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1 Introduction

Intuitionistic fuzzy set was introduced by Atanassov [5], as a generalization of fuzzy sets presented
by Zadeh in 1965 [17]. Later, many researchers applied the notion of intuitionistic fuzzy sets
to different branches of algebra such as groups, subgroups, rings, subrings and ideals. In this
research we are concerned with intuitionistic anti fuzzy normed subrings and intuitionistic anti
fuzzy normed normal subrings. In [10], intuitionistic anti fuzzy subgroup and intuitionistic anti
fuzzy normal subgroup were defined and some properties were given. Sharma and Bansal [16],
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introduced the concept of intuitionistic anti fuzzy subring and ideal in a ring. Later, Sharma
in [15], defined the concept of intuitionistic anti fuzzy submodule of a module and some of
their properties were presented. Anitha [4], discussed some properties of intuitionistic anti fuzzy
normal subrings and defined direct product of intuitionistic anti fuzzy normal subrings. In [3],
Abed Alhaleem and Ahmad introduced the notion of intuitionistic anti fuzzy normed normal
subrings and defined the algebraic nature of the direct product of intuitionistic anti fuzzy normed
normal subrings. Followed by a study to define intuitionistic anti fuzzy normed ideals in [2].
Recently, shah et al. [14] initiated the idea of intuitionistic fuzzy normal subrings over a non-
associative ring and characterized some related properties. Recently, Kausar [9] explored the
direct product of finite intuitionistic anti fuzzy normal subrings over non-associative rings.

In this paper, we define direct product of finite intuitionistic anti fuzzy normed normal subrings
and we identify the relationship between intuitionistic anti characteristic function and direct
product of finite intuitionistic anti fuzzy normed normal subring. Finally, we specify various
results related to direct product of finite intuitionistic anti fuzzy normed normal subrings and
some fundamental properties will be discussed.

2 Preliminaries

In this section, we outline the most significant definitions and results needed for the following
section.

Definition 2.1 (see [5]). An intuitionistic fuzzy set (briefly, IFS) A in a nonempty set in fixed
universe X is an object having the form IFS A = {〈x, µA(x), νA(x)〉 : x ∈ X}, where the
functions µA(x) : X → [0, 1] and νA(x) : X → [0, 1] denote the degree of membership and
the degree of nonmembership, respectively, where 0 ≤ µA(x) + νA(x) ≤ 1 for all x ∈ X . An
intuitionistic fuzzy set A is written symbolically in the form A = (µA, νA).

Definition 2.2 (see [5]). Let A = {〈x, µA(x), νA(x)〉 : x ∈ X} and B = {〈x, µB(x), νB(x)〉 :

x ∈ X} be two intuitionistic fuzzy sets of X . Hence:

i. A ⊆ B if and only if µA(x) ≤ µB(x) and νA(x) ≥ νB(x) for all x ∈ X .

ii. A = B if and only if µA(x) = µB(x) and νA(x) = νB(x) for all x ∈ X .

iii. A ∩ B = (µA∩B, νA∩B) such that µA∩B(x) = min{µA(x), µB(x)} = µA(x) ∧ µB(x) and
νA∩B(x) = max{νA(x), νB(x)} = νA(x) ∨ νB(x).

iv. A ∪ B = (µA∪B, νA∪B) such that µA∪B(x) = max{µA(x), µB(x)} = µA(x) ∨ µB(x) and
νA∪B(x) = min{νA(x), νB(x)} = µA(x) ∧ µB(x).

v. µcA(x) = 1− µA(x).

vi. νcA(x) = 1− νA(x).

vii. 4A = (µA, µ
c
A).

viii. ♦A = (νcA, νA).
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Definition 2.3 (see [6]). Let A and B be two intuitionistic fuzzy sets of universes X1 and X2,
respectively. The direct product of A and B, is denoted by A×B, and defined as

A×B = {〈(x, y), µA×B(x, y), νA×B(x, y)〉 : for all x ∈ X1 and y ∈ X2},

where µA×B(x, y) = min{µA(x), µB(y)} and νA×B(x, y) = max{νA(x), νB(y)}.

In 1941, Genlfand [7] gave an introduction to the basic theory of Banach algebras and defined
normed rings as follows:

Definition 2.4. A ring R is said to be a normed ring (NR) if it possesses a norm ‖ ‖, that is, a
non-negative real-valued function ‖ ‖ : R→ R so that for any x, y ∈ R,

1. ‖x‖ = 0⇔ x = 0,

2. ‖x+ y‖ ≤ ‖x‖+ ‖y‖,
3. ‖x‖ = ‖ − x‖, (and hence ‖1R‖ = ‖ − 1R‖ = 1 if identity exists), and

4. ‖xy‖ ≤ ‖x‖‖y‖.

Example 2.1 (see [12]). The field of real numbers R is a normed ring with respect to the absolute
value and the field of complex numbers C is a normed ring with respect to the modulus. More
general examples are the ring of real square matrices with the matrix norm and the ring of real
polynomials with a polynomial norm.

The definitions of T-operators have been given by many researchers, originated from the
studies of probabilistic metric spaces by Menger [11] and Schweizer and Sklar [13]. Gupta and
Qi in [8] gave a complete set of definitions to T-operators, which are given below:

Definition 2.5. Let ∗ : [0, 1] × [0, 1] → [0, 1] be a binary operation. Then ∗ is a t-norm if ∗
satisfies the conditions of commutativity, associativity, monotonicity and neutral element 1.
We shortly use t-norm and write x ∗ y instead of ∗(x, y).

Definition 2.6. Let � : [0, 1] × [0, 1] → [0, 1] be a binary operation. Then � is a s-norm if �
satisfies the conditions of commutativity, associativity, monotonicity and neutral element 0.
We shortly use s-norm and write x � y instead of �(x, y).

Definition 2.7 (see [3]). Let ∗ be a continuous t-norm and � be a continuous s-norm. An
intuitionistic fuzzy set A = {〈x, µA(x), νA(x)〉 : x ∈ NR} is said to be an intuitionistic anti
fuzzy normed subring (IAFNSR) of the normed ring (NR,+, .) if it satisfies the following for all
x, y ∈ NR:

i. µA(x− y) ≤ µA(x) � µA(y),

ii. µA(xy) ≤ µA(x) � µA(y),

iii. νA(x− y) ≥ νA(x) ∗ νA(y),

iv. νA(xy) ≥ νA(x) ∗ νA(y).

Definition 2.8 (see [3]). Let NR be a normed ring. An intuitionistic anti fuzzy normed subring
A of NR is said to be an intuitionistic anti fuzzy normed normal subring (IAFNNSR) of NR if:

444



i. µA(xy) = µA(yx),

ii. νA(xy) = νA(yx)

Definition 2.9 (see [3]). Let A and B be two intuitionistic anti fuzzy normed subrings of NR1

and NR2, respectively. The direct product of A and B, is denoted by A×B, and defined as

A×B = {〈(x, y), µA×B(x, y), νA×B(x, y)〉: for all x ∈ NR1 and y ∈ NR2}

where µA×B(x, y) = max{µA(x), µB(y)} and νA×B(x, y) = min{νA(x), νB(y)}.

3 Direct product of finite intuitionistic anti fuzzy
normed normal subrings

In this section, we define the direct product of intuitionistic anti fuzzy subrings A1, A2, . . . , An
of normed rings NR1, NR2, . . . , NRn, respectively, and examine some fundamental properties
of direct product of finite intuitionistic anti fuzzy normed normal subrings over a normed ring
NR = NR1 ×NR2 × · · · ×NRn.

Definition 3.1 ([1]). The direct product NR = ×i ∈ ΩNRi of a family of normed rings
{NRi : i ∈ Ω} has the structure of a normed ring with the operations of addition and multiplication
defined for all x, y ∈ NR as:

x+ y = (x1, x2, x3, . . .) + (y1, y2, y3, . . .) = (x1 + y1, x2 + y2, x3 + y3, . . .)

and
x ◦ y = (x1, x2, x3, . . .) ◦ (y1, y2, y3, . . .) = (x1y1, x2y2, x3y3, . . .)

Definition 3.2. LetA1, A2, . . . , An be intuitionistic anti fuzzy sets of normed ringsNR1, NR2, . . . ,

NRn, respectively. The direct product of intuitionistic anti fuzzy subrings A1, A2, . . . , An is
denoted by A1 × A2 × · · · × An and defined by

A1 × A2 × · · · × An = {〈x, µA1×A2×···×An(x), νA1×A2×···×An(x)〉
: ∀x = (x1, x2, . . . , xn) ∈ NR1 ×NR2 × · · · ×NRn},

where
µA1×A2×···×An(x1, x2, . . . , xn) = max{µA1(x1), µA2(x2), . . . , µAn(xn)}

and
νA1×A2×···×An(x1, x2, . . . , xn) = min{νA1(x1), νA2(x2), . . . , νAn(xn)}

Definition 3.3. An intuitionistic fuzzy set (IFS)

A = A1 × A2 × · · · × An = (µA1×A2×···×An , νA1×A2×···×An)

of a normed ringNR1×NR2×· · ·×NRn is an intuitionistic anti fuzzy normrd subring (IAFNSR)
of NR1 ×NR2 × · · · ×NRn if:
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i. µA1×A2×···×An(x− y) ≤ µA1×A2×···×An(x) � µA1×A2×···×An(y),

ii. µA1×A2×···×An(xy) ≤ µA1×A2×···×An(x) � µA1×A2×···×An(y),

iii. νA1×A2×···×An(x− y) ≥ νA1×A2×···×An(x) ∗ νA1×A2×···×An(y),

iv. νA1×A2×···×An(xy) ≥ νA1×A2×···×An(x) ∗ νA1×A2×···×An(y).

Definition 3.4. An intuitionistic anti fuzzy normed subring

A1 × A2 × · · · × An = (µA1×A2×···×An , νA1×A2×···×An)

of a normed ring NR1×NR2× · · ·×NRn is an intuitionistic anti fuzzy normrd normal subring
(IAFNNSR) of NR1 ×NR2 × · · · ×NRn if:

i. µA1×A2×···×An(xy) = µA1×A2×···×An(yx),

ii. νA1×A2×···×An(xy) = νA1×A2×···×An(yx).

Lemma 3.5. If A1, A2, . . . , An are normed subrings of the normed rings NR1, NR2..., NRn,
respectively, then A1 × A2 × · · · × An is a normed subring of NR1 ×NR2 × · · · ×NRn under
the same operations defined on NR1 ×NR2 × · · · ×NRn.

Proposition 3.6. Let A = A1×A2×· · ·×An andB = B1×B2×· · ·×Bn be intuitionistic fuzzy
subsets of the normed rings NR = NR1×NR2×· · ·×NRn and NR

′
= NR

′
1×NR

′
2×· · ·×NR

′
n

with identities e = (e1, e2, . . . , en) and e
′

= (e
′
1, e

′
2, . . . , e

′
n), respectively. If A × B is an

intuitionistic anti fuzzy normed subring of NR × NR
′
, then at least one of the following must

hold:

i. µA(x) ≥ µB(e
′
) and νA(x) ≤ νB(e

′
), for all z ∈ NR,

ii. µB(y) ≥ µA(e) and νB(y) ≤ νA(e), for all y ∈ NR′ .

Proof. Let A × B be an intuitionistic anti fuzzy normed subring of NR × NR
′ , and let the

statements (i) and (ii) not hold we can find x ∈ NR and y ∈ NR
′ such that µA(x) < µB(e

′
),

νA(x) > νB(e
′
) and µB(y) < µA(e), νB(y) > νA(e). Thus we have

µA×B(xy) = max{µA(x), µB(y)}
< max{µA(e), µB(e

′
)}

= µA×B(e, e
′
)

and
νA×B(xy) = min{νA(x), νB(y)}

> min{νA(e), νB(e
′
)}

= νA×B(e, e
′
).

This implies that A× B is not an intuitionistic anti fuzzy normed subring of NR ×NR′ , which
is a contradiction. Therefore, at least one of the statements must hold.
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Lemma 3.7. LetA = A1×A2×· · ·×An andB = B1×B2×· · ·×Bn be intuitionistic fuzzy subsets
of the normed ringsNR = NR1×NR2×· · ·×NRn andNR

′
= NR

′
1×NR

′
2×· · ·×NR

′
n with

identities e = (e1, e2, . . . , en) and e
′

= (e
′
1, e

′
2, . . . , e

′
n), respectively. If A× B is an intuitionistic

anti fuzzy normed normal subring of NR×NR′ , then the following are true:

i. if µA(x) ≥ µB(e
′
) and νA(x) ≤ νB(e

′
), thenA is an intuitionistic anti fuzzy normed normal

subring of NR.

ii. if µB(y) ≥ µA(e) and νB(y) ≤ νA(e), then B is an intuitionistic anti fuzzy normed normal
subring of NR

′
.

Proof. i. Let µA(x) ≥ µB(e
′
) and νA(x) ≤ νB(e

′
) for all x, q ∈ NR and e′ ∈ NR′ . We have to

show that A is an intuitionistic anti fuzzy normed subring of NR, then:

µA(x− q) = µA(x+ (−q))
= max{µA(x+ (−q)), µB(e

′
+ (−e′))}

= µA×B((x+ (−q)), (e′ + (−e′))
= µA×B((x, e

′
) + (−q,−e′))

= µA×B((x, e
′
)− (q, e

′
))

≤ µA×B(x, e
′
) � µA×B(q, e

′
)

= max{µA(x), µB(e
′
)} �max{µA(q), µB(e

′
)}

= µA(x) � µA(q).

Also,
µA(xq) = max{µA(xq), µB(e

′
e
′
)}

= µA×B(xq, e
′
e
′
)

= µA×B((x, e
′
) ◦ (q, e

′
))

≤ µA×B(x, e
′
) � µA×B(q, e

′
)

= max{µA(x), µB(e
′
)} �max{µA(q), µB(e

′
)}

= µA(x) � µA(q)

and with,
µA(xq) = max{µA(xq), µB(e

′
e
′
)}

= µA×B((xq), e
′
e
′
))

= µA×B((x, e
′
) ◦ (q, e

′
))

= µA×B((q, e
′
) ◦ (x, e

′
))

= µA×B((qx), (e
′
e
′
))

= max{µA(qx), µB(e
′
e
′
)}

= µA(qx).

Similarly, we can prove that νA(x − q) ≥ νA(x) ∗ νA(q), νA(xq) ≥ νA(x) ∗ νA(q) and
νA(xq) = νA(qx) for all x, q ∈ NR. Hence, A is an intuitionistic anti fuzzy normed normal
subring of NR.

ii. The proof is similar to the above.
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Definition 3.8. Let A = A1 × A2 × · · · × An be a non-empty subset of the normed ring
NR = NR1 ×NR2 × · · · ×NRn. The intuitionistic anti characteristic function of A is defined
as λA1×A2×···×An = (µλA1×A2×···×An

, νλA1×A2×···×An
), where:

µλA(x) =

{
0, if x ∈ A
1, if x /∈ A

and νλA(x) =

{
1, if x ∈ A
0, if x /∈ A.

Lemma 3.9. Let A1, A2, . . . , An be normed subrings of the normed rings NR1, NR2, . . . , NRn,

respectively. Then A = A1×A2×· · ·×An is a normed subring of a normed ring NR1×NR2×
· · · ×NRn if and only if the intuitionistic anti characteristic function λA = (µλA , νλA) of A is an
intuitionistic anti fuzzy normed normal subring of a normed ring NR1 ×NR2 × · · · ×NRn.

Proof. Let x = (x1, x2, . . . , xn) and y = (y1, y2, . . . , yn) ∈ NR1 × NR2 × · · · × NRn. If
x, y ∈ A then by definition of the intuitionistic anti characteristic function µλA(x) = 0 = µλA(y)

and νλA(x) = 1 = νλA(y). Since x−y, xy in A, then, µλA(x−y) = 0 = 0�0 = µλA(x)�µλA(y)

and µλA(xy) = 0 = 0 � 0 = µλA(x) � µλA(y). Thus, µλA(x − y) ≤ µλA(x) � µλA(y) and
µλA(xy) ≤ µλA(x)�µλA(y). Now νλA(x−y) = 1 = 1∗1 = νλA(x)∗νλA(y) and νλA(xy) = 1 =

1 ∗ 1 = νλA(x) ∗ νλA(y). Thus, νλA(x − y) ≥ νλA(x) ∗ νλA(y) and νλA(xy) ≥ νλA(x) ∗ νλA(y).
As xy and yx ∈ A, so µλA(xy) = 0 = µλA(yx) and νλA(xy) = 1 = νλA(yx). Accordingly,
µλA(xy) = µλA(yx) and νλA(xy) = νλA(yx). Similarly we have when x, y /∈ A:

µλA(x− y) ≤ µλA(x) � µλA(y) and µλA(xy) ≤ µλA(x) � µλA(y),

νλA(x− y) ≥ νλA(x) ∗ νλA(y) and νλC (xy) ≥ νλA(x) ∗ νλA(y),

µλA(xy) = µλA(yx) and νλA(xy) = νλA(yx).

Hence, the intuitionistic anti characteristic function λA = (µλA , νλA) is an intuitionistic anti
fuzzy normed normal subring of NR.

On the other hand, assume that the intuitionistic anti characteristic function λA = (µλA , νλA)

of A is an intuitionistic anti fuzzy normal normed subring of NR. Let x = (x1, x2, . . . , xn) and
y = (y1, y2, . . . , yn) ∈ NR1 × NR2 × · · · × NRn, this implies that µλA(x) = 0 = µλA(y) and
νλA(x) = 1 = νλA(y), then:

µλA(x− y) ≤ µλA(x) � µλA(y) = 0 � 0 = 0,

µλA(xy) ≤ µλA(x) � µλA(y) = 0 � 0 = 0,

νλA(x− y) ≥ νλA(x) ∗ νλA(y) = 1 ∗ 1 = 1,

νλA(xy) ≥ νλA(x) ∗ νλA(y) = 1 ∗ 1 = 1.

This implies that µλA(x − y) = 0, µλA(xy) = 0 and νλA(x − y) = 1, νλA(xy) = 1. Thus,
x − y and xy ∈ A. Hence A = A1 × A2 × · · · × An is a normed subring of the normed ring
NR1 ×NR2 × · · · ×NRn

Lemma 3.10. Let A = A1×A2×· · ·×An and B = B1×B2×· · ·×Bn be two normed subrings
of the normed ring NR1 × NR2 × · · · × NRn. Then there intersection A ∩ B is also a normed
subring of NR1 ×NR2 × · · · ×NRn.
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Theorem 3.11. Let A = A1×A2×· · ·×An and B = B1×B2×· · ·×Bn be two subrings of the
ring NR1 ×NR2 × · · · ×NRn. Then A ∩B is a normed subring of NR1 ×NR2 × · · · ×NRn

if and only if the intuitionistic anti characteristic function λC = (µλC , νλC ) of C = A ∩ B is an
intuitionistic anti fuzzy normed normal subring of a normed ring NR1 ×NR2 × · · · ×NRn.

Proof. LetC = A∩B be a normed subring ofNR1×NR2×· · ·×NRn. Let x = (x1, x2, . . . , xn)

and y = (y1, y2, . . . , yn) ∈ NR1 × NR2 × · · · × NRn. If x, y ∈ C then by definition of the
intuitionistic anti characteristic function µλC (x) = 0 = µλC (y) and νλC (x) = 1 = νλC (y). Since
x− y and xy ∈ C and C is a subring. It follows that µλC (x− y) = 0 = 0 � 0 = µλC (x) � µλC (y)

and µλC (xy) = 0 = 0 � 0 = µλC (x) � µλC (y). Thus µλC (x − y) ≤ µλC (x) � µλC (y) and
µλC (xy) ≤ µλC (x) � µλC (y). Now νλC (x− y) = 1 = 1 ∗ 1 = νλC (x) ∗ νλC (y) and νλC (x− y) =

0 = 0∗0 = νλC (x)∗νλC (y). Thus νλC (x−y) ≥ νλC (x)∗νλC (y) and νλC (xy) ≥ νλC (x)∗νλC (y).
As xy and yx ∈ C, so µλC (xy) = 0 = µλC (yx) and νλC (xy) = 0 = νλC (yx). This implies that
µλC (xy) = µλC (yx) and νλC (xy) = νλC (yx). Similarly we have if x, y /∈ C,

µλC (x− y) ≤ µλC (x) � µλC (y) and µλC (xy) ≤ µλC (x) � µλC (y),

νλC (x− y) ≥ νλC (x) ∗ νλC (y) and νλC (xy) ≥ νλC (x) ∗ νλC (y),

µλC (xy) = µλC (yx) and νλC (xy) = νλC (yx).

Hence, the intuitionistic anti characteristic function λC = (µλC , νλC ) of C = A ∩ B is an
intuitionistic anti fuzzy normed normal subring of NR1 ×NR2 × · · · ×NRn.

Conversely, assume that the intuitionistic anti characteristic function λC = (µλC , νλC ) of C is
an intuitionistic anti fuzzy normal normed subring of NR. Now we have to show that C = A∩B
is a subring of NR1 × NR2 × · · · × NRn. Let x, y ∈ C, where x = (x1, x2, . . . , xn) and
y = (y1, y2, . . . , yn). By definition µλC (x) = 0 = µλC (y) and νλC (x) = 1 = νλC (y), then:

µλC (x− y) ≤ µλC (x) � µλC (y) = 0 � 0 = 0,

µλC (xy) ≤ µλC (x) � µλC (y) = 0 � 0 = 0,

νλC (x− y) ≥ νλC (x) ∗ νλC (y) = 1 ∗ 1 = 1,

νλC (xy) ≥ νλC (x) ∗ νλC (y) = 1 ∗ 1 = 1.

This implies that µλC (x − y) = 0, µλC (xy) = 0 and νλC (x − y) = 1, νλC (xy) = 1. Thus,
x− y and xy ∈ C. Hence, C is a normed subring of NR1 ×NR2 × · · · ×NRn.

Theorem 3.12. If A = A1 ×A2 × · · · ×An and B = B1 ×B2 × · · · ×Bn are two intuitionistic
anti fuzzy normed normal subrings of the ring NR1×NR2× · · · ×NRn, then their intersection
A∩B is an intuitionistic anti fuzzy normed normal subring of the ringNR1×NR2×· · ·×NRn.

Proof. Let

A = A1 × A2 × · · · × An = {〈x, µA1×A2×···×An(x), νA1×A2×···×An(x)〉
: ∀x = (x1, x2, . . . , xn) ∈ NR1 ×NR2 × · · · ×NRn}

and

B = B1 ×B2 × · · · ×Bn = {〈y, µB1×B2×···×Bn(y), νB1×B2×···×Bn(y)〉
: ∀y = (y1, y2, . . . , yn) ∈ NR1 ×NR2 × · · · ×NRn}
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be two intuitionistic anti fuzzy normed normal subrings of the ring NR1 × NR2 × · · · × NRn.
Let W = A ∩B and

W = {〈w, µW (w), νW (w)〉 : ∀w = (w1, w2, . . . , wn) ∈ NR1 ×NR2 × · · · ×NRn},

where:

µW (w1, w2, . . . , wn) = µA∩B(w1, w2, . . . , wn)

= max{µA(w1, w2, . . . , wn), µB(w1, w2, . . . , wn)}

and

νW (w1, w2, . . . , wn) = νA∩B(w1, w2, . . . , wn)

= min{νA(w1, w2, . . . , wn), νB(w1, w2, . . . , wn)}

Let x = (x1, x2, . . . , xn) and y = (y1, y2, . . . , yn) ∈ NR1 ×NR2 × · · · ×NRn. Then,

µW (x− y) = max{µA(x− y), µB(x− y)}
= µA(x− y) � µB(x− y)

≤ {µA(x) � µA(y)} � {µB(x) � µB(y)}
= µA(x) � {µA(y) � µB(x)} � µB(y)

= µA(x) � {µB(x) � µA(y)} � µB(y)

= {µA(x) � µB(x)} � {µA(y) � µB(y)}
= µA∩B(x) � µA∩B(y)

= µW (x) � µW (y)

and
µW (x ◦ y) = max{µA(x ◦ y), µB(x ◦ y)}

= µA(x ◦ y) � µB(x ◦ y)

≤ {µA(x) � µA(y)} � {µB(x) � µB(y)}
= µA(x) � {µA(y) � µB(x)} � µB(y)

= µA(x) � {µB(x) � µA(y)} � µB(y)

= {µA(x) � µB(x)} � {µA(y) � µB(y)}
= µA∩B(x) � µA∩B(y)

= µW (x) � µW (y).

Thus,

µW ((x1, x2, . . . , xn)− (y1, y2, . . . , yn)) ≤ µW (x1, x2, . . . , xn) � µW (y1, y2, . . . , yn), and

µW ((x1, x2, . . . , xn) ◦ (y1, y2, . . . , yn)) ≤ µW (x1, x2, . . . , xn) � µW (y1, y2, . . . , yn).

Similarly,

νW ((x1, x2, . . . , xn)− (y1, y2, . . . , yn)) ≥ νW (x1, x2, . . . , xn) ∗ νW (y1, y2, . . . , yn), and

νW ((x1, x2, . . . , xn) ◦ (y1, y2, . . . , yn)) ≥ νW (x1, x2, . . . , xn) ∗ νW (y1, y2, . . . , yn).

Therefore, W = (µW , νW ) is an intuitionistic anti fuzzy normed subring of the ring
NR1 ×NR2 × · · · ×NRn. Now,
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µW ((x1, x2, ..., xn) ◦ (y1, y2, ..., yn)) = µA∩B(x1y1, x2y2, . . . , xnyn)

= max{µA(x1y1, x2y2, ..., xnyn), µB(x1y1, x2y2, ..., xnyn)}
= max{µA(y1x1, y2x2, ..., ynxn), µB(y1x1, y2x2, ..., ynzn)}
= µA∩B(y1x1, y2x2, . . . , ynxn)

= µW ((y1, y2, . . . , yn) ◦ (x1, x2, . . . , xn)).

Similarly, νW ((x1, x2, . . . , xn) ◦ (y1, y2, . . . , yn)) = νW ((y1, y2, . . . , yn) ◦ (x1, x2, . . . , xn)).
Hence, W = A ∩ B is an intuitionistic anti fuzzy normed normal subring of the ring

NR1 ×NR2 × · · · ×NRn.

Theorem 3.13. If the IFS A = A1 × A2 × · · · × An is an intuitionistic anti fuzzy normed
normal subring of the ring NR1 × NR2 × · · · × NRn, then 4A = 4A1 × A2 × · · · × An =

(µA1×A2×···×An , µ
c
A1×A2×···×An

) is an intuitionistic anti fuzzy normed normal subring of the ring
NR1 ×NR2 × · · · ×NRn.

Proof. Let x = (x1, x2, . . . , xn) and y = (y1, y2, . . . , yn) ∈ NR1 ×NR2 × · · · ×NRn. Then

µcA1×A2×···×An
((x1, x2, . . . , xn)− (y1, y2, . . . , yn))

= 1− µA1×A2×···×An((x1, x2, . . . , xn)− (y1, y2, . . . , yn))

≥ 1− (µA1×A2×···×An(x1, x2, . . . , xn) � µA1×A2×···×An(y1, y2, . . . , yn))

= 1−max{µA1×A2×···×An(x1, x2, . . . , xn), µA1×A2×···×An(y1, y2, . . . , yn)}
= min{1− µA1×A2×···×An(x1, x2, . . . , xn), 1− µA1×A2×···×An(y1, y2, . . . , yn)}
= min{µcA1×A2×···×An

(x1, x2, . . . , xn), µcA1×A2×···×An
(y1, y2, . . . , yn)}

= µcA1×A2×···×An
(x1, x2, . . . , xn) ∗ µcA1×A2×···×An

(y1, y2, . . . , yn)

and

µcA1×A2×···×An
((x1, x2, . . . , xn) ◦ (y1, y2, . . . , yn))

= 1− µA1×A2×···×An((x1, x2, . . . , xn) ◦ (y1, y2, . . . , yn))

≥ 1− (µA1×A2×···×An(x1, x2, . . . , xn) � µA1×A2×···×An(y1, y2, . . . , yn))

= 1−max{µA1×A2×···×An(x1, x2, . . . , xn), µA1×A2×···×An(y1, y2, . . . , yn)}
= min{1− µA1×A2×···×An(x1, x2, . . . , xn), 1− µA1×A2×···×An(y1, y2, . . . , yn)}
= min{µcA1×A2×···×An

(x1, x2, . . . , xn), µcA1×A2×···×An
(y1, y2, . . . , yn)}

= µcA1×A2×···×An
(x1, x2, . . . , xn) ∗ µcA1×A2×···×An

(y1, y2, . . . , yn).

Thus, 4A1 × A2 × · · · × An = (µA1×A2×···×An , µ
c
A1×A2×···×An

) is an intuitionistic anti fuzzy
normed subring of the ring NR1 ×NR2 × · · · ×NRn.

µcA1×A2×···×An
((x1, x2, ..., xn)◦(y1, y2, ..., yn)) = 1−µA1×A2×···×An((x1, x2, ..., xn)◦(y1, y2, ..., yn))

= 1−µA1×A2×···×An((y1, y2, ..., yn)◦(x1, x2, ..., xn))

= µcA1×A2×···×An
((y1, y2, ..., yn)◦(x1, x2, ..., xn)).

Hence, 4A = 4A1 × A2 × · · · × An = (µA1×A2×···×An , µ
c
A1×A2×···×An

) is an intuitionistic anti
fuzzy normed normal subring of the ring NR1 ×NR2 × · · · ×NRn.
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Theorem 3.14. If the IFS A = A1 × A2 × · · · × An is an intuitionistic anti fuzzy normed
normal subring of the ring NR1 × NR2 × · · · × NRn. Then ♦A = ♦A1 × A2 × · · · × An =

(νcA1×A2×···×An
, νA1×A2×···×An) is an intuitionistic anti fuzzy normed normal subring of the ring

NR1 ×NR2 × · · · ×NRn.

Proof. Similar to the proof of Proposition 3.13.

Corollary 3.15. An IFS A = A1 × A2 × · · · × An is an intuitionistic anti fuzzy normed normal
subring of the ringNR1×NR2×· · ·×NRn if and only if4A = (µA, µ

c
A) (resp.♦A = (νcA, νA))

is an intuitionistic anti fuzzy normed normal subring of the ring NR1 ×NR2 × · · · ×NRn.

Theorem 3.16. An IFS A = A1 × A2 × · · · × An = (µA1×A2×···×An , νA1×A2×···×An) is an
intuitionistic anti fuzzy normed normal subring of the ring NR1×NR2× · · · ×NRn if and only
if the fuzzy subsets µA1×A2×···×An and νcA1×A2×···×An

are intuitionistic anti fuzzy normed normal
subring of the ring NR1 ×NR2 × · · · ×NRn.

Proof. Let A = A1 × A2 × · · · × An = (µA1×A2×···×An , νA1×A2×···×An) be an intuitionistic
anti fuzzy normed normal subring of the ring NR1 × NR2 × · · · × NRn. This implies that
µA1×A2×···×An is an intuitionistic anti fuzzy normed normal subring of NR1×NR2×· · ·×NRn.
We have to show that νcA1×A2×···×An

is also an intuitionistic anti fuzzy normed normal subring of
the ring NR1 ×NR2 × · · · ×NRn. Then

νcA1×A2×···×An
((x1, x2, . . . , xn)− (y1, y2, . . . , yn))

= 1− νA1×A2×···×An((x1, x2, . . . , xn)− (y1, y2, . . . , yn))

≤ 1− (νA1×A2×···×An(x1, x2, . . . , xn) ∗ νA1×A2×···×An(y1, y2, . . . , yn))

= 1−min{νA1×A2×···×An(x1, x2, . . . , xn), νA1×A2×···×An(y1, y2, . . . , yn)}
= max{1− νA1×A2×···×An(x1, x2, . . . , xn), 1− νA1×A2×···×An(y1, y2, . . . , yn)}
= max{νcA1×A2×···×An

(x1, x2, . . . , xn), νcA1×A2×···×An
(y1, y2, . . . , yn)}

= νcA1×A2×···×An
(x1, x2, . . . , xn) � νcA1×A2×···×An

(y1, y2, . . . , yn)

and
νcA1×A2×···×An

((x1, x2, . . . , xn) ◦ (y1, y2, . . . , yn))

= 1− νA1×A2×···×An((x1, x2, . . . , xn) ◦ (y1, y2, . . . , yn))

≤ 1− (νA1×A2×···×An(x1, x2, . . . , xn) ∗ νA1×A2×···×An(y1, y2, . . . , yn))

= 1−min{νA1×A2×···×An(x1, x2, . . . , xn), νA1×A2×···×An(y1, y2, . . . , yn)}
= max{1− νA1×A2×···×An(x1, x2, . . . , xn), 1− νA1×A2×···×An(y1, y2, . . . , yn)}
= max{νcA1×A2×···×An

(x1, x2, . . . , xn), νcA1×A2×···×An
(y1, y2, . . . , yn)}

= νcA1×A2×···×An
(x1, x2, . . . , xn) � νcA1×A2×···×An

(y1, y2, . . . , yn).

Thus, νcA1×A2×···×An
is an intuitionistic anti fuzzy normed subring of NR1 ×NR2 × · · · ×NRn.

Also,

νcA1×A2×···×An
((x1, x2, ..., xn)◦(y1, y2, ..., yn)) = 1−νA1×A2×···×An((x1, x2, ..., xn) ◦ (y1, y2, ..., yn))

= 1−νA1×A2×···×An((y1, y2, ..., yn)◦(x1, x2, ..., xn))

= νcA1×A2×···×An
((y1, y2, ..., yn)◦(x1, x2, ..., xn)).

Hence, νcA1×A2×···×An
is an intuitionistic anti fuzzy normed normal subring of NR1×NR2× · · ·

×NRn.
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Conversely, suppose that µA1×A2×···×An and νcA1×A2×···×An
are intuitionistic anti fuzzy normed

normal subring of the ring NR1×NR2×· · ·×NRn. We have to show that A = (µA1×A2×···×An ,

νA1×A2×···×An) is an intuitionistic anti fuzzy normed normal subring of the ringNR1×NR2×· · ·
×NRn. Now,

1− νA1×A2×···×An((x1, x2, . . . , xn)− (y1, y2, . . . , yn))

= νcA×B((x1, x2, . . . , xn)− (y1, y2, . . . , yn))

≤ νcA1×A2×···×An
(x1, x2, . . . , xn) � νcA1×A2×···×An

(y1, y2, . . . , yn)

= max{νcA1×A2×···×An
(x1, x2, . . . , xn), νcA1×A2×···×An

(y1, y2, . . . , yn)}
= max{1− νA1×A2×···×An(x1, x2, . . . , xn), 1− νA1×A2×···×An(y1, y2, . . . , yn)}
= 1−min{νA1×A2×···×An(x1, x2, . . . , xn), νA1×A2×···×An(y1, y2, . . . , yn)}
= 1− (νA1×A2×···×An(x1, x2, . . . , xn) ∗ νA1×A2×···×An(y1, y2, . . . , yn))

and

1− νA1×A2×···×An((x1, x2, . . . , xn) ◦ (y1, y2, . . . , yn))

= νcA×B((x1, x2, . . . , xn) ◦ (y1, y2, . . . , yn))

≤ νcA1×A2×···×An
(x1, x2, . . . , xn) � νcA1×A2×···×An

(y1, y2, . . . , yn)

= max{νcA1×A2×···×An
(x1, x2, . . . , xn), νcA1×A2×···×An

(y1, y2, . . . , yn)}
= max{1− νA1×A2×···×An(x1, x2, . . . , xn), 1− νA1×A2×···×An(y1, y2, . . . , yn)}
= 1−min{νA1×A2×···×An(x1, x2, . . . , xn), νA1×A2×···×An(y1, y2, . . . , yn)}
= 1− (νA1×A2×···×An(x1, x2, . . . , xn) ∗ νA1×A2×···×An(y1, y2, . . . , yn)).

Hence, A = A1 × A2 × · · · × An = (µA1×A2×···×An , νA1×A2×···×An) is an intuitionistic anti fuzzy
normed subring of the ring NR1 ×NR2 × · · · ×NRn. Also,

1− νA×B((x1, x2, . . . , xn) ◦ (y1, y2, . . . , yn)) = νcA×B((x1, x2, . . . , xn) ◦ (y1, y2, . . . , yn))

= νcA×B((y1, y2, . . . , yn) ◦ (x1, x2, . . . , xn))

= 1− νA×B((y1, y2, . . . , yn) ◦ (x1, x2, . . . , xn)).

Therefore, A = A1 × A2 × · · · × An = (µA1×A2×···×An , νA1×A2×···×An) is an intuitionistic anti
fuzzy normed normal subring of the ring NR1 ×NR2 × · · · ×NRn.

Theorem 3.17. An IFS A = A1 × A2 × · · · × An = (µA1×A2×···×An , νA1×A2×···×An) is an
intuitionistic anti fuzzy normed normal subring of the ring NR1×NR2× · · · ×NRn if and only
if the fuzzy subsets µcA1×A2×···×An

and νA1×A2×···×An are intuitionistic anti fuzzy normed normal
subrings of the ring NR1 ×NR2 × · · · ×NRn.

Proof. Let A = A1 × A2 × · · · × An = (µA1×A2×···×An , νA1×A2×···×An) be an intuitionistic anti
fuzzy normed normal subring of the ringNR1×NR2×· · ·×NRn. This implies that νA1×A2×···×An

is an intuitionistic anti fuzzy normed normal subring of NR1 ×NR2 × · · · ×NRn. We have to
show that µcA1×A2×···×An

is also an intuitionistic anti fuzzy normed normal subring of the ring
NR1 ×NR2 × · · · ×NRn. Now,
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µcA1×A2×···×An
((x1, x2, . . . , xn)− (y1, y2, . . . , yn))

= 1− µA1×A2×···×An((x1, x2, . . . , xn)− (y1, y2, . . . , yn))

≥ 1− (µA1×A2×···×An(x1, x2, . . . , xn) � µA1×A2×···×An(y1, y2, . . . , yn))

= 1−max{µA1×A2×···×An(x1, x2, . . . , xn), µA1×A2×···×An(y1, y2, . . . , yn)}
= min{1− µA1×A2×···×An(x1, x2, . . . , xn), 1− µA1×A2×···×An(y1, y2, . . . , yn)}
= min{µcA1×A2×···×An

(x1, x2, . . . , xn), µcA1×A2×···×An
(y1, y2, . . . , yn)}

= µcA1×A2×···×An
(x1, x2, . . . , xn) ∗ µcA1×A2×···×An

(y1, y2, . . . , yn)

and

µcA1×A2×···×An
((x1, x2, . . . , xn) ◦ (y1, y2, . . . , yn))

= 1− µA1×A2×···×An((x1, x2, . . . , xn) ◦ (y1, y2, . . . , yn))

≥ 1− (µA1×A2×···×An(x1, x2, . . . , xn) � µA1×A2×···×An(y1, y2, . . . , yn))

= 1−max{µA1×A2×···×An(x1, x2, . . . , xn), µA1×A2×···×An(y1, y2, . . . , yn)}
= min{1− µA1×A2×···×An(x1, x2, . . . , xn), 1− µA1×A2×···×An(y1, y2, . . . , yn)}
= min{µcA1×A2×···×An

(x1, x2, . . . , xn), µcA1×A2×···×An
(y1, y2, . . . , yn)}

= µcA1×A2×···×An
(x1, x2, . . . , xn) ∗ µcA1×A2×···×An

(y1, y2, . . . , yn).

Thus, µcA1×A2×···×An
is an intuitionistic anti fuzzy normed subring of NR1 ×NR2 × · · · ×NRn.

Also,

µcA1×A2×···×An
((x1, x2, . . . , xn) ◦ (y1, y2, . . . , yn))

= 1− µA1×A2×···×An((x1, x2, . . . , xn) ◦ (y1, y2, . . . , yn))

= 1− µA1×A2×···×An((y1, y2, . . . , yn) ◦ (x1, x2, . . . , xn))

= µcA1×A2×···×An
((y1, y2, . . . , yn) ◦ (x1, x2, . . . , xn)).

Hence, µcA1×A2×···×An
is an intuitionistic anti fuzzy normed normal subring of NR1 × NR2 ×

· · · ×NRn.
Conversely, suppose that µcA1×A2×···×An

and νA1×A2×···×An are intuitionistic anti fuzzy normed
normal subring of the ring NR1×NR2×· · ·×NRn. We have to show that A = (µA1×A2×···×An ,

νA1×A2×···×An) is an intuitionistic anti fuzzy normed normal subring of the ring NR1 × NR2 ×
· · · ×NRn. Then,

1− µA1×A2×···×An((x1, x2, . . . , xn)− (y1, y2, . . . , yn))

= µcA×B((x1, x2, . . . , xn)− (y1, y2, . . . , yn))

≥ µcA1×A2×···×An
(x1, x2, . . . , xn) ∗ µcA1×A2×···×An

(y1, y2, . . . , yn)

= min{µcA1×A2×···×An
(x1, x2, . . . , xn), µcA1×A2×···×An

(y1, y2, . . . , yn)}
= min{1− µA1×A2×···×An(x1, x2, . . . , xn), 1− µA1×A2×···×An(y1, y2, . . . , yn)}
= 1−max{µA1×A2×···×An(x1, x2, . . . , xn), µA1×A2×···×An(y1, y2, . . . , yn)}
= 1− (µA1×A2×···×An(x1, x2, . . . , xn) � µA1×A2×···×An(y1, y2, . . . , yn))

and
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1− µA1×A2×···×An((x1, x2, . . . , xn) ◦ (y1, y2, . . . , yn))

= µcA×B((x1, x2, . . . , xn) ◦ (y1, y2, . . . , yn))

≥ µcA1×A2×···×An
(x1, x2, . . . , xn) ∗ µcA1×A2×···×An

(y1, y2, . . . , yn)

= min{µcA1×A2×···×An
(x1, x2, . . . , xn), µcA1×A2×···×An

(y1, y2, . . . , yn)}
= min{1− µA1×A2×···×An(x1, x2, . . . , xn), 1− µA1×A2×···×An(y1, y2, . . . , yn)}
= 1−max{µA1×A2×···×An(x1, x2, . . . , xn), µA1×A2×···×An(y1, y2, . . . , yn)}
= 1− (µA1×A2×···×An(x1, x2, . . . , xn) � µA1×A2×···×An(y1, y2, . . . , yn)).

Hence, A = A1 × A2 × · · · × An = (µA1×A2×···×An , νA1×A2×···×An) is an intuitionistic anti fuzzy
normed subring of the ring NR1 ×NR2 × · · · ×NRn. Also,

1− µA×B((x1, x2, . . . , xn) ◦ (y1, y2, . . . , yn)) = µcA×B((x1, x2, . . . , xn) ◦ (y1, y2, . . . , yn))

= µcA×B((y1, y2, . . . , yn) ◦ (x1, x2, . . . , xn))

= 1− µA×B((y1, y2, . . . , yn) ◦ (x1, x2, . . . , xn)).

Therefore, A = A1 × A2 × · · · × An = (µA1×A2×···×An , νA1×A2×···×An) is an intuitionistic anti
fuzzy normed normal subring of the ring NR1 ×NR2 × · · · ×NRn.

4 Conclusion

In this paper, we defined the nature of the direct product of finite intuitionistic anti fuzzy normed
normal subrings. We extended direct product of intuitionistic anti fuzzy normed normal subrings
to finite intuitionistic anti fuzzy normed normal subrings. Also, we established the relation
between intuitionistic anti characteristic function and direct product of finite intuitionistic anti
fuzzy normed normal subrings and derived some related properties.
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