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Abstract: We propose a method to construct decomposable measures,
with respect to Archimedean ¢-conorms, on families of measurable intuition-
istic fuzzy sets.

1 Introduction

In the recent paper [2], a method to construct decomposable measures
on measurable intuitionistic fuzzy sets, based on continuous t-conorms, is
given. In this paper we obtain simplified results in the case of Archimedean
and continuous ¢-conorms.

Section 2 contains some preliminaries about intuitionistic fuzzy sets in
general and discrete intuitionistic fuzzy sets.

In Section 3 we recall the definitions of an intuitionistic fuzzy algebra
and of a decomposable measure on crisp sets and intuitionistic fuzzy sets.
Also, some examples are given.

Section 4 contains the main result of the paper, a theorem of construc-
tion of decomposable measures (with respect to Archimedean ¢-conorms) on
intuitionistic fuzzy sets and examples of such measures.

2 Discrete intuitionistic fuzzy sets

Let X # () be a given set. An intuitionistic fuzzy set (see [1]) in X is an
expression A given by A = {<x,p,g(:(:),vg(:1:)> 1x € X}_, where py: X —
[0,1], 5 : X — [0, 1] satisfy the condition 0 < px(x) +vz(z) < 1, for all
z € X.

We denote by IFS(X) the set of all the intuitionistic fuzzy sets in X.

Finite union and intersection, inclusion and complementation are defined
for every A, B € IFS(X) (see [1]):

AUB= {<w,max {,ug(:v),p,g(x)} , min {uz(x),ug(a;)}> 1x € X}



ANB= {<m,min {,uz(:zr),,u,g(x)} , max {I/E(:}?), Vg(.il?)}> 1 X € X}

A C B if and only if pi(z) < pg(z) and vi(z) > vy(z), forallz € X

Ac = {<m, Vg(x),;.bg(m)> 3 2= X} .

Countable union and intersection are defined as above, by replacing max
with sup and man with inf.

For a, 8 € [0,1] ,a+ 8 < 1 and the intuitionistic fuzzy set
A= {<$,ug($), y;(m)> 1T € X} we define the crisp set A%® by

A%P = {x € X :puz(z) =a,vz(z) = ﬁ} .

Let A C X,
) a ifxeA
A=Y 0 ifnd A
v(z) = g ifxeA
AT 1 ifa ¢ A,
where 0 < a + 8 < 1. In this case, the intuitionistic fuzzy set
A= {<x,ug(w),ug(a;)> (T € X} will be denoted by (z,a, ) , . For exam-
ple, 0= (x,0,1)y and X = (x,1,0) 5 .

Definition 1 (/2]) A = {<:1;,;.L;4~(a:),z/z(;v)> A= X} € IFS(X) is called
discrete if the functions py and vy take finite number of values.

Remark 1 (see [2]) Every discrete intuitionistic fuzzy set A can be written

as
n

A" = U <$7 ak;ﬁk)Ao‘k’ﬁk 4

k=1

where <xaai,ﬁi>Aai’ﬁi N <$3 aj"Bj>A°‘j’ﬁj = @7 ZfZ # .]
Definition 2 (/2/) Let Ay, Ay € IFS(X), A, = {{z, 1 (z),01(2)) : x € X},
Ay = {{z,py(w),v2(x)) 1z € X} and ¢ > 0. We say that Ay is an e-
approzimation of Ag if |uy(x) — py(x)| < € and |va(z) —r1(z)| < e, for
every r € X.

We note that (see Remark 4 and Theorem 1 in [2]) if A € IFS(X) is
A—mgasurable then for any € > 0 there exists the discrete intuitionistic fuzzy
set E/ which is an e-approximation of A and it moreover satisfies F/ C A.
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3 Decomposable measures on intuitionistic fuzzy
sets

Let us recall two well-known definitions.

Definition 3 (see e.g. [4], p.126 or [6]). A fuzzy measure over a measurable
space (X, A) is a map m : A — [0, 1] with the following properties:

(5) m(0) = 0;

(i) m(X) = 1;

(131) A C B implies m(A) < m(B).

Definition 4 (see [5/, [9]). A fuzzy measure is said to be x-decomposable if
there exists the composition law x : [0,1] x [0,1] — [0,1] such that

m(AUB) =m(A) *xm(B),VA,Be A, ANB = .

The structure (X, .A, m, *) will be called decomposable space.

With respect to the operations of union, intersection and complemen-
tation introduced in Section 2 in [2] the definitions of algebra and decom-
posable measure on intuitionistic fuzzy sets was adapted in the following
way.

Definition 5 Let X # 0. A family . A of intuitionistic fuzzy sets in X is
called intuitionistic_fuzzy algebra if 0 e A, A € A implies A° € A and
ABeA implies AUB € A and intuitionistic fuzzy o- algebm if 0 e A,

A € A implies A € A and A, € An € N implies \J A, € A. The pair
neN

(X ’ ./1) is called intuitionistic fuzzy measurable space in any case.

Definition 6 A %-decomposable measure over an intuitionistic fuzzy mea-
surable space (X .Z) is a map m : A — [0, 1] with the properties:

0 (5) =0
) m (%) =

(vi1) ACB implies m (Z) < i (f; :
(iv)m(AUB) ( ) ( )JforeveryABeszthAﬂB 0,
* on [0, 1].

Also, we consider the following definition to give some examples of intu-

is a composition law o

itionistic fuzzy algebras.

Definition 7 Let (X,.A) be a measurable space. We say that
A= {<:1:,/,Lg(x),l/g(a:)> 1T € X} € IFS(X) is A-measurable if py and vy

are A-measurable functions.
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Example 1 Let (X,.A) be a measurable space. The family
Ay = {ﬁ e IFS(X): A is A—measumble}

is an intuitionistic fuzzy o-algebra. It is obvious that fe Ay and A € Ay

implies A¢ € Ayy. If Ap € Ay for every n € N then né/N py and né\N vy

are also A-measurable functions, therefore U A, € Ay
neN

Example 2 The family
Ap = {Z € IFS(X); A is discrete}

is an intuitionistic fuzzy algebra, but it is mot an intuitionistic fuzzy o-
algebra. Indeed, § € Ap, if A € Ap, that is py(z) € {a,...,am},vy(z) €

{By, ey B}, then A° € Ap because pz, (x) € {By, s B} v, (@) €
{o1,...,am} and A, B € Ap, piz(z) € {a1,....om},uz () € {a’l, ...,a;},
vz(@) € {Bs, ...,,ep} v (@) € {B),...8,} imply AUB € Ap because
pig {max {az, }z e{1,...,m},j €1, n}}
vi5 (@) € {mm {ﬂi,ﬁj} i€ {l,..,p},j€ {1,...,q}}.
Now, let us consider X = [0,1] and
An={(wp3,@)vz,@));2 € 011},

where

1 . 1 1
ur, @ =vz, @ =3 e | ==,

+1'n
HZ, (m):VZn (x)=0ifz € [O,l]\]n_j_j’%[

and n € N,n > 2. It is obvious thatl A, € ,ZD,Vn € N,n > 2. Because
_J11 T i T e
py g, ([0,1]) = {2, s } we have anJz A ¢ Ap, therefore Ap is not an

n>2
intuitionistic fuzzy o-algebra.

4 Construction of decomposable measures on in-
tuitionistic fuzzy sets

In this section we construct decomposable measures on intuitionistic fuzzy
sets with respect to an Archimedean and continuous t-conorm, starting from
decomposable spaces (X,.A,m, %) .

We recall that a t-conorm L is a binary operation on [0, 1] which is non-
decreasing in each argument, commutative, associative and has 0 as unit
element.
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Theorem 1 (see [7]). Let D = {Ja;, b;[: i € N C N} be a countable family
of open disjoint subintervals of [0,1] and let

F = {fi:]a;,bi] > Rli € NCN} be a family of continuous and strictly
increasing functions with f;y(a;) = 0. The map L defined on [0,1] x [0,1] by

uy:{ S0 (i) + Fi@)s i (2,9) € las,b] % [as, bi]

max (z,y), otherwise

(where fi(_l)(a;) = f7  (min {z, f; (b;)}) is the pseudo-inverse of f;) is a t-

conorm, and conversely, any continuous t-conorm has this form.

Definition 8 (see e.g. [3]) A t conorm L is Amhzmedean if V(z,y) €
10,1[ x ]0,1[,3n € N* such that L x >y, where J_ % =2l Ly

A=

The following theorem of characterization is well-known (e.g. [8] or [10]).

Theorem 2 A binary operation L is a continuous Archimedean t-conorm if
and only if there exists a continuous strictly increasing function ¢ : [0,1] —
[0, 0] (called generator of L) with ¢ (0) = 0 such that

wly =D (¢ (z) + 9 (), Vz,y € [0,1],

where vV is the pseudo-inverse of v, defined as ¥V () = v~ (z) if
z<(1) and vV (x) =1 if z > (1).

Remark 2 ([8]) If ¢y is a generator of L then _;}L_l z; = ) (z“: P (wz)) !

Example 3 The bounded sum @ and the algebraic sum —T—, defined by xHy =

min (x +y,1) andx —T— y = x+y—=xy, are continuous Archimedean t-conorms
having as generators v (x) = x and ¢ (x) = —log (1 — x), respectively.

The family (@A)/\e( 1,00) 0f Sugeno t-conorms is given by x ®ry =
min (x +y + Azxy, 1). The A\-sum @) becomes the bounded sum when A = 0
and the algebraic sum when X — —1. If A € ]—1,0[U]0, 00| each t-conorm
®y is continuous Archimedean and generated by ¢y (x) =logy 5 (1 + Ax).

In the main result of the paper we need the following definition.

Definition 9 (/2]) Let D = {(a,3) € [0,1] x [0,1] : a + 8 < 1}. A function
G : D x [0,1] — [0,1] is called intuitionistic fuzzy structure function if the
following conditions hold:

() G (0,1,2) = 0

{ii) G (1,0,z) = =;

(#it) a < o and B > B imply G (o, B,2) < G (o, B ,x);

(iv) o' <2 implies G (o, 3,2') < G(a, B,2") .
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Example 4 The function G : D x [0,1] — [0,1] defined by G (o, B,2) =0
ifa=0,8=1 and z € [0,1] and G («a, 3,x) = 0, otherwise, is an example
of intuitionistic fuzzy structure function with the property G (o, 3,]0,1]) =
10,1[, ¥ (e, 8) € D\ {(0,1)}.

In [2] the below theorems of construction of decomposable measures on
intuitionistic fuzzy sets was proved.

Theorem 3 Let G be an intuitionistic fuzzy structure function and 1, 1 be
continuous t-conorms represented by the countable families

D = {la;,b;[:i €I}, D= {}Ej,gj[ 1j € J} , respectively, and the families
of additive generators F = {f; : [a;, b)) > R :i €I},

F= {f] - [%,gj] —-R:j€ J}, respectively. We assume that Vi € J,
V(o 8) € D\{(0,1)},3i € I : |s,b5| € G (e, B,)ai, bil) , and (X, A,m, 1)
is a decomposable space. We denote by

M7 = max {G’ (ak,ﬁk,m (Aa’“ﬁk)) ke {1, ,n}} ,

n
where A = U (x, ag, By) gon.85 15 a A-measurable and discrete intuitionistic
k=1
fuzzy set. Let us define m : Ap — [0, 1] in the following way:

-m (Q)) = i
-if M5z € A =[0,1]\ jLeJJ ]@,Ej [, then we take

i () = My (1)
-if My ¢ A then M5 belongs to some }5,5[ C G(a, B,]a,b]) with (o, B) €
{(ala /31) PRLEY) (an,ﬁn)} ,]a,b[ = D, and we take

A(A)=F (TFoa(mbom(), @

where the sum is extended to all the values r for which G (ar, B,,m (A“”ﬂr))

€ }6,5[ and f is the function which determines L in }5,5[. Then m is a

e

L -decomposable measure on the family of all A-measurable and discrete in-
tuitionistic fuzzy sets in X.

Theorem 4 In the conditions of Theorem 3, the function m : . T [0,1]
defined by

m (ﬁ) :ilig sup {ﬁz (E) Ee .ZD is an e-approximalion of ﬁ, EC j} ’

s a I—decomposable measure on the class of all A-measurable intuitionistic
fuzzy sets in X.
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Now, if the continuous f-conorms are Archimedean then we obtain the
following result.

Theorem 5 Let G be an intuitionistic fuzzy structure function and L, 1 be
continuous and Archimedean t-conorms. We assume that for every (o, 8) €
D\{(0,1)},]0,1] € G(e, 5,]0,1]) and (X, A,m, L) is a decomposable space.

Then m : Ay — [0,1] defined by

m (E) ziligg};% {TTLD (E) : E € Ap is an e-approzimation of A}, (3)

where mp : Ap — [0,1] is defined by

7 () =5, (o o (574)). W

n
sz :U <x7ai’/‘6i>Eai’ﬁi 3 <waaiaﬁi>Eaivﬁi N <$aajaﬁj> = @, (7' 7& J)! is
=1

a _T_-decomposable measure on the family of all A-measurable intuitionistic
fuzzy sets in X.

%P

Proof. First, we note that from Remark 2, the formula (4) is in fact

o (B) =37 (L3 (@ (0oom (). @

where 17} is a generator of 1. With the notations in Theorem 3 we have
D=D={01},F={¢},A={0,1}.
Because § = (z,0,1)y ,G (0,1,u) = 0,Vu € [0, 1] we obtain

i (@) = fp (@) =G (0,1,m (X))

Il

0.

n

Let F € -ADa E :1;LJ1 <.’13, ), ﬂi>Eai:ﬁi ) <$7 i, ﬂi>E0i7ﬁim<m7 aj, /3j>Eaj,ﬁj =
0if i # j.

If max {G (ai,ﬁi, m (Eo‘i’ﬁi))} ¢ &, that is max {G (a,-, B;ym (Eai’ﬁi))}
€ 10,1[, taking into account G (ai,,@i,m (Eai’ﬁi)) e [0,1],vi € {1,...,n}
and the null values of G (ai, Biym (Eo‘i’ﬁi)) can be ignored, then the for-
mula (4) (or (5)) is exactly (2) in Theorem 3.

If max {G (ai, B;,m (Eo‘zﬂZ))} € A then the following situations are
possible:

(2) max {G (ai,,@i, m (Ea'i’ﬁi))} =
Then G (ai,ﬁi,m (E%ﬂi)) =0,Yi € {1,...,n}, therefore fp (E) — 0 and
(4) is exactly (1) in Theorem 3.
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