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The Intuitionistic Fuzzy Pair (IFP) is an object with the form
(a, b), where a,b € [0,1] and a+ b < 1, that is used as an
evaluation of some object or process and which conponents (a and

b) are interpreted as degrees of membership and non-membership,
or degrees of validity and non-validity, or degree of correctness and
non-correctness, etc.

The geometrical interpretations of the IFPs are the same as of the
IFSs.
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Therefore we can map to every proposition p € S a unit segment

o

of the form:
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m Fig. 4.

For the needs of the discussion below, we define the notion of
Intuitionistic Fuzzy Tautological Pair (IFTP) by:

x is an IFTP if and only if a > b,

while p is a Tautological Pair (TP) iff a=1 and b = 0. 7/42
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In some definitions below, we use functions sg and sg defined by,

1 ifx>0
sg(x) = ,

0 ifx<o0

0 ifx>0
sg(x) =

1 ifx<0
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Let us have two IFPs x = (a, b) and y = (c, d).
First, we define analogous of operations “conjunction” and

“disjunction”:

x&1y = x Ny = (min(a, c), max(b, d))
xViy =xUy = (max(a,c)), min(b, d))
x&y =x+y=(a+c—a.c,b.d)
xVay =x.y =(a.c,b+d— b.d).
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Table 1

—1 | (max(b, min(a, c)), min(a, d))

—2 | (58(a—c),d.sg(a—c))

—3 | (1=(1—c).sg(a—c)),dsg(a—c))

—4 | (max(b, c), min(a, d))

—s5 | {min(1,b+ c),max(0,a + d — 1))

—6 | (b+ ac,ad)

—7 | (min(max(b, c), max(a, b), max(c, d)), max(min(a, d), min(a, b), min(c, d)))

—g | (1= (1 —min(b,c)).sg(a — c), max(a, d).sg(a — c),sg(d — b))

—9 | (b+ a’c,ab + a’d)

—10 | (c.58(1 — a) +sg(1 — a).(sg(1 — ¢) + b.sg(1 — ¢)),
d.sg(l—a)+ asg(l—a)sg(l—-c))
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(1—-(1—c).sg(a—c),d.sg(a— c).sg(d — b))
(max(b, c),1 — max(b, c))

—13 | (b+c—b.c,ad)
(
(

1—(1—-c)sg(a—c)—dsg(a—c).sg(d—b),d.sg(d— b))
1— (1 —min(b, c)).sg(a — c).sg(d — b) — min(b, c).sg(a — c).sg(d — b),
1—(1— max(a,d)).sg(5g(a—c) +
+5g(d — b)) — max(a, d).sg(a — c).5g(d — b))
—16_| (max(sg(a), ¢), min(sg(a), d))
(max(b, ¢), min(a.b + a°, d))
—18 | (max(b, c), min(1 — b, d))
(
(

max(1 — sg(sg(a) + sg(1 — b)), ¢), min(sg(1 — b), d))
max(5g(a), sg(c)), min(sg(a),5g(c)))
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—21 | (max(b, c.(c + d)),min(a.(a + b),d.(c> + d + c.d)))
—2 | (max(b,1—d),1 —max(b,1—d))
—23 | (1 — min(sg(1 — b),5g(1 — d)), min(sg(1 — b),5g(1 — d)))

(

(

(

(sg(a — c).5g(d — b),sg(a — c).sg(d — b))

(max(b,sg(a).5g(1 — b), c.5g(d).58(1 — ¢)), min(a, d))
—26 | (max(5g(1 — b), c), min(sg(a), d))

(

(

(

(

—ar | (max(5g(1 — b),sg(c)), min(sg(a),58(1 — d)))
—g | (max(sg(1 — b), ¢), min(a, d))

—29 | (max(sg(1 — b),5g(1 — c)), min(a,sg(1 — d)))
—30 | (max(1 — a, min(a,1 — d)), min(a, d))
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—31 | (Sg(a+d—1),dsg(a+d—1))
(1—dsg(a+d—1),dsgla+d—1))
—33 | (1 —min(a, d), min(a,d))
(min(1,2 — a —d),max(0,a+d — 1))
—35 (1 — a.d, a.d)
—36 | (min(1 — min(a, d), max(a,1 — a), max(1 — d, d)),
max(min(a, d), min(a,1 — a), min(1 — d, d)))
(1 — max(a, d).sg(a+ d — 1), max(a, d).sg(a+ d — 1))
—3 | (1—a+(a%(1—d)),a.(1 —a)+a°.d)
((1 = d).5g(1 — a) +sg(1 — a).(5g(d) + (1 — a).sg(d)),
d.sg(l — a) + a.sg(l — a).sg(d))
—>40 (1—Sg(a+d—1),1—§(a+d—1)>
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41 max(§(3)7 1- d)7 min(sg(a), d))
a2 max(i(a)a Sg(l — d))a min(Sg(a)vﬁ(l — d))>
—ra3 | (max(sg(a), 1 — d), min(sg(a), d))

(
(
{
(max(sg(a), 1 — d), min(a, d))
(max(sg(a), sg(d)), min(a,5g(1 — d)))
—46 | (max(b, min(1 — b, ¢)),1 — max(b, c))
(
(
(
(

—a7 | 58(1—b—c¢),(1—c¢)sg(l—b—c))

—as | (1= (1—c¢)sg(l—b—c),(1—c)sg(l—b—c))
—49 | (min(1, b+ c),max(0,1 — b — c))

—s0 | (b+c—b.c,1—b—c+ b.c)
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—s1 | (min(max(b, c), max(1 — b, b), max(c,1 — c)),

max(1 — max(b, ¢), min(1 — b, b), min(c,1 — ¢)))
(1 = (1 —min(b,c)).sg(l1 — b —c),1 —min(b,c).sg(l — b — c))
(b+ (1 —b).c,(1 = b).b+ (1 —b)*(1—c))
(c.5g(p)) + sg(b).(5g(1 — ¢) + b.sg(1 — ¢)),
(1 —c)-sg(b) + (1 — b).sg(b)-sg(L — ¢))

—s5 | (L—sg(l—b—c),1—-5g(1—b—c))
(
(
(
(
(

—s6 | (max(sg(1 — b), c), min(sg(1 — b), (1 — ¢)))
—rs7_| (max(sg(1 — b), sg(c)), min(sg(1 — b),sg(<)))
—ss | (max(sg(1 — b),5g(1 — ¢)),1 — max(b, c))
—s50 | (max(sg(1 — b), ¢), (1 — max(b, c)))

max(sg(1 — b),5g(1 — ¢)), min((1 — b),5g(<)))
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(max(c, min(b, d)), min(a, d))

(sg(d — b), a.sg(d — b))

(1= (1— b).sg(d — b), a.sg(d — b))
—e4 | (c+ b.d,a.d)

(

(

(

1— (1 — min(b, c)).sg(d — b), max(a, d).sg(d — b).sg(a — ¢))
c+d%b,b.d+ d°.a)
b.3g(1 — d) +sg(1 — d).(58(1 — b) + c.sg(1 — b)),
a.5g(1 —d) + d.sg(1 — d).sg(1 — b))
(1 —(1— b).sg(d — b), a.sg(d — b).sg(a — ¢))
—60 | (1 —(1—b).sg(d — b) — a.5g(d — b).sg(a — ¢),a.sg(a— c))
(max(sg(d), b), min(sg(d), a))

17/42



—71 | (max(b, c), min(c.d + d?, a))
=72 | (max(b, c), min(1 — ¢, a))
—73 | (max(1 — max(sg(d),sg(1 — ¢)), b), min(sg(1 — ¢), a))

(

(

(

(max(sg(b),sg(d)), min(sg(b),sg(d)))

(max(c, b.(a + b)), min(d.(c + d), a.(b*> + a) + a.b))
—76 | (max(c,1— a),min(1 — ¢, a))

(

(

(

(

—r | (1 — min(5g(1 — a),sg(1 — ¢))), min(Sg(1 — a), sg(1 — ¢)))
—7s | (max(3g(1 — ¢), b), min(sg(d), a))

—79 | (max(sg(1 — c),sg(b)), min(sg(d), sg(1 — a)))

—go | (max(sg(1 — ¢), b), min(d, a))
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—e1 | (max(sg(1 — b),sg(1 — c)), min(d,5g(1 — a)))

—g | (max(1 — d,min(d,1 — a)), min(d, a))

—g3 | (SB(a+d—1),asg(a+d—1))

—g4 | (1—asg(la+d+1),asg(a+d+1))

—gs | (1—d+d*(1—a),d.(1—d)+d%)

—g6 | ((1—a).58(1 — d) +sg(l — d).5g(a+ min(1 — d,sg(a))),

a.5g(1 — d) + d.sg(1 — d).sg(a))
(max(sg(d), 1 — a), min(sg(d), a))
(max(sg(d), sg(1 — a)), min(sg(d),sg(1 — a)))
—go | (max(sg(d),1 — a), min(d, a))
(max(sg(a), 58(d)), min(d, 5g(1 — a)))
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(max(c, min(1 — ¢, b)), 1 — max(b, c))

(358(1 — b—c¢),min(1 — b,sg(l — b —¢)))

((1 = min(1 — b,sg(1 — b—c)),min(1 — b,sg(l — b — c)))
(c+(1—c)’b,(L—c)c+ (1 —c)(1- b))
(min(b,5g(c)) + sg(c)-(s&(1 — b) + min(c, sg(1 — b)),
(min(1 — b,5g(c)) + min(1 — ¢, sg(c),sg(1 — b)))
(
{
(
(
{

max(5g(1 — ¢), b), min(sg(1 — b),1 — ¢))
max(sg(1 — c),sg(b)), min(sg(1 — c),sg(b)))
max(sg(1 — ¢), b), 1 — max(b, c))

max(5g(1 — c),5g(1 — b)), min(1 — c,5g(b)))
max(min(b, sg(a)), c), min(a, sg(b), d))
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—101 | {max(min(b,sg(a)), min(c,sg(d))), min(a,sg(b),sg(c),d))
—102 | {max(b, min(c,sg(d))), min(a,sg(c), d))

—103 | {max(min(1 — a,sg(a)),1 — d), min(a,sg(1 — a), d))
—104 | {max(min(1 — a,sg(a)), min(1 — d,sg(d))),
min(a,sg(1l — a), d,sg(1 — d)))

—105 | {max(1 — a,min(1 — d,sg(d))), min(a, d,sg(1 — d)))
—106 | {max(min(b,sg(1 — b)), c),min(1 — b,sg(b),1 — c))
—107 | {max(min(b,sg(1 — b)), min(c,sg(1 — ¢))),

min(1 — b,sg(b),1 — c,sg(c)))

—108 | {max(b, min(c,sg(1l — c))), min(1 — b,1 — c,sg(c)))
—100 | {b+ min(5g(1 — a), c),a.b+ min(sg(1 — a), d)))
—110 | {max(b,c), min(a.b+35g(1 — a), d))
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—111 | {max(b,c.d +5g(1 — ¢)), min(a.b +35g(1 — a),d.(c.d +5g(1 — ¢)) +
+sg(1 — d)))

—112 | (b+c—b.c,a.b+5g(1—a).d)

—113 (b +c.d— b.(C.d +§(1 — C)),

(a.b+5g(1 — a)).(d.(c.d +5g(1 — c)) +358(1 — d)))

—11s | (1 —a+min(5g(1 — a),1 —d),a.(1 —a) + min(sg(1 — a), d))
—115 | (1 —min(a,d), min(a.(1 — a) +5g(1 — a), d))

—116 | (max(1l— a, (1 — d).d +5g(d)),

min(a.(1 — a) +5g(1 — a),d.((1 — d).d +5g(d)) +5g(1 — d)))
—1u7 | {(1—a—d+ad,(a(1—2a)+35g(1—a)).d)

—1us | (1—a+(1—d).d—(1-a).((1-d).d+35g(d)),
(a.(1—a)+35g(1—a)).d.((1 —d).d+3g(d)) +38(1 —d))
—110 | {(b+ min(sg(b), c), (1 — b).b+ min(sg(b),1 — c))

—120 | {max(b, c),min((1 — b).b+5g(b),1 — c))
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—121 | {max(b,c.(1 - c)+5g(1 — ¢)),

min((1 — b).b +35g(b), (1 — ¢).(c.(1 — ¢) +358(1 — ¢))) +38(c))
—122 | (b+c—b.c,((1 —c).b+5g(b)).(1—c))

—123 (b + C.(l — C) — (b.(C.(l — C) -I-@(l — C))),

((1 = b).b +5g(b)).((1 — ¢)-(c-(1 — c) +3g(1 — ¢))) +58(<)))
—124 | {c+ min(3g(1 — d), b), c.d + min(sg(1 — d), a))

—125 | {max(b, c), min(c.d +35g(1 — d), a))

—126 | {max(c,a.b+5g(1— b)), min(c.d +35g(1 — d),a.(a.b +5g(1 — b)) +
+5g(1 - a))

—127 | {b+c— b.c,(c.d+5g(1—d)).a)

—18 | {c+ a.b—c.(a.b+35g(1— b)),

(c.d +35g(1 —d)).(a.(a.b+5g(1 — b)) +58(1 — a)))

—129 | (1 —d+min(3g(l —d),1— a),d.(1—d)+ min(sg(1 — d), a))
—130 | (1 —min(d, a),min(d.(1 — d) +35g(1 — d), a))
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—131 | (max(1—d, (1 — a).a+3g(a)),

min(d.(1 — d) +5g(1 — d), a.((1 — a).a +35g(a)) +5g(1 — a)))
—132 (1— a.d,(d.(l—d)—l—ﬁ(l—d)).a)

—133 | (1—d+(1—a)a—(1—d).((1—a).a+sg(a)),

(d.(1 —d) +5g(1 —d)).(a-((1 — a).a +5g(a)) +58(1 — a)))
—134 | {€+ min(3g(c), b), (1 — ¢).c + min(sg(c), (1 — b)))

—135 | (max(b, c),min((1 — ¢).c +35g(c),1 — b))

—136 | {max(c, (b.(1 — b) +5g(1 — b))),

min((1 — ¢).c +5g(c), (1 — b).(b.(1 — b) +5g(1 — b)) +3g(b)))
—137 | (b+c—b.c,((1 —c).c+3g(c)).(1— b))

—138 | (c+ b.(1—b)—c.(b.(1 —b)+5g(1— b)),

((1 = c).c +5g(c)).((1 — b).(b.(1 - b) +5g(1 — b)) +5g(b)))
—139 (ﬁ ﬂ)

2 0 2
b+c+min(b,c) a+d+max(a,d
—1a0 | ( 3( ), 3( )>
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141 <b+c+max(b ,C) a+d+min(a d)>

142 <3 a— d max(a d) a+d+n;ax(a d)>

143 <1 a+c+m|n(1 ac) 24+a—c— n;m(l ac)>

144 <1+b d+m|n(b1 d) 2— b+d+m|n(b1 d))
— 145 <b+c+m|n(b ,c) 3— b c 3mm(b c)>

—146 <3 a—d 3mln(a ,d) a+d+n;|n(a d)>

147 <1 a+c+max(1 ac) 2+a—c— n;ax(l ac)>
148 <1+b d+max(b1 d) 2—b+d— max(bl d)>
—149 <b+c+max(b ,c) 3— b c— max(b c)

—150. <b+c+>\ 1 a+d2-';\)\ 1 Where A>1
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— 151, (%'l, %’7;—1, where v > 1
152,08 | (AL, HEIL where a0 > 1,8 € [0, 0]
—153,e,n (Xa min(17 maX(NB(X)a VA(X) + 6))7 max(O, min(VB(X)) :u’A(X) - 77)))

In Table 2 the results of negations —x are given.
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Table 2
-1 <X b a)
2 | (x,58(a),sg(a))
-3 | {x,b,a.b+ a%)
-4 | (x,b,1—b)
—5 | (x,5g(1 — b),sg(1— b))
6 | (x,58(1 — b),sg(a))
-7 | (% sg(l— b), a)
8 | (x,1—-a,a)
o | X sg(a) a)
~10 | (x,58(1—b),1—b)
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11

(x,sg(b),sg(b))
(x,b.(b+ a),min(1, a.(b?> + a + b.a)))
<X7 Sg(l — a)vﬁ(l — a)>
{x,sg(b),sg(1 — a))

15 <X7§(1 _ b)7§(1 — a))

—16 | (x,58(a),58(1 — a))
{
(
{
(

12

13

14

17 | (x,58(1 — b),5g(b))
—18 | (x, b.sg(a), a.sg(b))
19 X, b.sg(a), 0>

120 X, b7 0>
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21

x, min(1 — a,sg(a)), min(a, sg(1 — a)))
x, min(1 — a,sg(a)), 0)

22

23

(
(
{x,
-4 | (X, mln(b sg(1 — b)), min(1 — b,sg(bh)))
-5 | (x,min(b,sg(1 — b)),0)
(
(
(
(
(

26 X, b ab+sg(1—a))

-7 | {(x,1—a,a.(1—a)+35g(1—a))

28 X, b (1 — ) b +sg(b))

-9 | {x,max(0, b.a +35g(1 — b)), min(1,a.(b.a+35g(1 — b)) +5g(1 — a)))

—30 | (x,a.b,a.(a.b+35g(1 — b)) +35g(1 — a))
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—31 | (x,max(0, (1 — a).a+5g(a)), min(1,a.((1 — a).a+5g(a)) +3g(1 — a)))
-3 | {x,(1—a).a,a.((1 —a).a+53g(a)) +35g(1 — a))

—33 | (x,b.(1—b)+5g(1—b),(1—b).(b.(1 —b)+3g(1— b)) +35g(b)))
-3 | (x,b.(1—=b),(1—b).(b.(1—b)+5g(1—b))+5g(b))

-3 | (3,52

-3 | (2,22)

—37 <2?b, 233+1>

-3 | (52, H2)

s | (5.5

-0 <2—323’ 1-;23)
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2b 3-2b
41 (3, T>
b
43,y (2 —:):I]_; 2’)’+1’ where Y= > 1
44,083 (bsz_ﬂl, ;iﬂﬂ where o > 1,5 € [0, ]
“usen | (min(L,va(x) + €), max(0, pa(x) — n))

The relations between the implications and negations are shown in

Table 3.
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Table 3

1 —1, —4, =5, =6, —>7, —>10, —?13, 761, —763, —764, —66, —67,
—68, —>69, —>70, —>71, —>72, 73, —»78, —80, —»124, —>125, —>127

12 —2, =73, =78, —711, ~716, —720, 731, —732, —37, ~740, 741, —742

-3 —9, —717, —721

4 —>12, 718, —722, —746, —749, —750, —751, —»53, —754, 791, —703,
—>94, —>95, =706, 98, —7134, —7135, —7137

-5 —>14, —>15, —>19, —>23, —P47, —48, —52, —»55, —756, —>57

6 —724, —726, —727, ~765

-7 —725, =728, —729, ~762

-8 —»30, —»33, 734, —35, —736, —738, —739, —776, 782, ~784; —785;,
—>86, 787, 789, —7129, —>130, —7132

-9 —P43, 744, —745, —783

110 | —758; —759, —760; —792
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11 | 774,707
12 | 75

—13 | 277,788
14 | =79

15 | —781

16 | —790

17 | —799

18 | —7100

—19 | —101

20 | —7102, —108
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21 | —7103
22 | 7104
23 | 7105
24 | —7106
25 | 7107
26 | —7109, —7110, —7111, —7112, —7113
27 | 7114, 7115, —7116, 7117, 7118
28 | —7119, 7120, —7121, —7122, —7123
29 | 7126
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30 | 7128
31 | 131
32 | 133
33 | 7136
T34 | 138
35 | 7139
36 | 7140
37 | 141
738 | —7142, 77143
T30 | —7144, 7145
40 | —7146, —7147
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41 | 7148, —7149
42 | 7149
43 | —7150
44 | —7151
45 | —7152
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There are three types of opertors over IFPs. The first of them is of modal

type.
Let as above, x = (a, b) be an IFP and let «, 8 € [0,1]. Then the modal

type of operators defined over x have the forms:

Ox={(al—a)

Ox = (L= b,b)

Dy(x)=(a+a(l—a—b),b+(1—a).(l1—a—b))

Fai-a(x)=(a+a.(l—a—b),b+p.(1—a—b)), wherea+ (<1
Ga,5(x) = (a.a, B.b)

Ho p(x) = (a.a, b+ 5.(1 — a— b))

H} 5(x) = (a.a, b+ B.(1 — v.a — b))

Jog(x)=(a+a.(l—a—b),5.b)

Jis(x) =(a+a.(l—a—p.b),A.b)

Xa,By.6em(x) = (a.a+ B.(1—a—~.b),0.b+¢c.(1 —n.a— b))
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do(x)=(b+a(l—a—b),a+(1—a).(l—a—b))
faoi—a(x)=(b+a.(l—a—b),a+pB.(1—a—b)), wherea+5<1
8a,8(x) = (a.b, B.a)

ha,p(x) = (e.b,a+ B.(1 —a— b))

h% 5(x) = (a.b,a+ B.(1 — a.b—a))
Jap(x)=(b+a.(l—a—b),p.a)
Jnp(x)=(a+a.(l—pB.a—0b)p.a)

Xa,By.5,em(X) =(a.b+ B.(1 = b—~.3),0.a+¢e.(1 —n.b—a))
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The second type of operators is from another (similar to modal)
type. Let o, 3,7,4,¢,¢ €[0,1].

—~

éi)
2 2
(32 )
= (va,a.b+1—a)
=(wv.a+1—a,a.b)
:(aaab+ﬂ) where o+ 3 <1
= (w.a+ B,a.b), where a« + 5 <1

o]
Mlc-

Q

pEpae
?b ib
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Ha,pyx = (a.a,8.b+ ), where max(a, )+~ <1
Mo gx = (.a+ 7, B.b), where max(a, 8) +v <1
(®)0 g.5x = (a.a+7,B.b+6), where max(a, 8) +v+6 <1
Eopx = (Blaca+1—a),a(B.b+1—p))
O)agy0ecx = (a—eb+~,8.b—(.a+d),
where max(a —(,f—¢e)+7y+6<1
and min(a — ¢, —¢)+~v+6>0
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The third type of operators is from level type. They are

Py gx = (max(a, a), min(3, b))
Qupx = (min(a, a), max(3, b)),

for a, € [0,1] and o+ 5 < 1.
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The authors’ opinion is that concept of IF value must be used for

results of estimation of IF-objects. For example, when we have a
variable R and estimation function V/, the result of applyin of V
over P will be the IF-value (or IF-estimation) (u(P),v(P)), where
w1(P) and v(P) are the degrees of validity and of non-validity of P.
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