [4], Demirci studied gradations of fuzzy functionhood. There, for a fuzzy relation f on
X x Y, considering the fuzzy equalities £’y on X and Ey on Y the degree of f of being a
fuzzy fuction, being surjective, being injective and being bijective is defined. We extend this
study to intuitionistic fuzzy functions. In this paper, we use intuitionistic fuzzy functions and
their types defined by Lim, Choi and Hur [7] by using intuitionistic fuzzy equalities. Since an
intuitionistic fuzzy function is a (ua(x,y), va(x,y)) ordered pair, we define its degree of being
(cv) and the degree of non-being (/5) by using («, 5) € L.. For an intuitionistic fuzzy relation f
from X x Y to I2, considering the intuitionistic fuzzy equalities £y on X and Ey on Y, we define
the degree to which f is an intuitionistic fuzzy function, the degree of it being surjective, injective
and bijective, respectively. We especially analyze the degrees of some types of intuitionistic fuzzy
functions. We prove some theorems using these definitions.
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1 Introduction

The concept of fuzzy sets was introduced by Zadeh [9] in 1965. Then, Rosenfeld [8] extended
this definition to fuzzy groups in 1971. For crisp sets X and Y, considering two fuzzy equalities
Ex, Ey on X and Y, respectively, the concept of fuzzy function and its several types were studied
by Demirci [3]. As a generalization of fuzzy sets, the concept of intuitionistic fuzzy sets was
introduced by Atanassov [1]. Intuitionistic fuzzy relation structures were created by Bustince and
Burillo [2].

For crisp sets X and Y, Demirci [4] defined several notions of the degree for fuzzy functions
based on fuzzy relations f on X x Y. Intuitionistic fuzzy equalities on X and Y are given in
Lim, Choi and Hur’s sense [7]. Kang, Lee and Hur [5] studied intuitionistic fuzzy mappings and
intuitionistic fuzzy equivalence relations.

Many researchers extended the topics of fuzzy algebra to intuitionistic algebra. In this paper,
we study intuitionistic fuzzy functions, define the gradation of the intuitionistic fuzzy function and
the gradation of the surjective function, the gradation of the injective function, and the gradation
of the bijective function. We used the gradations «, 3 € [0, 1] as c-degree of being and /3-degree
of non-being conditions, the condition 0 < o + 3 < 1 is satisfied. We prove some propositions
and theorems with the definitions we stated.

2 Basic definitions and theorems

In this section, we list some basic notions and results which are needed in the later sections. In
this paper, X and Y always stand for two crisp non-empty sets.

Definition 2.1. [3] A relation Fx : X x X — [ is called a fuzzy equality on X if and only if
the following conditions are satisfied: Vz,Vy,Vz € X

(E.l) Ex(z,y) =1 z=uy;
(E3) Ex(xz,y) N Ex(y,z) < Ex(z,z2).

Let F be a fuzzy equality on X and let x,y € X. Then, we interpret the value Ex(z,y) as the
grade of “x and y are nearly equal”. We will denote the set of all fuzzy equalities on X as F(X).

Definition 2.2. [3] Let E'x and Ey be two fuzzy equalities on X and Y ,respectively. For a fuzzy
relation f on X X Y, to introduce the definition of various types of fuzzy function is defined.

(F1) Vz e X, 3y €Y suchthat ps(x,y) > 0,
(F2) Va,Vye X,Vz,Yw eY, us(x,z) A us(y,w) A Ex(z,y) < Ey(z,w),
(SF) VyeY,dx € X suchthat pus(z,y) > 0,
(SF1) Vz € X, 3dy € Y such that pus(z,y) = 1,
(SSF) Vy €Y, 3z € X such that ps(x,y) =1,
(IF) Va,Vye X,Vz,Vw €Y, up(x,2) A us(y, w) A Ey(z,w) < Ex(x,y).
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Definition 2.3. [4] Let E'x and Ey be two fuzzy equalities on X and Y/, respectively. Then, for
a fuzzy subset f of X x Y,

(1)  fis a fuzzy function if and only if conditions (F1) and (F2) are satisfied,

(i)  f is a strong fuzzy function if and only if f holds (SF1) and (F2),

(i)  f is surjective fuzzy function if and only if f holds (SF),

(iv)  f is strong surjective fuzzy function if and only if f holds (SSF),

(v)  fisinjective fuzzy function if and only if f holds (IF),

(vi) f is bijective fuzzy function if and only if f is surjective and injective,

(vii) f is strong bijective fuzzy function if and only if f is strong surjective and injective.

Definition 2.4. [4] Let f be a fuzzy relation on X x Y, Ex and Ey fuzzy equalities on X and
Y, respectively. Let us define the following crisp sets and numbers:

(@ F2(f)={pel:(Vr,Vze X)Vy,Vw €Y)

(s (@, 9) A gz, w) N Ex(2,2) 2 5= Ey(y,w) = B)},

®) f1(f)= A V u(z,y),

© f2(f) =V F2Af),
@) F(f)=fL(f) A f2(f),
e I(f)={pel:(Vz,Vze X)(Vy,VweY)
(@, y) A py(z,w) A By (y,w) > 8= Ex(z,2) > §)},
@ i(f) =VI(),
@ s(f)= AV ulz,y),

yeYzreX

() b(f) = i(f) A s(f).

We call the real numbers F'(f), i(f), s(f) and b(f) “degrees of f of being a fuzzy function,
injectively degree of f, surjectively degree of f and bijectively degree of f”, respectively.

Definition 2.5. [1] A complex mapping A : X — I?is called an intuitionistic fuzzy set (in short,
IFS) in X if for each x € X, 0 < pa(z) + va(z) < 1, where the functions py4 : X — I and
va : X — [ define the degree of membership and the degree of non-membership of each z € X
to A, respectively.

Definition 2.6. [1]Let A = {(x, pa (z),va(x)) : x € X} and B = {(z, up (z) , v (z)) : v € X},
be two IFSs on a set X. Then:

i) ACBifus<upugandvy > vg,forallz € X,
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(i) A=Bifus=pupandvy =vp, forallz € X,

(i) ANB={{x,ua ANup,vaVug):xe€ X},

(iv) AUB={(x,puaVpup,valvg):xe€ X},

V) A= {(z,va(x), pa(x)) 2 € X},

i) DA ={{z, 0 (2),1 — s (2)) : 3 € X}

(vii) QA={{x,1 —va(z),va(x)): 2z € X}.

Definition 2.7. [2] A complex mapping R = (uug,vg) : X XY — I x I is called an intuitionistic

fuzzy relation (in short, IFR) from X to Y if 0 < ug(z,y)+vr(x,y) < 1foreach (z,y) € X xY,
ie,ReIFS(X x Y).

Definition 2.8. [2]Let R € [FR(X x Y)and S € [FR(Y x Z).
(a) R7!iscalled the inverse of Rif R™!(y,z) = R(xz,y),Vz € X,Vy € Y.

(b) The sub-min composition of R and S, denoted by S o R, is an intuitionistic fuzzy relation
from X to Z defined by: For each (z,z) € X x Y,

MROS<x7 Z) = \/ [:U’R(x7 y) A /Ls(y, Z)]

and

VROS<377 Z) = /\ [VR(x7y> \4 VS(ya Z)]

Definition 2.9. [3] Let X be a nonempty set and let IEx = (urpy,vig,) € IFR(X). Then
IEx is called an intuitionistic fuzzy equality (in short /) on X if it satisfies the following
conditions: Vx,y,z € X

(IE.1) [Ex(z,y)=(1,0) e z=y,Vor,y e X,
(IE.2) IEx(z,y) =IEx(y,x),Vz,y € X,
(IE3) prey(x,y) A ey (Y, 2) < prey (2, 2) and vip, (2,9) V vig, (Y, 2) > vig, (x, 2).

We will denote the set of all intuitionistic fuzzy equalities on X as I F(X).

Definition 2.10. [3] For any two nonempty sets X and Y, let / 'y and I Ey be two intuitionistic
fuzzy equalities on X and Y, respectively. Let f € IFS(X x Y). Then, f is called an
intuitionistic fuzzy mapping (in short, IFM) from X to Y with respect to. [Ex € I F(X) and
IEy € IE(Y), denoted by f : X — Y/, if it satisfies the following conditions:

(IF1*) Vz € X,dy € Y such that pus(z,y) > 0and vy(x,y) < 1,

(IF2*) Vz,y e X,Vz,w €Y, py(x,2) A sy, w) A prey (2,y) < prp, (2, w) and
1(,2) V vy, 0) V v (2,) 2 Vi, (2, 0).
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Definition 2.11. [2] For sets X and Y, let f : X — Y be an intuitionistic fuzzy mapping from
X to Y withrespectto [Ex € IE(X)and [Ey € [E(Y). Then f is said to be:
(a) strongif Vo € X,3y € Y such that f(x,y) = (1,0),
(b) surjective if Vy € Y, 3z € X such that pp(x,y) > 0 and vs(z,y) < 1,
(c) strong surjective if Vy € Y, 3z € X such that f(z,y) = (1,0),
(d) injective if ps(z, 2) A pp(y, w) A prgy, (2, w) < pirg, (z,y) and
vi(x,2) Vve(y,w) Vg, (z,w) > vig, (z,y), Yo,y € X,Vz,w €Y,
(e) bijective if it is surjective and injective,
(f) strong bijective if it is strong surjective and injective.
Definition 2.12. [7] Let f : X — Y be an IFM with respectto [ Ex € [E(X) and [Ey € [E(Y).

Then, f is said to be invertible if the intuitionistic fuzzy relation f~! on ¥ x X is an IFM
/'Y — X withrespectto IEx € IE(X) and [Fy € IE(Y).

Theorem 2.13. [3] Let [ : X — Y be an IFM with respect to IEx € IE(X) and IEy € [E(Y').
Then, f is invertible if and only if f is bijective.

Definition 2.14. [6] Let L, = {(«a, §) : for arbitrary o, § € [0,1],« + 3 < 1}. For any (a4, 1),
(awg, B2)€ Ly, the orders < and < on L, are defined as:

) (0q,01) < (a2, B2) € o < asand By > fa;

i) (a1, 1) < (a2, B2) & (a1, 51) < (az, B2) & (o, B1) < (ag, B2) and g < ag or By > fo.

3 Gradation of an intuitionistic fuzzy function

Definition 3.1. For crisp sets X and Y, let f : X x Y — I? be an intuitionistic fuzzy mapping
from with respect to I Ex € [FE(X) and [Ey € IE(Y'). Then f is said to be:

(@) (IF1)Vx e X,3y € Y suchthat pus(z,y) > 0and Vy € Y, 3z € X such that vs(x,y) < 1,

(b) ([F2)Vx,ye X,Vz,weY, ps(x,2) ANpup(y,w) A prey (2,y) < pre, (2, w) and ve(x, z) V
vi(y,w) Vvrp, (T,y) > vig, (2, w),

(c) (SIF) surjective if Yy € Y, 3z € X such that ps(x,y) > 0and Vo € X, Jy € Y such that
ve(z,y) <1,

(d) (SIF1) strongif Vo € X,3y € Y such that us(z,y) = 1 and Vy € Y, 3z € X such that
vi(z,y) =0,

(e) (SSIF) strong surjective if Vy € Y, 3z € X such that uf(z,y) = land Ve € X, Jy € YV
such that v¢(x,y) = 0,

() (LIF)injectiveif forVe,y € X,Vz,w € Y, up(x, 2) Aps(y, w) A gy (2, w) < prpy (x,y)
and vy(z, 2) Vvs(y,w) Vg, (2, w) > vip (T, 7).
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Definition 3.2. Let f is an intuitionistic fuzzy relation, [ Fx € [F(X) and [Ey € [E(Y). Then
f is said to be:
(i)  fis an intuitionistic fuzzy function if and only if conditions (I F'1) and (I F'2) are satisfied,
(ii)  f is a strong intuitionistic fuzzy function if and only if f satisfies (STF'1) and (I F'2),
(iii)  f is surjective intuitionistic fuzzy function if and only if f satisfies (SIF'),
(iv)  f is strong surjective intuitionistic fuzzy function if and only if f satisfies (SSIF'),
(v)  f is injective intuitionistic fuzzy function if and only if f satisfies (/1 F),
(vi) [ is bijective intuitionistic fuzzy function if and only if f is surjective and injective,
(vii) f is strong bijective intuitionistic fuzzy function if and only if f is strong surjective and
injective.
Definition 3.3. Let f be an intutionistic fuzzy relation on X x Y, E'x and Ey intuitionistic fuzzy
equalities on X and Y/, respectively. Let us define the following crisp sets and numbers:
(@ F2(f)={(a,p) € Ly : (Vz,¥z € X)(Vy,Vw € Y)
(s (@, ) A pig(2,0) A iy (2,2) = @ = gy (3, w) > @) and
ez, y) Vve(z,w) Ve, (v, 2) < B = vip, (y,w) < B)}.

(b) fl(f):(/\ \/ﬂf(xay>7 V /\Vf($,y)>,

rzeXyeYy zeXyeY

© f2(f) = (V F2(f)(), AF2(f)(5)),
@ F(f) = (A V ple,y) AVE2(F) (@), (VA ve(,y) vV AF2()(5)),

reXyeY yeYzeX

) I(f)={(a,B) € Ly : (Vx,Vz € X)(Vy,Vw €Y)
(g (e, y) A pp(z,0) A ey (y, w) 2 a = Ex(x, 2) >
(vi(@,y) Vve(z,w) Vg, (y,w) < 8 = vip,(z,2) < B)},

@ i(f) = (VI (), NI(F)(B)),
@ s(f)=(A Vue(z,y), VA ve(z,y),

a) and

(h) b(f) = (VI(f)(e) A ( é\ml/xuf(fv,y)% N(F(B)VA( \G/Yzé\XVf(l‘, y)))-

We call the real numbers F'(f), i(f), s(f) and b(f) “degree of f of fuzzy function, injectively
degree of f, surjectively degree of f and bijectively degree of f”, respectively.

Theorem 3.4. Let f be an intuitionistic fuzzy relation on X x Y — I?, IEx and IEy
intuitionistic fuzzy equalities on X and Y, respectively. The following statements are true:

(i) If f1(f) = (1,0), then f satisfies condition (I F'1),
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(ii) If f satisfies condition (STF1), then f1(f) = (1,0),

(iii)
(iv)
(v)

f satisfies condition (1 F2) if and only if f2(f) = (1,0),
f satisfies condition (I1F) if and only ifi(f) = (1,0),
f satisfies condition (SSIF) if and only if s(f) = (1,0).

Proof.

®

(i)

(111)

(iv)

Some equalities from Definition 3.1 and Definition 3.3 are used.

Let f1(f) = (A V pe(@,9), VA ve(e,y)) = (1,0).

reXyeY yeYzxeX
AV pg(z,y)=1and \/ A ve(z,y) =0
rzeXyeY yeYzreX
forVe € X, \/ ps(z,y) = 1land 3y € Y such that pis(z,y) =1
yey
forVy e Y, A\ v¢(z,y) = 0 and 3z € X such that v;(z,y) = 0.
zeX

Since p1f(z,y) =1 > 0and vy(z,y) =0 < 1, f satisfies (/F'1).

IfVz € X,3y € Y suchthat up(z,y) =1= A V ps(zr,y) =1landif Vy € Y, Jz € X
zeXyeY

such that vs(z,y) = 0= \/ A vs(z,y)) = O,then, f1(f) = (1,0).

yeYzreX
(=): Let f satisfies condition ([F2): Vz,y € X,Vz,w € Y pp(x,2) A pp(y,w) A
MIEX($7y) S H’IEy(va) and l/f([L’, Z) \ Vf(%w) Vv VIEX<x7y) Z VIEy<Z7w)'
For each (o, f) € L., a0 < pyp(x,2) A pp(y, w) A pupy(z,y) = a < pp, (2, w) and
B> vi(x,2) Vi(y,w) Vg (r,y) = B > vig, (z,w). If for z,w € Y be z = w,
then a < 1 and # > 0. Similarly, if for z,y € X be x = y, then « < 1 and 5 > 0. So
(1,0) € F2(f) and (o, B;) € F2(f)(i =1,2,...,n), then

f2(f):(1\/041\/042\/ \/Oén,()/\ﬁl/\ﬁg/\ /\ﬁn):(LO)

(<): Let f2(f) = (1,0). 16 (1,0) € F2(F),uy(w,2) A p(y,10) A pry (,y) > 1 and
prey (2,w) > 1, then pup(x, 2) A iy (y, w) A prey (2, y) 2> prey (2, w), vp(z, 2) Vg (y, w) v
vigy (2, w) < 0and vip, (2, w) <0, then vy(x, 2) Vvi(y,w) V vig, (z,w) < vig, (z,w).
Therefore, f satisfies condition (/ F2).

(=):IfforVo,y € X, Vz,w €Y, pup(z,2) A pup(y, w) A pirsy (2, w) < prpy (2, y) and
vi(x, 2) Vue(y,w) Vg, (2, w) > vig, (x,y).

For each (o, B) € L., a < piy(z, 2) A piy(y,w) A prgy (2, w) < prpy (z,y) and

B> vp(x,2) Ve(y,w) Vg, (z,w) > vig, (x,y).

I(f) = (o, p) exists. If forx,y € X bex = y, then « < 1 and 5 > 0. Similarly if for
z,w € Ybez=w,thena < 1land 8 > 0. If (o, 5;) € I(f),i ={0,1,2,...,n} and
(1,0) € I(f), theni(f) =(1Var VasV--- Va,, 0ANBLABA--- ABy) =(1,0).

() Leti(f) = (1,0). T iy (5, 2) A g, ) A prsy (2,) > 1 and puggy (,y) > 1, then
gz, 2) Aag(y, w) AN ey (2, w) = prps(2,y) = 1 vy (2, 2) Ve (y, w) Ve, (z,w) <0
ve vigy (x,y) < 0, then ve(x,2) V ve(y,w) V vig, (2,w) = vip, (z,y) = 0. f satisfies

condition (ITF).
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) Lets(f) = (A V pe(z,y), VA ve(z,y) = (1,0)

yeYrex yeYreX
(<) AV ps(z,y) =1land V A ve(z,y) =0
yeYreX yeYreX
(<) IfVy eY, \/Xuf(x,y) =1,then 3z € X, pis(z,y) = 1 and
BAS
IfvVe € X, /\ny(x,y) =0,then3dy € Y, vp(z,y) =0
BAS
(<) f satisfies condition (SSIF).
This completes the proof. ]

Theorem 3.5. Let f be an intuitionistic fuzzy relation on X xY — 12, IEx and I Ey are
intuitionistic fuzzy equalities on X and Y, respectively. The following assertions hold true:

(i) fisanIFM = F(f)= f1(f),
(ii)  fisastrong IFM = F(f) = (1,0),
(iii) A strong IFM f is injective = F(f) Ni(f) = (1,0),

(iv) A strong IFM f is strong surjective = F(f) A s(f) = (1,0),

(v) X\/ Y{uf(fv, 2) AN pg(y, w) A prpy (z,y)y < Land
x,yeX,z,we
N Avp(@,2) Vurly,w) Vv (z,y)} 2 0= F(f) = f1(f),
z,yeX,z,weY
(vi) Voo A 2) A pg(y, w) A pey (2,0)} < 1and
z,yeX,z,weY
N Ave(e,2) V gy, w) Ve, (z,0)} 2 0=i(f) = (1,0),
z,yeX,z,weY

(vii)  f is a strong bijective IFM = b(f) = (1,0).

Proof. (i)  Since f is an intuitionistic fuzzy function, conditions (I F'1) and (I F'2) are satisfied.
Let (0, §) € Lo, F(f) = (@ B),
a < pup(@, 2) A pg(y, w) A pres (2,y) < prey (2, w) and
B> vp(x,2) Ve(y,w) Vg (x,y) > vig, (2,w),
a < pyp(z, z) and vy(z, z) > f,
a< Vps(z,z)and § > A ve(z, 2),

yey rzeX
A V pp(z,y) =aand \/ A vi(z,y) =5,
rzeXyeYy yeYreX

JUS) = (o, B) = F(f).

(ii)  Since f is a strong IFM, f satisfies conditions (I £'2) and (SIF'1). From Theorem 3.6 (iii),

f2(f) = (VF2(f)(«), NF2(f)(8)) = (1,0). f satisfies condition (STF'1) = f1(f) =
(1,0). Then F(f) = (1 A1,0V0) = (1,0).
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(iii) f satisfies the conditions (/F'2), (/IF) and (SIF1). If f satisfies condition (/F2) =
f2(f) = (1,0) and f satisfies condition (SIF'1) = f1(f) = (1,0), then F(f) = (1,0). f

satisfies condition (/I F') = i(f) = (1,0). Then F'(f) Ai(f) = (1,0).

0).
(iv)  f satisfies conditions (/F2), (SSIF) and (SIF'1). From (i) with F'(f) = (1,0) and if f
satisfies condition (SSIF), then s(f) = (1,0).

Therefore F'(f) As(f) = (1 A1,0V0) 0).

(1,

(V) Vz,y € X,)Vz,w €Y, py(z,2) A pp(y,w) A prg, (z,y) < 1and ve(x, z) V ve(y, w) V
vig, (z,y) > 0. Since pif(z, z) > 0 and vy(x, 2) < 1,is holds (I F1) g, (2, w) < 1 and
Vipy (z,w) > 0= (1,0) € F2(f) = f2(f) = (1,0) = is holds (/ F'2). Therefore f is an
IFM = from (i) with F'(f) = f1(f).

(vi) Vz,y € X,Vz,w €Y, pup(x,2) A ps(y,w) A prgy (2,w) < 1and ve(x,z) V ve(y,w) Vv
Vipy (2,w) > 0. prg, (z,y) < land vig, (z,y) > 0= (1,0) € I(f) = i(f) = (1,0).

(vii) Since f is a strong bijective IFM, then SSTF and I [ F are satisfied. From (iv) with i(f) =
(1,0) and from (v) with s(f) = (1,0) = b(f) = (1 A 1,0V 0) = (1,0). O

Example 3.6. Let X = {0,1,2,3} and let /Ex = (urgy,ViE,) be an intuitionistic fuzzy
equality in X defined by: for each x,y € X,

Iy (.y) (1,0), if v =y,
x\T,Y) = z+ z+ .
(-2, it a2y

Let Y = {0,1} and let [Ey = (usg,,vig, ) be an intuitionistic fuzzy equality in Y~ defined by:
foreachz,y € Y,

) (1,0), if z=y,

Let f : X xY — I? f(x,2) = (us(z, 2),vs(z, 2)) be an intuitionistic fuzzy function defined
by: foranyz € Xandy € Y, pys(x,2) =1— Toanduf(x z) =2Y,

If f is a surjective intuitionistic fuzzy mapping, then F'(f) = (1,0) and s(f) = (0.7,0.3 by
the following calculations.

With this example, we can verify the Theorem 3.6, item(i) and Theorem 3.6, items (i), (ii) and
(iii).
Theorem 3.7. Let f be a strong (or surjective, strong surjective, injective, bijective, strong
bijective) IFM with respect to IEx € [1E(X) and IEy € IE(Y). Then Of and Of are
strong [surjective, strong surjective, injective, bijective, strong bijective] IFMs with respect to
the intuitionistic fuzzy equalities I Ex and I Ey, QI Ex and QI Ey on X and Y, respectively.
Then:

(i)  F(f) = (., ) = F(Of) = (o, 1 =) and F(Of) = (1-5,5),
(it) i(f) = (a,B) = i(0f) = (o, 1 — a) and i(Qf) = (1 =5, ),
(iii) s(f) = (o, f) = s(0f) = (@, 1 — ) and s(Of) = (1 - 5, 0),
(iv) b(f) = )= b(0f) = (,1=a) and b(Of) = (1= 5,5).
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Proof.
(i) Lets(f) = (a,8) = (A V prlz,9), VA ve(z,y)).

yeYreX yeYzreX

s@F) = (A V pop(ey), VA vop(e,y) = (A V(e y), VA (= pg(e,y))

yeYzeX yeYzxeX yeYzeX yeYxeX

A V ps(x,y) = ais obvious.

\E/Yxé\x(1 — pp(z,y)) = \e/y[1 - xyXﬂf(m,y)] =1- é\yxyXuf(m,y) =1-a.

s(Of) = (A V nos(z,y), VA vor(,y)) = (A V (L =ve(z,y), VA vi(z,y))

yeYzeX yeYreX yeYreX yeYzreX
V A vs(x,y) = B is obvious.
yeYzreX
ANV Q=vi(zy)= AN1- Avp(z,y))=1-V Avi(z,y)=1-8
yeYzreX yey zeX yeYreX

Therefore, s(C0f) = (o, 1 — «) and s(Of) = (1 — 3, 5).
The rest are proved similarly. [

Theorem 3.8. Let f = (ps,vy) be an IFM with respect to [Ex € IE(X) and IEy € IE(Y).
[ = (pp,vpe) = (1 — vy, 1 — py) IFM with respect to intuitionistic fuzzy equalities I E and
IES on X and Y, respectively. Then:

(i) F(f)=(ap)=F()=0-F1-a),
(ii) i(f) = (@, B) =i(f) = (1= 5,1-a),
(iii) s(f) = (o, f) = s(f*) = (1= 5,1 - a),
(iv) b(f) = (o, ) = b(f") = (1= 5,1 —a).

Proof.
(i) s(f*) = (A V pp(z,y), VA vp(z,9))
yeYzeX yeYzxeX
= (A VAt=ve@9)}, VAL = pe(z,9)})
yeYzreX yeYzeX
==V Avez,y), 1= AV pslz,y))
yeYzxeX yeYzeX
=(1-06,1—a).
The rest are proved similarly. O]

Theorem 3.9. Let f = (s, vy¢) is be an IFM with respect to IEx € IE(X) and [Ey € IE(Y).
f¢ = (pge,vpe) = (vy, puy) is an IFM with respect to intuitionistic fuzzy equalities I ES and 1 EY,
on X and Y, respectively. If (o, B) is unique such that f2(f)=(«, 8) € L., then f2(f)= (8, a).
Similarly, f1(f€), i(f¢), s(f¢), b(f¢) and F(f¢) are obtained.
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Proof. Let f2(f) = («, 8) and f2(f¢) = (7, 9). If f is an IFM, then

o < g, 2) A (Y, w) A pres (2,y) < prey (2,0) < pp(, 2) V opg(y, w) V e, (2, y)

and
Bzwvp(x,2) Vp(y, w) Ve (2,y) 2 vip, (z,0) 2 ve(x, 2) Avp(y, w) Avig, (@, y).

& < 1y, 2) V g, 0) V prmg (@) < v and o < gy (2, 0) < 7,
a < vpe(x,2) VVse(y,w) Vg (z,y) <vand a < vig,.(z,w) <7,
B >vi(x,z) Vve(y,w) Vg (z,y) > dand § > vig, (2,w) > 6,
B> pge(w,2) V puge(y,w) V pirgye (v, y) > 6 and 8 > prgy. (2, w) > 6.
a <~vand f > 4, then (o, ) < (7,0).

205 = (\/ F2(£9) (). \ F2096)) = (\ F2()(8), A F2()) (7)) = (8, ).

Therefore « = § and § = v, i.e., f2(f) = (o, B) and f2(f¢) = (5, «).
The rest are obtained similarly. ]

Theorem 3.10. Let f = (pf,vy) be a strong bijective or bijective IFM with respect to [Ex €
IE(X)and IEy € IE(YY). f71:Y x X — I f1 = (-1, vp-1), pp-1(y, ) = pp(z,y)
and v-1(y, x) = v¢(x,y) a strong bijective or bijective IFM with respect to [Ex € 1E(X) and
IEy € IE(Y). f~Yis called the inverse of f intuitionistic fuzzy function. f and f~' have equal
degrees. Then,

(i) F(f)=F(f),

(i) s(f) = (@ 8) = (A V ps(e9). VA vy(e,y)) and

yeYzxeX yeYxeX
S(fil) = ( /\ Vﬂffl(yﬁ), V /\fol(?/,z))-
rzeXyeY reXyeY

If pp(x,y) = pp-1(y, «) and vy(x,y) = vy-1(y, x), then

(A Vw2, ) Nvi-w.2) = (N V@), \/ A\ vetey),

zeXyeYy zeXyeY yeYzeX yeYxeX
ie., s(f)=s(fh).

Similarly to (iii), items (i), (ii) and (iv) are proved by the definitions of F'(f), i(f) and b(f),
respectively. L
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