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ABSTRACT

In this paper, the intuitionistic fuzzy matrices (IFMs) is introduced. Various proper-
ties of IFM are presented here. Also, some properties on intuitionistic fuzzy deter-

minant, adjoint are presented.
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1 Introduction

It is well known, that matrices play major role in various areas such as mathematics, physics,
statistics, engineering, social sciences and many others. Several works on classical matrices are
available in different journals even in books also. But in real life situation, the problems in
economics, engineering, environment, social science, medical science etc. do not always involve
crisp data. Consequently, we cannot successfully use the traditional classical methods because
of various types of uncertainties present in real life problems. Now a days probability, fuzzy sets
[17, 24, 25], intuitionistic fuzzy sets [1, 2, 3], vague sets [5], interval mathematics [2, 3, 6], rough
sets [16] are used as mathematical tools for dealing with uncertainties.

Atanassov introduced the idea of intuitionistic fuzzy sets (IF'Ss) [1] on 1986. Later on much
works have been done with this concept by Atanassov and others.

Fuzzy matrices arise in many applications, one of which is as adjacency matrices of fuzzy

relations and fuzzy relational equations have important applications in pattern classification
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and in handing fuzziness in knowledge based systems [4, 9, 14, 20]. In a fuzzy matrix all the
entries are in the interval [0,1].

Several authors presented a number of results on fuzzy matrices. Kim and Roush [10] studied
the canonical form of an idempotent matrix. Hashimoto [7] studied the canonical form of a
transitive matrix. Kolodziejczyk [11] presented the canonical form of a strongly transitive matrix.
Xin [22, 23] studied controllable fuzzy matrices. Hemasinha, Pal and Bezdek [8] investigated
iterates of fuzzy circulants matrices. Ragab and Emam [19] presented some properties of the
min-max composition of fuzzy matrices. Thomason [21] and Kim [12] defined the adjoint of
square fuzzy matrix. Ragab and Emam [18] presented some properties on determinant and
adjoint of a square fuzzy matrix. Pal [15] introduced intuitionistic fuzzy determinant.

To the best of our knowledge no works on intuitionistic fuzzy matrix (IFM) are available in
literature. In this paper, IFM is introduced and presented several properties on intuitionistic

fuzzy determinant and adjoint are presented.

2 Preliminaries and definitions

Throughout the paper, let F be a closed unit interval, i.e., F = [0, 1]
and < F>={<a,b>:0<a+b<1,a,b€ F}.

Def. 1 Let X be a fized set. An IFS in X is an object having the form

A = {(z, na(2),74(2)) /2 € X}

where the functions pa(z) and y4(z) are the degree of membership and the degree of non-
membership of the element x € X respectively [1]. Also ps : X — [0,1], v4 : X — [0,1] and
0<pa(z)+v4a(z) <1, Ve € X must hold.

Def. 2 The addition and multiplication of two elements a;; =< a;j,, a;j, > and b;; =< b;j,, bijy >
of < F > are defined as follows:
a;j + bz'j =< Qijpuy @350 > + < bz'ju, b,'j,, > =< maw(aiju,b,-ju), min(aijy,bijy) >.

aij.bij =< @iju, Gijy > . < bijy, bijy > =< min(aiju, biju), maz(aij, bijy) >.

Def. 3 Let 2 =< z,,2, >,y =< Yu, Yy > be any two elements of < F >.

(i) x =y if and only if z, =y, and z, = y,.

(i) x <y if and only if z, <y, and z, > y,.

Def. 4 A square fuzzy matriz (FM) A of order n X n is defined as A = [< a;j, aij, >]nxn Where

a;j, s the membership value of the element a;; in A and a;;, € F.
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Def. 5 An intuitionistic fuzzy matric (IFM) A of order m x n is defined as
A = [zij,< @iju, Gijy >]mxn where aj, and agj, are called membership and non-membership
values of x;; in A, which maintaining the condition 0 < a;;, + a;;, < 1.

For simplicity we write A = [2;j, @ijlmxn OF [Gijlmxn, Where a;; =< a5, a5, SES F > .

In arithmetic operations (such as addition, multiplication, etc.) only the values of a;;, and
a;j, are needed so from here we only consider the values of a;; =< a;;,,a;j, > . Note that all

elements of an IFM are the members of < F > .

Def. 6 An intuitionistic fuzzy determinant (IFD) function f; : M —< F > is a function on

the set M of IFMs of order n X n over < F > such that if A € M then fi(A) or |A| or det(A)
n
belongs to < F > and is given by |A| = Z H Qio(s), Where aig(i) =< Qo (i), Cio(i)y > and Sy

g€Sy 1=1
denotes the symmetric group of all permutations of the symbols {1,2,...,n}.

Def. 7 An IFM is null if all elements of it are zero, i.e., all elements are < 0,0 > and it is

denoted by 100> .

Def. 8 A square IFM is unit if all diagonal elements are < 1,0 > and all remaining elements

are < 0,1 > and it is denoted by I<o1>.

Def. 9 The transpose A" of an IFM A = [aij]lmxn is defined as A" = [aj;lmxn, where a;; =<

Qjips Qjiy > -

Def. 10 A square IFM A = [aij]nxn is triangular if either a;; =< 0,1 > for all i > j or
g =< 0,1 3> Jar all § € J;8,5 = 1,2 004, 10

Def. 11 Let A = [< @iju,aiju >] be an IFM. The complement IFM A of A is defined as
A= [< Gijyy Gijp >].

Def. 12 Let A = [aijlmxn and B = [bijlmxn be any two IFMs. Then A < B iff a;; < b;; for all
i .
Def. 13 Let A = [aij]lmxn and B = [bijlmxn be any two IFMs. Then A+ B = [ai; + bijlmxn-

Def. 14 Let A = [a;j]mxn and B = [bi;lnxp be two IFMs. Then C = A.B, where ¢;; = Z T T
k=1
and O = [eglnxy-
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Def. 15 Let A = [a;;]nxn be a square IFM. The cofactor of an element a;; in A is a determinant,

which is obtained by omitting from A the ith row and the jth column.

Def. 16 The adjoint matriz of an IFM A of order n X n, which is denoted by adj A, is defined
by [A;i], where Aj; is the determinant of the IFM A of order (n — 1) X (n — 1) formed by
suppressing row j and column ¢ of the IFM A. In other words, [A;;] can be written in the form

Z H dw(t) where n; = {1,2,...,n}\{j} and Sn;n; is the set of all permutations of set n,;
UESn"nJ' tE’n,j
over the set n;.

3 Properties of IFM

In this section some properties of [FM are presented.
For any IFMs A,B, the following results are obviously true.
Propositions:
1. A+ B=B+ A,
2. A+ (B+C)=(A+ B)+C,
3. A.B# B.A,
4. A.(B.C) = (A.B).C,
5. 1) A(B+C)=A.B+A.C,
(i) (B+C).A=B.A+C.A,
Proof. of (i) We assume that if A, B, C be three IFMs such that B4+-C, A.(B+C), A.B, A.C, A.B+
A.C are defined.
Let A = [< @iju, @ijp >lmxn, B = [< biju, bijy >lnxp and C = [< ¢iju, Cijy >]nxp-
Then A.(B+ C) and A.B 4+ A.C are both defined.
Let B+ C = D = [< diju, diju >]nxps
A = F=[< ey, eijp >lnsps
AB = F =< fin b >lnwne
A.C =G = [< Gijuy Gijv >]mxp and
F+G = H =< by, bise > lingp

Then
diju = biju + Ciju dijv = bijy + cijy
n n
Biju = Z Bikp Arip By = Z W R
k=1 k=1

n n
Foiu =Y tangbrin Eo =Y Bichige
k=1 k=1
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Giju = Z ik Chip Gijv = Z Aiky Ckjv

k=1
hijp = fiju + Giju hijy = fmv + Gijv
Now A.(B +C) =AD=F= [< €ijuy Cijv >]m>(p
AB+AC=F+G=H=[< Biguy Rige >]m><p-

Therefoie, A.(B+C) and A.B + A.C are IFMs of the same order and
Ciju = Z Gikulijy

= Zk =1 @ik (Okju + Ck]u)
Also hiju = fiju + Giju = Z Gikpbkju + Z Qikpdkju = €ijy-

k=1 k=1
Hence proved.

Property 1 Let A be an IFM of order m X n then A+ A= A.

Proof. Let A = [< aiju, Gijy >)mxn-
Then A+ A = [< maz(aiju, @Giju), Min(@iju, Giju) >lmxn
= [ @45, Gijo >lmxn

= A.
Property 2 If A be an IFM of order m X n then A+ Ico,0> > A where I<o0> 15 the null IFM.

Proof. Let A = [< a5, @ijy >]mxn and Ico0> = [< 0,0 >]mxn.
Then A+ I<o0> = [< maz(aiju, 0), min(aij, 0) >] = [< aij,, 0 >]
Therefore, A+ I<g 0> > A.

Property 3 If A < B then AC < BC, where A, B and C are three IFMs.

Prof. Let A = [ai;]lmxn, B = [bijlmxn and C = [¢ij]mxp be three IFMs.

Now, AC = Z a;kCrj < Z bikck; = BC.
k=1 k=1

Property 4 Let A be a square IFM. If all elements of a row (column) of A are < 0,1 > then
|Al =< 0,1>.

Proof. Let A = [< ajju, @iju >lnxn. We define Ey, Ey, Es, . .., E, are the determinant functions
n

as in the following way E;(A) = ZCL,'J'DZ']'(A) = Z < @iy, @ijy > Dij(A) where D;;(A) is the
cofactor of a;; in the determinant A.

Obviously, E;1(A) = E3(A) =---= E,(A) = |A|.
Let all the elements of the row s, 1 < s < n, be < 0,1 > . Then E;(A) =< 0,1 > since
Gy =% 01 > fow §= 1,9, ... ,8. 80, [4] = B,[4) =< 0,1 .
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Property 5 If A be a square IFM then |A| = |A/|.

Proof. Let A = [< oy, G Plaxn a0d A= B = [< b bise >] = [€ a5ia, 0510 >).

Now B = Z ot bla(l)p,’ bla(l)u >< b20'(2);u b20'(2)u i bno’(n),ua bna(n)l/ > .
oESn

= Z < Uo(1)1p1 Go(1)1v > < Gg(2)2u) Co(2)2v > **° < Oo(n)npr Co(n)ny > -

iijnzb be the permutation of {1,2,...,n} such that ¢o = I, the identity permutation. Then
% = o~!. As o runs over the whole set of permutations so does 1.

Let 0(i) = j,i = 071(j) = $(j)-

Therefore a,(;); = a;y(;) for all 4, j. As 7 runs over the set {1,2,...,n}, j does so.

Now aa(1)1a0(2)2 5wt aa(n)n = a1¢(1)a2¢(2) ce anw(n).

Therefore, |B| = Z < Ao(1)1p) Co(1)1v >< Ao (2)2p) Co(2)2v >...< A (n)npy Yo (n)ny > .
oESH

= Z < Q1) Q1) > < Q24(2) s C29(2)r > - -+ < Ongp(n)py Cnp(n)y > = |A|
YESn

Property 6 If any two rows (or columns) of a square IFM are interchanged then determinant

of that IFM remain unchanged.

Proof. Let A = [< ajjy, aijy >] and B = [< byjy, bij, >] is obtained from A by interchanging
the rth row and sth row of A. Without loss of generality, we assume that r < s.

Then < bijy, b >=< Ggjp, Begy > I F i 8.
% Bogpy Hjer G Byins Bsie 2y € Bagis Baie =% By B 2 »

Now, |B| = Z < bla(l)m bla(l)u FE b20(2)/.u b2a(2)u - bra(r);u bra(r)u > g bso(s)m bso(s)u >
ogESn

< bna(n)u’ b'no(n)u >

= Z < G1o(1)p Uo(1)y > < Q20(2)p) C20(2)v > 0 < Oso(r)pr Gso(r)y > 70 < Oro(s)us Cro(s)yy >

gESn
w0 < lpg(n)psr Ano(n)y >

1 2 ) 7" e S ) n
Let A = )

1 2 .« .. 8 “ .. T‘ DY n
Then ) is a transposition interchanging r and s.

Let oA = 1, as o runs over the set of all permutations of {1,2,---,n},% does so, because

01\ = 03\ = 01 = 0.
1 &  ussx P ez § aee W T B wes P ses § sex @
Now, ) = oA =
(0‘(1) a(2) --- 0-(7-) O'(S) cr(n)) (1 P wez B ses P wws n)

_(1 2...,«...3...n)
o(1) o2 -+ a(s) - o) - o(n) )
Therefore, ¥ (i) = o(i),i £ r,i# s



P(r) = a(s), P(s) = o(r).

|Bl = Z < A1o(1)ps Ao (1) >< A20(2)us 20 (2)v > < Uso(r)pr Uso(r)v > rve Uro(s)ur Gro(s)y >
gESn

Sl - Upo(n)pr Cno(n)v >

= Z < Q1y(1)pr C1(1)w > A2(2)us Q29(2)v - R Arap(r)ps Crayp(r)v P HE S Asep(s)pr sp(s)v >
YESn

w0 < Opgp(n)py Cngp(n)y == !AI

Property 7 In an IFM A, if a row (or column) be multiplied by a scalar ¢ € (0,1] then |A| is

multiplied by c.

Proof. Let A = [< aiju, aijy >] = [a;;] and B = [< bjju, bij, >] = [bi;] be obtained from A by
multiplying its rth row by a non zero scalar ¢ € (0, 1].

Then by = G, bige = G, 55 P
By, == Qe brj; =3 TN

n n
Sa, |B] = Z H % Gty Clligy > = 6 Z H < Qijuy Qijy > =¢C Z H Gig(s) = c|Al.

0ESy 1=1 oESy 1=1 gESy 1=1
Property 8 If A be a triangular IFM then |A| = [[i=; < @iy, Giip >.

Proof. Suppose A = [< @iy, @iy >]nxn is a triangular IFM. i.e., a;; =< 0,1 > for ¢ < j. Take
a term t of |A]. t =< a1,(1)u Glo(1)y > < C20(2)pr C20(2)y > - -+ < Gna(n)u) no(n)y >
Let o(1) # 1, so that o(1) > 1, so that a’ia’(l)p. = 0 and ay,(1), = 1 and t =< 0,1 >. This
means that each term is < 0,1 >, if 6(1) # 1. Let now o(1) = 1,0(2) # 2, then ¢(2) > 2 and
ag0(2)u = 0, ag05(2)y = 1, and ¢ =< 0,1 > .

This means that each term is < 0,1 > if 0(2) # 2.
In similar way o(3) # 3,0(4) # 4 and so on.
We can see that a;o(;), = 0, ai5(), = 1 for 1 =3,4,...,n.

SO: |A| =< A11p, A1y >< 224y 22y >< 433y, 433y Z e Annpy Gnny > = H?:l < Aiipy Qigy >.
Lemma 1 If A and B be two square IFMs and A < B then adjA < adjB.

Proof. Let C = [¢;;] = adjA,D = [d;;] = adjB. Where ¢;; = E H < Gto(t)u Cto(t)y >

aESninj tEN;

and dij = E H < bta(t);ubta'(t)ll >

UGSnin]- ten;
It is clear that c;; < dy;. Since, a4o(t)u < bio(tyus Gto(t)y 2 Dio(ryy for all ¢ # j,0(t) # o (7).

Therefore, C' < D, i.e., adjA < adjB.
Lemma 2 Let A, B and C be any three IFMs of same order. Then
(i) A< A+ B and
(ii)) if A< C and B<C, A+ B<C.
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Proof. Let A = [aijlmxn, B = [bijlmxn and C = [¢ij]lmxn-

(i) Obviously, a;j, < maz(a,,biju) and a;j, > min(aj,, bijy).
Therefore, a;; < a;; + b;;.

Hence A< A+ B.

(i) If A < C and B < C then

Giju < Cijuy Gijy 2 Cijy and bijy < cijp, bijy 2 cijo.

Therefore, maz(a;jy, biju) < ciju and min(ag;y,, bijy) > cijy
Therefore, a;; + b;; < ¢;;. Hence A+ B < C.

Combining lemmas 1 and 2 we have the following result.

Property 9 For any two square IFMs A and B, adjA + adjB < adj(A+ B).

<4,2> <.1,3> <.5,4>
Example: Let A= | < .6,4> <.7,.2> <.2,.3>
<3,5> <4,4> <.8.2>
1, 8% €3.3% <B4
and B=| <.5,3> <.3,6> <.1,.7> | be two IFMs.
< 6 Ay <48 <B3,1
<. 7,2> €£.2,3>] [<€1,3> <.5,4> <.1,3> <.5,.4> |]
<4,4> <.8,2> <A d> 8,2 < 2y £.5.83>

s dx €235 <.4,2> <.5,4> 2 B £5 4%
<.3,5> <.8.2> < 3,85 £ .82 <.6,4> <.2,3>

Now, adjA =

<6,4> <.7,2> <42 <.1,3> <4,32> <.1,8>
<35> <A4,4>| | <3,5> <4,4>| | <6,4> <.7,2>
< 0.2% 24.3% 2535
=| <6,4> <.4,2> <.5.3>
<A 4> < 44> < 42>

<3,6> <4,5> <.3,6>

and adjB=| < .3,3> <.5,3> <.5,4>

<A4,5> <2,5> <.2,.6>
<7,2>+<3,6> <4,3>4+<4,5> <.5,3>+<.3,6>
Therefore, adjA+adjB= | < 6,4>+<.3,3> <.4,2>+<.5,3> <.5,.3>+<.5,4>
<A d>+< 45> <4 4>+<2,5> <4,2>4+<.2,.6>
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