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1 Introduction

The concept of fuzzy sets was initiated by L. A. Zadeh [8] then it has become a vigorous area of
research in engineering, medical science, graph theory. Rosenfeld [7] gave the idea of fuzzy
subgroup. H. J. Zimmermann [10] gave the idea of fuzzy set theory. The concept of IFS and IVIFS
was introduced by K. T. Atanassov [1,2]. The author W. R. Zhang [9] commenced the concept of
bipolar fuzzy sets as a generalization of fuzzy sets in 1994. K. Chakrabarthy, R. Biwas and
S. Nanda [4] investigated a note on union and intersection of intuitionistic fuzzy sets.
G. Prasannavengeteswari, K. Gunasekaran and S. Nandakumar [5] introduced the definition of
Primary Bipolar Intuitionistic M Fuzzy Group and anti M Fuzzy Group. A. Balasubramanian,
K. L. Muruganantha Prasad, K. Arjunan [3] introduced the definition of Bipolar Interval Valued
Fuzzy Subgroups of a Group. G. Prasannavengeteswari, K. Gunasekaran and S. Nandakumar [6]
introduced the definition of primary interval-valued intuitionistic fuzzy M group and fuzzy anti
M Group. In this study Level Operators over Primary interval-valued Intuitionistic Fuzzy M Group
and Fuzzy anti M Group and some properties of the same are proved.

2 Preliminaries

Definition 1. An interval-valued intuitionistic fuzzy set (IVIFS) A over the set E is an object
of the form A = {{x, M4(x), N4(x))|x € E}, where M,(x) c [0,1] and N,(x) c [0,1] are
intervals and supM,(x) + supN,(x) < 1, for every x € E, Thus we can write IVIFS A as
A = {{x, [infM,(x),supM4(x)], [infN4(x),supN,(x)])|x € E}. For simplicity, we write the
intervals

[infM, (x), supM, (x)] = [uz (x), pz (x)]
and

[infN, (x), supN, ()] = [va (), v (0],

where ik (x),vi(x), us(x),v;(x) are functions from E into [0, 1] and (Vx € E)
(uz () < b (), vy () <vi),ui(x) +vi(x) <1) are called the degree of positive
membership, degree of negative membership, degree of positive non-membership, and the degree
of negative non-membership, respectively. Note that we denote here u; (x) = infM, (x), u} (x) =
supM,(x), v, (x) = infN,(x),vS (x) = supN,(x).

Definition 2. Let G be an M group and A be an interval-valued intuitionistic fuzzy subgroup of
G, then A is called a primary interval-valued intuitionistic fuzzy M group of G. If forall x,y € G
and m € M, then either uf (mxy) < uf(xP) and v} (mxy) = vf(xP), for some p € Z, or else
wh(mxy) < ut(y? and v (mxy) = vf(y?), for some q € Z, and either u; (mxy) = uy (xP)
and v; (mxy) < v, (xP), forsome p € Z, orelse u; (mxy) = u; (y?) and v; (mxy) < vy (y?),
forsome q € Z,.



Example 1.

0.7

pui(x) =406
0.4

0.6

pa(x) =405
0.3

ifx=1
ifx =-1
if x =1,—1i
ifx=1
ifx=-1
if x =10,—1

0.2

vi(x) =:03

0.5
0.1

v, (x) =402

0.5

ifx=1
ifx =-1
if x =1,—1i
ifx=1
ifx =-1
if x =10,—1i

Definition 3. Let G be an M group and A be an interval-valued intuitionistic anti fuzzy
subgroup of G, then A is called a primary interval-valued intuitionistic fuzzy anti M group of G.
If for all x,y € Gand m € M, then either u} (mxy) = u} (xP) and vf (mxy) < v (xP), for some
p € Z, or else pi(mxy) = ut(y9) and v} (mxy) <vi(y?), for some q € Z, and either
Uy (mxy) < pu, (x?) and v, (mxy) = v(xP), for some p € Z, or else pu; (mxy) < u;(y?) and
v, (mxy) = v, (y?), forsomeq € Z,.

Example 2.
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Definition 4. Let A be an IVIFS over a set E, then the level operator ! A and ? A are defined as
1A = {(x, [min {% ,uj(x)},max {% ,vj(x)}] , [max {% ,u;(x)},min {% ,v;(x)}]) |x € E}
74 = {(x, [max {% ,uj(x)},min {% ,vj{(x)}] ) [min {% ,u;(x)},max {% ,v;(x)}]) |x € E}

3 Some operations on primary interval-valued
intuitionistic fuzzy M group and primary interval-valued

intuitionistic fuzzy anti M group

Theorem 1. If A is a primary interval-valued intuitionistic fuzzy M group of G, then !4 is a
primary interval-valued intuitionistic fuzzy M group of G.

Proof. Consider x,y € Aand m € M.

Consider

1

iy, (mxy) = min (2 N (mxy)) = min G , SupM, (mxy))

< min G ,supMA(xp)) = min G L UE (xp))
= i (xP)

Therefore, u,, (mxy) < u/, (xP), forsomep € Z,.



Consider vih (mxy)) = max (% Ve (mxy)) = max G ,SupN, (mxy))

> max G ,supNA(xp)) = max (% ,v,;{(xp)>
= v (xP)

Therefore, vih (mxy) = v (xP), for somep € Z,.

Consider i, (mxy) = max G U (mxy)) = max G ,infMA(mxy))
> max G ,infMA(xp)) = max (% ,,u;(xp))
= i (xP)
Therefore, u;, (mxy) = p;, (xP), forsomep € Z,.
Consider via(mxy)) = min (% ,vg(mxy)) = min G ,ianA(mxy))
< min G , ianA(xp)) = min (% ,v;(xp))
= va(xP)
Therefore, vi, (mxy) < vip(xP), forsomep € Z,.
Therefore, ! A is a primary interval-valued intuitionistic fuzzy M group of G. [

Theorem 2. If A and B are primary interval-valued intuitionistic fuzzy M groups of G, then
I(An B) =!'ANn!Bisaprimary interval-valued intuitionistic fuzzy M group of G.

Proof. Consider x,y € Aand x,y € Band m € M.
Consider ,ufEAnB) (mxy) = min (% N (mxy)) = min G ,min(u) (mxy), up (mxy)))
= min G , min(supM,(mxy), supMg (mxy)))
< min (% ,min(supMy(xP), supMpg (xp)))
= min (5, min(u} Ge?), 15 ()
= min (min (% U (xp)) ,min (% ,,ug(xp)))
= min(up (&P, i (xP))

= anp (X7)
Therefore, ﬂ!JEAnB) (mxy) < u}, . g(xP), forsomep € Z,.

Consider viiynz (mxy) = max (% ,v}nB(mxy)> = max G ,max(v; (mxy), vy (mxy)))

1
ax
2

I
=

, max(supN, (mxy), supNg (may)) )
ax (3, max(supN, (xP), supNy (x7)))

ax (5  max(vi "), vg (7))

= max (max (% VA (xp)) , max (% Ve (xp)>)
= max(vih (xP), vis (xP))

= V!-IAn!B(xp)

\Y
=

I
=



Therefore, vi(4nz) (Mxy) = v p(xP), for somep € Z,.
Consider u;, ) (Mxy) = max (% ,MZnB(mxy)> = max G ,max(uy (mxy), ug (mxy)))
= max G , max(infM, (mxy), infMp (mxy)))
ax G , max(infM, (xP),infMy (xp)))
ymax(uy (x7), up (x”)))
= max (max (l Uz (xp)) max (1 _(xp)>)
2 yMA ) 2 '.uB
= max(pp (xP), wip (xP))

= tianip(XP)
Therefore, Hians) (mxy) = u;, g (xP), forsomep € Z,.

Consider vy4np)(mxy) = min (% ,v;nB(mxy)) = min G ,min(v, (mxy),vg (mxy)))
in (; ,min(inf Ny(mxy), inf Ng (mxy)))

in (5 , min(infN,(x?), inf Ny (x?)) )

in G ,min(v, (xP),vg (xp)))

= min (min (% Vg (xp)> ,min (% Vg (xp)>)

= min(via (P), vip (7))

= Vianis(xP)
Therefore, vy 4np) (Mxy) < viang(x?), forsomep € Z,.
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I
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N

Therefore, !(ANB) =!AN!B is a primary interval-valued intuitionistic fuzzy M group
of G. O

Theorem 3. If A is a primary interval-valued intuitionistic fuzzy M group of G, then ?4 is a
primary interval-valued intuitionistic fuzzy M group of G.

Proof. Consider x,y € Aand m € M.

Consider i, (Mxy) = max (% N (mxy)) = max G , SupM, (mxy))
< max G ,SupMA(xp)) = max (% ,,uj(xp)>
= typ (xP)

Therefore, u;, (mxy) < u;, (xP), forsomep € Z,.

Consider v, (mxy)) = min G VA (mxy)) = min G ,SupN, (mxy))
min G , SUpNy (xp))

= min (% ,v}(xp))

= V?+A(xp)

Therefore, v, (mxy) = v;, (xP), for somep € Z,.

v



|-

(

= mln(

A (mxy)>
inf Ma(mxy) )
> min G ,infMA(xp))
= min (3,13 ()

= upp (xP)
Therefore, u,, (mxy) = u,, (x?), forsomep € Z,.

Consider Uy, (Mxy) = min

NIR N

Consider v;p(mxy)) = max G Vi (mxy))

= max G ,ianA(mxy))
< max G ,ianA(xp))
= max (% ,Va (xp))

= vaa(x?)

Therefore, v;, (mxy) < v;5(xP), for somep € Z,.
Therefore, ? A is a primary interval-valued intuitionistic fuzzy M group of G. [

Theorem 4. If A and B are primary interval-valued intuitionistic fuzzy M groups of G, then
?(ANn B) =?7AN?B is aprimary interval-valued intuitionistic fuzzy M group of G.

Proof. Consider x,y € Aand x,y € Band m € M.

. 1
Consider Hatangy(Mxy) = max (5 , Wing (mxy))

I
=
QO
o

> min(u} (mxy), uf (may)))

I
3
5

—~
NIRr N

min(supMy(mxy), supMy (mxy)))
, min(supM, (xP), supMj (xp)))

3 min(u; G0, s (7))

min (max (2,1} () ), max (2,1t () ))
= min (i, (xP), 1y (xP))

= Uy405(X7)
Therefore, ﬂ;f(AnB) (mxy) < uz,op(xP), forsomep € Z,.

IA
=
)
>

max

Consider Vitang)(Mxy) = min (% ,vj{nB(mxy)>

I
2
=

,max(v; (mxy), vy (mxy)))
,max(supN,(mxy), supNp (mxy)))
,max(supN,(xP), supNg (xp)))

,max(vy (xP),vg (xp)))
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=
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= max (min (% ,v}(xp)) ,min (% ,vg(xp)»
= max (v (xP), vi5 (xP))

= Vians(XP)
Therefore, vy 4np) (MXy) = v 1p(xP), for somep € Z,..

: _ (1 _
Consider Hi(ang) (MXY) = min (5 ,,uAnB(mxy)>

5

 max(uz (mxy), 15 (mxy)))

, max(inf My(mxy), inf My (mxy)) )
,max(inf M, (xP), inf Mg (xp)))
»max(uy (xP), ug (x”)))

= max (min G )My (xp)> , min (% »Up (xp)>)
= max (s, (xP), g (x7))

= Hapnop (")
Therefore, H3(ans) (mxy) = ps, g (xP), forsomep € Z,.

2 B
=

v

I
2 B
= =

AN/ N N AN
NIR NIRNIR N]|R

Consider Votang) (Mxy) = max (% ,v;nB(mxy))

,min(v; (mxy), vz (mxy)))
,min(inf N, (mxy), inf Ng (mxy)) )
,min(inf Ny (x?), inf Ny (x?)) )
 min(v; (x7), v5 (xP)))

= min (max (g i (xp)> e (% . (xp)))

= min (v, (xP), vip(xP))

3
jo5)
=

IA
3
)
>

I
=
job]
o

Il
3
job)
g
AN N AN N

NIRr NP NIR N[

= Voame (XP).
Therefore, vy ,n5) (MxY) < vipnop(xP), for somep € Z,,. Therefore, ?(ANB) =?AN?B is a
primary interval-valued intuitionistic fuzzy M group of G. [

Theorem 5. If A is a primary interval-valued intuitionistic fuzzy M group of G, then 2A=141is
a primary interval-valued intuitionistic fuzzy M group of G.

Proof. Consider x,y € Aand m € M.
Consider pa=(mxy) = vz (mxy)
. 1
= min (E' va (mxy))

= min

(
min (E’ supM, (mxy))
n

1+

=,k (maxy))

1

1

=, SupMa(x”) )

< mi



. (1

= min (5, 1u{ "))

= p (xP)
Therefore, u=(mxy) < uf, (xP), for some p € Z,.
Consider voz(mxy) = pjz(mxy)

1

= max (5’ ug (mxy))

= max G, vy (mxy))

= max G, supN, (mxy))

> max G, supNy (xp))

= max G, vy (xp))

= vja (xP)
Therefore, v2%(mxy) = vii (xP), for some p € Z,..
Consider tiz(mxy) = vz(mxy)

= max G, Vi (mxy))
= max (5, uz (mxy))
= max G, infM, (mxy))
> max G, infMA(xp))
= max G, Ua (xp))
= pa(xP)
Therefore, u——(mxy) = u;, (xP), for some p € Z,
Consider V= (mxy) = p;z(mxy)
= min G, Ua (mxy))
= min G, N (mxy))
3 infNa(mxy) )

= min(
< min G, ianA(xp))
(

. 1 -
= min E,VA(xp))
= Vja(xP)
Therefore, v=(mxy) < v (xP), for some p € Z,. Therefore, 7A=14is a primary interval-
valued intuitionistic fuzzy M group of G. L]

Theorem 6. If A is a primary interval-valued intuitionistic fuzzy M group of G, then ! (?4) =
? (1 A) is a primary interval-valued intuitionistic fuzzy M group of G.
Proof. Consider x,y € Aand m € M.

. . (1
Consider ,u!JE?A) (mxy) = min (E s g (mxy))
. (1 1 4
= min |~ ,max| , s (mxy)

8



Il
3
Nl NP

IA

in(=,max G ,supMA(mxy)))
(

(
min( , max %,SupMA(xp)))

in (% , max (3 ,uj{(xﬂ))
( ,min ,MZ(x”)))
G

= max (= ,M.A(x”))

=

N =

- :u?(!A) (x )
Therefore, ij?A) (mxy) < #;’(!A) (xP), forsomep € Z,.

Consider Vi(oa)(Mxy) = max (1 Vs (mxy))

= max( , min (% VA (mxy)>>
, min G , SUpN, (mxy)))

,min G ,SUpN, (x”)))

= V?+(!A) (xP)
Therefore, vj(,4) (nxy) = vy (xP), for somep € Z,.

Consider gy (Mxy) = max (1 M7 (mxy))
(% , min ( Mg (mxy))>

— max (% , min (%  infM, (mxy)))
G ,min G  infM, (xp)))

= max (% ,m1n< U (xp))>
= min (% ,max( U (xp))>

= min (3, k("))
= Hoaay (XF)
Therefore, Higoa) (mxy) = Ha04) (xP), forsomep € Z,.

9



Consider Viga)(mxy) = mln l ,Vaa (mxy))

N

= <§ ,max (= v;(mm’)))
= min % , max (— lanA(mxy))>
< min %,max (— lanA(xp))>

<%,max =,V xp)>>
=max<— mm =,V (xp)>>

= max( v.A(xp))

= Voaay (xP)
Therefore, v, 4) (Mxy) < vyu4y (xP), for some p € Z,.. Therefore, ! (?4) =? (1 A) is a primary
interval-valued intuitionistic fuzzy M group of G. ]

Theorem 7. If A is a primary interval-valued intuitionistic fuzzy M group of G, then ! (OA) =
(! A) is a primary interval-valued intuitionistic fuzzy M group of G.

Proof. Consider x,y € Aand m € M.

Consider /‘v(uA) (mxy) = min (; ST A (mxy))

= min

A (mxy)>

NI~ N|R

supy )

< min % supMA(xp))

— min (2 ko7

(
— min
(

= U (xP)

= ﬂ;(!A) (xP)
Therefore, i}, ,) (mxy) < u?,, (xP), forsome p € Z,.
Consider Vi(gay (Mxy) = max (;, ;A(mxy)>

= max (%, 1—puy (mxy))

= max G, 1 — supM, (mxy))
> ma XG, 1- supMA(xp))
= max (% 1—puy (xp))

= max (;,VA (xp)>

= Vja(xP)

10



=1—uf (xP)
= 1= pgp(&P)
= V;(!A) (xP)
Therefore, v;(oa) (Mxy) = vigay (x7), for some p € Z,.
: _ 1 _
Consider Moy (mxy) = max (E,,uDA(mxy)>
1 _
= max (E’“A (mxy))
= max G ,infMA(mxy))
> max G ,infMA(xp))
= max (g,ux (x”))
=t (xP)

HoaayXP)

Therefore, Ay (mxy) = (xP), forsomep € Z,.

Hoqm)
Consider Vi(ga) (Mxy) = min (%,vg A(mxy))

=1- :u;(!A)(xp)

= Vgoa) (XP)
Therefore, vipa) (Mxy) < vga) (xP), forsomep € Z,.
Therefore, ! (0A) = o(! A) is a primary interval-valued intuitionistic fuzzy M group of G. [
Theorem 8. If A is a primary interval-valued intuitionistic fuzzy M group, then ? (0A4) = O(? 4)
Is a primary interval-valued intuitionistic fuzzy M group of G.
Proof. Consider x,y € Aand m € M.

Consider ,u_;r(DA) (mxy) = max (1 ,u;A(mxy))

 ime)

max 3
ax !
x(

, SuUpMy (mxy))

m
ma , SupM, (xp))

IA
M=

11



= max G,MX (xp))
= py4(xP)
1 oy (XP)
Therefore, ,u?+(DA) (mxy) < ,u;(?A) (xP), for somep € Z,.

Consider Vina) (Mxy) = min (l v A(mxy))

(21— o)

in G, 1 — supM, (mxy))
(;, 1-— supMA(xp))

= v5a(xP)

=1—u;,(xP)

= 1= p50n ")

= V;(?A) (xP)
Therefore, vy(ay (Mxy) = Vo4 (xP), for somep € Z,.

Consider Hiaa) (mxy) = min (l /,tD_A(mxy))

(1 u;(mxy))
min G ,lnfMA(mxy))
min (3, inf M, ("))
= min (3, 4z (7))

= Hop (xP)

= Hooay(*P)
Therefore, My (mxy) = Hooa (xP), forsomep € Z,.

Consider Vo@a) (Mxy) = max (l v, A(mxy))

1

(211~ 1 ()
max (;, 1- meA(mxy))
max
max 3

:, 1—infMy( xp))
1= (x”)>
= max (E,v; (xp))

= V(e
=1- :u?_A(xp)

ax

12



=1- :u;(?A)(xp)
= Vgea) (*P)
Therefore, v;ga) (Mxy) < vga (xP), for somep € Z,.
Therefore, ? (0A) = 0(? A) is a primary interval-valued intuitionistic fuzzy M group of G. [

Theorem 9. If A is a primary interval-valued intuitionistic fuzzy M group of G, then ! (¢ A) =
0 (1 A) is a primary interval-valued intuitionistic fuzzy M group of G.

Proof. Consider x,y € Aand m € M.

Consider MEOA) (mxy) = min (%,,ugA(mxy)>

; VJA(mXY))
,1—vy (mxy))

,1 —supN, (mxy))
,1— supNA(xp)>

in
dl
— min(
min
-

1
2
1
2
1
2
1
2

= 'u;-(!A) (xP)
Therefore, ”!JEoA) (mxy) < yj;(!A) (xP), for somep € Z,.

. 1
Consider Vifoa) (Mxy) = max (E,VJA(mxy)>
= max (%, Vi (mxy))

max (%, supN, (mxy))

= VJ(!A) (xP),
Therefore, vigya) (Mxy) = vga) (xP), for some p € Z,.

Consider Hicony (mxy) = max( ,uOA(mxy))
= max (E’ 1- VO"A(mxy))

= max (%, 1—v, (mxy))

13



I
=

ax (;, 1- ianA(mxy))
x(;, 1-— ianA(xp))
(%' 1- VX (xp))

= max (5"“1: (xp))

= i (xP)

=1-vj (xP)

=1—-v0a) (XP)

= Hoaay &)
Therefore, Higom) (mxy) = Hyaa (xP), forsomep € Z,.

IV

Consider Via) (Mxy) = min (l Voa (may )>
in (2, v Onxy))
= min G mfNA(mx)’)>
= min G mfNA(xp)>
< min (5, Vi (xp)>
=va(xP)
= Voaay (XP).

Therefore, viyay (Mxy) < vya) (xP), for somep € Z,.
Therefore, ! (0 A) =0 (' A) is a primary interval-valued intuitionistic fuzzy M group of G. [

Theorem 10. If A is a primary interval-valued intuitionistic fuzzy M group of G, then ? (0 A) =
0 (7 A) is a primary interval-valued intuitionistic fuzzy M group of G.

Proof. Consider x,y € Aand m € M.

. 1
Consider :“?+(<>A) (mxy) = max (E,y:;A(mxy))

1
= max (E’ 1-— VJA(mxy))
= max (%, 1—vi (mxy))
= max G, 1 — supN, (mxy))
< max (%, 1- supNA(xp)>
= max (%, — Vi (xp)>
= max (%,,ug (xp)>



= /‘;(?A) (xP)
Therefore, /‘?Jr(oA) (mxy) < yj;(?A)(xp), for somep € Z,.

Consider Vipay (Mxy) = min (%,VJA(mxy)>

= min (%, vy (mxy))

min G, SUpNy (mxy))
> min (%, supNA(xp)>
= min (%,vj{(xp))

= v (xP)

= V;(?A) (xP)
Therefore, vy(,4) (MXY) = vpay (xP), for somep € Z,.

: _ (1 _
Consider Moy (mxy) = min (;,yOA(mxy))

I

2

=
n

2,1 = via(mxy))
1= vi (mxy)
1= infNy(mxy))
1= infN, ()

Il
2
=
IR, NP, N|IRL, N

v
2.
S

Il

)

=
NN NN

= min (%,,u;\ (xp)>

= tpp (XP)

=1-v; (xP)

=1—-vyaa (xP)

= Hoyany (XF)
Therefore, Moy (mxy) = y;(?A)(xp), forsomep € Z,.

N|Rr N

—_
I
<
>
~
=
=
—
SN——

Il

2

=
/-~

Consider Vioa) (Mxy) = max (%,vo_ A(mxy))

= max (%, vy (mxy))
max (%, infN, (mxy))
< max (%, ianA(xp)>
= max (%, Va (xp))
=V (xP)
= Vy(2a) (xP)

Therefore, vyy5) (Mxy) < vy (xP), for somep € Z,.
Therefore, ? (0 A) =0 (? A) is a primary interval-valued intuitionistic fuzzy M group of G. ]

15



Theorem 11. If A is a primary interval-valued intuitionistic fuzzy anti M group of G, then !A is a
primary interval-valued intuitionistic fuzzy anti M group of G.

Proof. Consider x,y € Aand m € M.

Consider fin (Mxy) = min G N (mxy))
= min G , SupM, (mxy))
> min G ,supMA(xp))
= min (% A (xp))

= u}’, (xP)
Therefore, u}, (mxy) = u/, (x?), forsomep € Z,.

Vi (mxy)>
, supN,(mxy))
, SUpN(x"))
viGD)

Consider vip(mxy)) = max

I
3
5

I
=
job]
o

N[lRr NIR N|IR N]|R

= via(xP)

Therefore, vik (mxy) < vih(xP), for somep € Z,.
Consider i, (mxy) = max (% U (mxy))
= max G ,infMA(mxy))
< max (% ,infMA(xp))
= max 3,155

= i (xP)
Therefore, u;, (mxy) < u;, (x?), forsomep € Z,.

Consider vip(mxy)) = min G »Va (mXY)>
= min (% ,ianA(mxy))
> min (3, inf N, (x?))
= min G Vg (xp))

=V (xP)
Therefore, vj, (mxy) = vy (x?), forsomep € Z,.
Therefore, ! A is a primary interval-valued intuitionistic fuzzy anti M group of G. [

Theorem 12. If A and B are primary interval-valued intuitionistic fuzzy anti M group of G, then
I(ANn B) =!'ANn!Bisaprimary interval-valued intuitionistic fuzzy anti M group of G.
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Proof. Consider x,y € Aand x,y € Band m € M.

Consider My angy (Mxy) = min G  Ming (mXY))
= min G ,min(uf (mxy), up (mxy)))
= min G ,min(supM,(mxy), supMpg (mxy)))
> min G ,min(supM,(xP), supMp (xp)))
= min G ,min(uf (xP), up (xp)))

= min (mln( , 1k (xP )) m1n< ,MB(XP)»

= min(u!};(x ).M!B(xp))
= tipnnp (*F)
Therefore, /‘!JEAnB) (mxy) = ), g (xP), for somep € Z,.

Consider Vi(ans) (MXy) = max (% »Vang (mxy))
= max (= , max(v; (mxy), vy (mxy)))
, max(supN, (mxy), supNp (mxy)) )
, max(supNy (xP), supNg (xp)))
,max(vy (xP),vp (xp)))
= max (max (5 Ve (xp)) , max (% 'Vg(xp)))
= max(vi4 (x"), vik (x?))

= Vianp(*P)
Therefore, vi(ynp) (Mxy) < viinp(xP), for somep € Z,.

Il

=i

5]

<
AN/ N/ NN

NIH NIRr NIR N

Consider Higang) (Mxy) = max (1 »Hang (mx}’)>

= max (3 , max(u (mxy), u5 (mxy)))
 max(inf My(mxy), inf Mg (mxy)) )
,max(inf M, (xP), inf My (x”)))
5 max(u (), 1 (<))
= max (max (1, 4z (7)) max (3, 45 7))

= max (s (xP), uip(xP))
= Hiang (X))
Therefore, Hiyans) (mxy) < uj,g(xP), forsomep € Z,.

= max

(
(
= max(
G

I=_ NP N

= max

Consider Vitang)(Mxy) = min (% ,VAnB (mxy))

= min G ,min(v; (mxy), vy (mx)’)))

17



G min(inf Ny (mxy), ianB(mxy)))
>m (; ,min(inf Ny (xP), ianB(xp)))
G min(v;(xp),vg(xp)))
min (min G Vg (xp)) , min (% Vg (xp)>)
= min(v!;(xp),v!g (xp))
= Viani(xP)
Therefore, vy 4np) (Mxy) = vipng(x?), for somep € Z,.
Therefore, ' (AN B) =!AN!B is a primary interval-valued intuitionistic fuzzy anti M group
of G. 0

= min

= min

Theorem 13. If A is a primary interval-valued intuitionistic fuzzy anti M group of G, then ?A is
a primary interval-valued intuitionistic fuzzy anti M group of G.

Proof. Consider x,y € Aand m € M.

—
N |-

Consider iy (Mxy) = max | =, uz (mxy))

suphty ()
,SupM, (x7) )
S (x”))

= o (P)
Therefore, u;, (mxy) = u;, (x?), for somep € Z,.

[ i)

min ( , supN, (mxy) )

min (5 , supN; (x*))
—mln(— v} (xp)>

= v (xP)
Therefore, v;, (mxy) < v;,(xP), for somep € Z,.

ax

N[RN[R

m
m

v

ax

= max

AN N N

Consider V7, (mxy)) = min ;

Consider H;,(mxy) = min (% M (mXJ’)>
= min G ,infM, (mxy))
< min G ,infMA(xp))
= min (3,13 ()

= o (xP)
Therefore, 1, (mxy) < u;,(x?), forsomep € Z,.

18



Consider v;a(mxy)) = max G Vi (mxy))

= max

= max G ,infN, (mxy))
G ,ianA(xp))
= max G Vi (xp)>

= va(xP)
Therefore, v,, (mxy) = v;5(xP), for somep € Z,.
Therefore, ? A is a primary interval-valued intuitionistic fuzzy anti M group of G. []

Theorem 14. If A and B are primary interval-valued intuitionistic fuzzy anti M group of G, then
?(ANB) =?AN?B is aprimary interval-valued intuitionistic fuzzy anti M group of G.

Proof. Consider x,y € Aand x,y € Band m € M.

Consider H3cangy(Mxy) = max (% ,/,t;{nB(mxy)>

3 »minGef (mxy), u (mxy)))

, min(supM, (mxy), supMpg (mxy)))
, min(supM, (xP), supMp (Xp)))

, min(u}f (xP), up (xp)))

= min (max (% ,,u;{(xp)) ,max (% ,Up (xp)>)
= min(uf (xP), uisg (xP))

= U34005(XP)

Therefore, 'u;_(AnB) (mxy) = u3, g (xP), for somep € Z,..

v

Q

<
AN TN N AN
NIRr NIR NP

Consider Vitang) (Mxy) = min (% ,vXnB(mxy)>

2
5

,max(v} (mxy), vi (mxy)))

, max(supN, (mxy), supNg (mxy)) )
,max(supN, (xP), supNg (Xp)))

S max(v} ("), v ("))

= max (min (% ,vj(xp)) , min (% 'v;(xp)))
= max (v, (xP), v (xP))

= Vyane (XP)
Therefore, vy 4np) (Mxy) < Ve (xP), for somep € Z,..

Al

5 2

= =
N/ N /NN
IR, Nk NP N

min

: _ (1 _
Consider Hiycang)(Mxy) = min (E ,uAnB(mxy)>

,max(uy (mxy), uz (mxy)))
= min (E ,max(infMA(mxy),infMB(mXY)))

19



IA

in G ,max(inf My (xP),infMg (xp)))
in G ,max(uy (xP), ug (xp)))
max (min G g (xp)> , min (1 Up (xp)>)

2 )

m
m

= max(u?_A(xp),y?_B(xp))
= Uramp(XP)
Therefore, Haang) (mxy) < pypqp(xP), forsomep € Z,.
Consider Votang) (Mxy) = max (% ,vgnB(mxy)>
= max (= ,min(v; (mxy),vg (mxy)))

, min(infN, (mxy), infNg (mxy)))

v
3
)
>

, min(infN, (x7), infNg (x?)))
,min(v; (xP),vg (xp)))
min (max G Vi (xp)> , max (% , Vg (xp)>)
= min(v?"A(xp),v?"B(xp))
= Vame(%P)
Therefore, vy 4npy (MxY) = Vopnp(x?P), for somep € Z,.
Therefore, ?(ANB) =?AN?B is a primary interval-valued intuitionistic fuzzy anti M group
of G.

Il

=i

o)

>
AN/ NN AN

Il
job}
>
NIRr NIR NIRLRDN

O

Theorem 15. If A is a primary interval-valued intuitionistic fuzzy anti M group of G, then 74 =
I A is a primary interval-valued intuitionistic fuzzy anti M group of G.

Proof. Consider x,y € Aand m € M.
Consider paz(mxy) = vz (mxy)

= min G, va (mxy))
= min (3, uf (mxy))
= min G, supM, (mxy))
> min G, supMA(xp))
= min (5, i 7))
=t (x7)
Therefore, uy=(mxy) > uf, (x?), for some p € Z,..
Consider v%(mxy) = u;“g(mxy)
= max G, u}{ (mxy))
= max G, v (mxy))
= max G, SuUpNy (mxy))

20



< max G, supN, (xp))

= max G, vy (xp))

= Via(xP)
Therefore, v2%(mxy) < v (xP), for some p € Z,..
Consider ,u?ii(mxy) = vz(mxy)

= max (l v (mxy))
= max (5, uz (mxy))
= ( meA(mxy))
max (5, inf My ("))
= max (5, Ua (xp))
= i (xP)
Therefore, y=(mxy) < p;, (xP), for some p € Z,.
Consider Vo= (mxy) = pz(mxy)

= min (5, 15 (mxy))

= min (3,vz (mxy))

= min G, ianA(mxy))
> min G, ianA(xp))
= min (3,v; (x"))

= Vi (xP)
Therefore, v,,A(mxy) > vjp(xP), forsomep € Z,.
Therefore, 7A = 1A isa primary interval-valued intuitionistic fuzzy anti M group of G. [

Theorem 16. If A is a primary interval-valued intuitionistic fuzzy anti M group of G, then
1'(?A) =7 (1 A) is a primary interval-valued intuitionistic fuzzy anti M group of G.
Proof. Consider x,y € Aand m € M.

Consider ,u,(?A)(mxy) = mln( ,,u?A(mxy))

= m1n< ,max|- ,uj(mxy))>
1 1
= min (5 , max (E SUPMA(mXY)))
. (1 1
> min (E , max (5 SUPMA(XP)))
= min (% , max % ,,uj{(xp))>

Il
3
[oF]
<
/-~
/T\/_\

N |-
2
=]

uZ(x”))>
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= max G ,uf,’q(xp))
= t0 (XF)
Therefore, ij?A) (mxy) = #;’(!A) (xP), forsomep € Z,.

Consider Vi(o4)(Mxy) = max (1 Vb (mxy))
= max( m1n X(mxy)))

, m1n supNA (mxy)))

= V?+(!A) (xP)
Therefore, v,(,4) (mxy) < vy, (xP), for somep € Z,.

Consider Ko py (MXY) = max( ,/bA(mxy))

= max | + ,mln( U (mxy)))
, min G ,infMA(mxy)))
,min G ,infMA(xp)))

= max (% ,m1n< U (xp))>
= min (% ,max( U (xp))>

= min (3, u3(x7))

= Hayaa) (XP)
Therefore, Higoa) (mxy) < Ha04) (xP), forsomep € Z,.

Consider Vi2a)(Mxy) = min (% ,Vaa (mxy))

= min <1 , max (1 Vg (mxy))>
,max = ianA(mxy)))

, max - ianA (xp)))

min

IV

(5
min (5
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N |-

= min( ,max (% ,v;(xp))>
= max ( ,mln( vg(x’ﬁ))

= max G ,v!;,(xp))

N |-

= v P
Vouay (XP)

Therefore, vy, 4) (Mxy) = vo4y (xP), for some p € Z,.. Therefore, ! (?4) =? (1 A) is a primary
interval-valued intuitionistic fuzzy anti M group of G. [

Theorem 17. If Ais a primary interval-valued intuitionistic fuzzy anti M group of G, then ! (DA) =
o(! A) is a primary interval-valued intuitionistic fuzzy anti M group of G.

Proof. Consider x,y € Aand m € M.

Consider ,u!“ZDA) (mxy) = min %,,uDA(mxy)>
L)

= min (E , SupM, (mxy))
in (5, supM, (<))

win (. 40)

= pp (xF)

= 14504y (X7)
Therefore, uj,,) (mxy) = u?, ) (xP), for somep € Z,

Consider v.(DA) (mxy) = max( A(mxy))

1
=max|>,1- 758 (mxy))

REVHED)
VA (xp)>

g
G
<m x(; 1-— supMA(xp))
(
G

= V;(!A) (xP)
Therefore, (o) (Mxy) < via (x7), for somep € Z,.

. _ 1 -
Consider Hyaa) (mxy) = max (E'/’LDA (mxy))

-
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= max G ,infMA(mxy))
< max G ,infMA(xp))
— max (140

= i (xP)

Hoaay(XP)

Therefore, 1Ay (mxy) < u=,,(xP), forsomep € Z,

a(lA)

Consider Vi(oa) (mxy) = min (3 v, A(mxy))

1

- o)
21— inf My(mxy))

min
6

n(; — infMy(x?))
min 3

min

1
niz;1- ty ( xp))

= min (5,1/; (xp)>

= Vi (xP)

=1 = p,(xP)

=1 = g (*P)

= vga) (¥P)
Therefore, vipa) (Mxy) = vgaa) (xP), forsomep € Z,.
Therefore, ! (0A) = o(!A) is a primary interval-valued intuitionistic fuzzy anti M group of
G. O

Theorem 18. If A is a primary interval-valued intuitionistic fuzzy anti M group of G, then
?(0A) = o(?A) is a primary interval-valued intuitionistic fuzzy anti M group of G.

Proof. Consider x,y € Aand m € M.
Consider H3aay (Mxy) = max (%,,u;A(mxy))
- 2t
max G , SuUpMy (mxy))
> max G ,supMA(xp))
- s (4 o7)
= U3 (xP)

= ,Lt;(?A) (xp)
Therefore, 3 ) (Mxy) 2 5, (xP), for some p € Z,..

Consider Vi(aay (Mxy) = min (%,VS’A(mxy)>
. 1
= min (5, 1—uy (mxy))
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A E——
< min (;, supMA(xp))
= (; 1—puy (xp))

= min (5,VA (xp)>

= via(xP)

=1—u;,(xP)

= 1= s ")
= VJ(?A) (xP)

Therefore, vygay (Mxy) < vioa) (xP), for somep € Z,.

Consider Haa) (mxy) = min (1 U A(mxy))

min (2.3 m))
min G ,lnfMA(mxy))
min (5 , inf My ("))
~ min (3456

= poa (xP)

= Hooay(*P)
Therefore, My (mxy) < Hoomy (xP), forsomep € Z,.

Consider Vi(ma) (Mxy) = max (l VD_A(mxy))
= max (; 1—u, (mxy))
= max (;, 1- meA(mxy))
> m x(l, 1-— meA(xp))
(; 1—uy (x”))

= max (5, vy (xp)>

= Vaea) (7).
Therefore, v;ga) (Mxy) = vgruy (xP), for somep € Z,. Therefore, ?(0A) =n(?4) is a
primary interval-valued intuitionistic fuzzy anti M group of G. L]

Theorem 19. If A is a primary interval-valued intuitionistic fuzzy anti M group of G, then
(0 A) =0 (1A) is a primary interval-valued intuitionistic fuzzy anti M group of G.
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Proof. Consider x,y € Aand m € M.

Consider 'u!-EOA) (mxy) = min (%,,ugA(mxy)>

I
2
=

1= VJA(mXY))

[SH

(1

= min (%, 1—vi (mxy))

. 1
= min (5, 1 — supNy (mxy))
> min G, 1- supNA(xp)>
= min (%, 1-— ;{(xp)>

. 1
= min (5,/1;; (xp)>
= u/, (xP)
=1-vj(xP)
=1 vg’(!A) (xP)

Therefore, /‘!JEoA) (mxy) = ,u;“(!A) (xP), for somep € Z,.

Consider Vi(oa) (Mxy) = max (%,VJA(mxy))

= max (%, Vi (mxy))

max (%, supN, (mxy))
< max (%, supNA(xp)>
= max (%,vj{(xp))

= Vjp(xP)

= V;(!A) (xP)
Therefore, viiya) (Mxy) < vy (xP), for somep € Z,..

: _ 1 _
Consider Hicony (mxy) = max (E,,uOA(mxy))

max (>, 1 — vo‘A(mxy))
=i o)
,1— ianA(mxy))
,1— ianA(xp))
%, 1—v, (xp))

~ iy (x”))

NIRr NIR NP

IA

=

QO

>
/\/\/\/\/‘\/‘:
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=1—-v (xP)

=1 - vy (xP)

= Hyaa) (xP)
Therefore, ;) (mxy) < ug 5 (xP), forsomep € Z,.
Consider Vi(ya) (Mxy) = min G,vo" A(mxy))

= min G,vg (mxy))

= min (%, ianA(mxy)>

= min (%, ianA(xp))

> min (%,v; (xp))

= via(xP)

= Vya) (xP)

Therefore, vya) (Mxy) = v4(a) (xP), for somep € Z,.
Therefore, ! (0 A) =0 (' A) is a primary interval-valued intuitionistic fuzzy anti M group of G. [

Theorem 20. If A is a primary interval-valued intuitionistic fuzzy anti M group of G, then
?(0 A) =0 (?A) is aprimary interval-valued intuitionistic fuzzy anti M group of G.
Proof. Consider x,y € Aand m € M.

: 1
Consider :“?Jr(OA) (mxy) = max (E,ygA(mxy))

=max(>,1— vg'A(mxy))

(1
= max (%, 1—vi (mxy))
= max G, 1 —supN, (mxy))
> max (%, 1-— supNA(xp)>
= max (%, 1-vy (xp)>

1

= max (E,,uj; (xp)>
= uzp (xP)
=1—vj (xP)

= 1=y (&)
= tyon (XF)
Therefore, 113, 5y (Mxy) = u 5, (xP), for some p € Z,..

Consider Via) (Mxy) = min (%,VJ’A(mxy))
= min (%, Vi (mxy))
= min G, SupNy (mxy))
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< min (%,supNA(xp)>
= min (%,vj{(xp))
= v (xP)

= 1’<;r(?A) (xP).
Therefore, vy(,4) (MXYy) < Vipay (xP), for somep € Z,.

: _ (1 _
Consider Haea) (mxy) = min (E'ﬂoA(me))

I
2
=

2 1= Vo_A(mXY))
1= vi (mxy)
1= infNy(mxy))
1= infN,(e?)
=i ()

= min (%,/1;\ (xp)>

Il
2
=
P NI NIR-

In
2
=

Il

2

=
AAA/:

/N
NIk N

Il
3

in

Therefore, Haony (mxy) < y;(?A)(xp), forsomep € Z,.

Consider Vo00a) (Mxy) = max (% , vo"A(mxy))

max (% VA (mxy))
max (%, inf Ny (mxy))
> max (%, ianA(xp))
= max (%,v; (xp)>
= vy (xP)
= Vy(2a) (xP)
Therefore, v;y4) (Mxy) = vy (xP), forsomep € Z,, .

Therefore, ? (0 A) =0 (?A4) is a primary interval-valued intuitionistic fuzzy anti M group
of G. L]
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4

Conclusion

In this paper the main idea of primary interval-valued intuitionistic fuzzy M group and primary
interval-valued intuitionistic fuzzy anti M group are a new algebraic structures of fuzzy algebra
and it is used through the level operators. We believe that our ideas can also applied for other
algebraic system.
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