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1 Introduction

Intuitionistic fuzzy set was introduced by Atanassov [5], as a generalization of fuzzy sets presented
by Zadeh in 1965 [17]. Later, many researchers applied the notion of intuitionistic fuzzy sets
to different branches of algebra such as groups, subgroups, rings, subrings and ideals. In this
research we are concerned with intuitionistic anti fuzzy normed subrings and intuitionistic anti
fuzzy normed normal subrings. In [10], intuitionistic anti fuzzy subgroup and intuitionistic anti
fuzzy normal subgroup were defined and some properties were given. Sharma and Bansal [16],
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introduced the concept of intuitionistic anti fuzzy subring and ideal in a ring. Later, Sharma
in [15], defined the concept of intuitionistic anti fuzzy submodule of a module and some of
their properties were presented. Anitha [4], discussed some properties of intuitionistic anti fuzzy
normal subrings and defined direct product of intuitionistic anti fuzzy normal subrings. In [3],
Abed Alhaleem and Ahmad introduced the notion of intuitionistic anti fuzzy normed normal
subrings and defined the algebraic nature of the direct product of intuitionistic anti fuzzy normed
normal subrings. Followed by a study to define intuitionistic anti fuzzy normed ideals in [2].
Recently, shah et al. [14] initiated the idea of intuitionistic fuzzy normal subrings over a non-
associative ring and characterized some related properties. Recently, Kausar [9] explored the
direct product of finite intuitionistic anti fuzzy normal subrings over non-associative rings.

In this paper, we define direct product of finite intuitionistic anti fuzzy normed normal subrings
and we identify the relationship between intuitionistic anti characteristic function and direct
product of finite intuitionistic anti fuzzy normed normal subring. Finally, we specify various
results related to direct product of finite intuitionistic anti fuzzy normed normal subrings and
some fundamental properties will be discussed.

2 Preliminaries

In this section, we outline the most significant definitions and results needed for the following
section.

Definition 2.1 (see [5]). An intuitionistic fuzzy set (briefly, IFS) A in a nonempty set in fixed
universe X is an object having the form IFS A = {{(z,uas(x),va(x)) : © € X}, where the
functions ps(xz) : X — [0,1] and va(x) : X — [0, 1] denote the degree of membership and
the degree of nonmembership, respectively, where 0 < pa(x) + va(x) < 1forall x € X. An
intuitionistic fuzzy set A is written symbolically in the form A = (jia,V4).

Definition 2.2 (see [5]). Let A = {{(z,pa(x),va(z)) : © € X} and B = {{(z, pp(z),vp(z)) :
x € X} be two intuitionistic fuzzy sets of X. Hence:

i. AC Bifandonly if pa(x) < pp(z) and vy(x) > vg(x) forall x € X.

ii. A= Bifandonlyifus(x) = ug(zr)andva(z) = vp(x) forall x € X.

iii. AN B = (uanp,Vanp) such that paqp(xr) = min{pa(x), up(x)} = pa(z) A pp(x) and
vang(z) = max{va(z),vp(x)} = va(z) V vp(z).

)
v. AU B = (paup, Vaup) such that paop(x) = max{pa(x), up(r)} = pa(z) V up(x) and
vaug(r) = min{va(x), ve(2)} = pa(z) A pp(z).

v (@) = 1— pale).
vi. v5(z) =1—rva(z).
vit. ANA = (pa, p$).

viii. QA = (v, Va).
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Definition 2.3 (see [6]). Let A and B be two intuitionistic fuzzy sets of universes X1 and X,
respectively. The direct product of A and B, is denoted by A x B, and defined as

Ax B ={{(z,y), pax(x,y),vaxp(z,y)) :forallx € X1 andy € X},

where liaxp(z,y) = min{pa(z), pp(y)} and vaxp(z,y) = max{va(x),ve(y)}.

In 1941, Genlfand [7] gave an introduction to the basic theory of Banach algebras and defined
normed rings as follows:

Definition 2.4. A ring R is said to be a normed ring (NR) if i

non-negative real-valued function || || : R — R so that for any z,y € R,
I ||z]| =0 2 =0,
2.
3. if identity exists), and
4. Nlzyll < ll=lllyll

Example 2.1 (see [12]). The field of real numbers R is a normed ring with respect to the absolute
value and the field of complex numbers C is a normed ring with respect to the modulus. More
general examples are the ring of real square matrices with the matrix norm and the ring of real

polynomials with a polynomial norm.

The definitions of T-operators have been given by many researchers, originated from the
studies of probabilistic metric spaces by Menger [11] and Schweizer and Sklar [13]. Gupta and
Qi in [8] gave a complete set of definitions to T-operators, which are given below:

Definition 2.5. Letr x : [0,1] x [0,1] — [0, 1] be a binary operation. Then x is a t-norm if *
satisfies the conditions of commutativity, associativity, monotonicity and neutral element 1.

We shortly use t-norm and write x * y instead of *(x, y).

Definition 2.6. Ler ¢ : [0,1] x [0,1] — [0, 1] be a binary operation. Then ¢ is a s-norm if ©
satisfies the conditions of commutativity, associativity, monotonicity and neutral element 0.

We shortly use s-norm and write x ¢ y instead of o(x, y).

Definition 2.7 (see [3]). Let x be a continuous t-norm and ¢ be a continuous s-norm. An
intuitionistic fuzzy set A = {(x,ua(x),va(x)) : * € NR} is said to be an intuitionistic anti
fuzzy normed subring (IAFNSR) of the normed ring (N R, +, .) if it satisfies the following for all
x,y € NR:

i pa(r —y) < pa

ii. pra(ry) < palx) o pa(y),

iii. va(x —y) > va(z) xva(y),
a(zy) > va(w) * va(y).

(z) o pa(y),

w. v

Definition 2.8 (see [3]). Let N R be a normed ring. An intuitionistic anti fuzzy normed subring

A of NR is said to be an intuitionistic anti fuzzy normed normal subring (IAFNNSR) of NR if:
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i. pa(ry) = palyz),

ii. va(zy) =va(yx)

Definition 2.9 (see [3]). Let A and B be two intuitionistic anti fuzzy normed subrings of N R,
and N Ry, respectively. The direct product of A and B, is denoted by A x B, and defined as

A X B ={{(x,y), paxp(x,y),vaxp(z,y)): forallx € NRyandy € NRy}

where piaxp(x,y) = max{pa(z), up(y)} and vaxp(x,y) = min{va(x),ve(y)}.

3 Direct product of finite intuitionistic anti fuzzy

normed normal subrings

In this section, we define the direct product of intuitionistic anti fuzzy subrings A, A, ..., A,
of normed rings NR;, NR,, ..., NR,, respectively, and examine some fundamental properties
of direct product of finite intuitionistic anti fuzzy normed normal subrings over a normed ring
NR=NR; X NRy X --- X NR,,.

Definition 3.1 ([1]). The direct product NR = X;c oNR; of a family of normed rings
{NR; : i € Q} has the structure of a normed ring with the operations of addition and multiplication
defined for all x,y € NR as:

Jf‘i‘y: <$17x2)x37°")+(y17y27y37"°) - (171+yl7172+y27$3+y3,-~)

and

roy = ($1,$2,$37 .- ) © (y17y27y3a .. ) = (%yhxzyz,xsys, .. )

Definition 3.2. Let Ay, Ao, . .., A, be intuitionistic anti fuzzy sets of normed rings NRy, NRs, . . .,

NR,, respectively. The direct product of intuitionistic anti fuzzy subrings Ay, As, ..., A, is
denoted by Ay x Ay X --- x A, and defined by

Ay x Ay x - x A, = {<:C7/1’A1><A2><---><An(‘r)7VA1><A2><---><An<x)>
Vo = (x1,29,...,2,) € NRy X NRy X -+ X NR,,},

where

KAy x Agx-x Ay, (‘1'17 T, ... 7$n) = maX{:ux‘h (x1>7 A, (xQ)a s 7,uAn(xﬂ)}

and

VA x Apxcxc A, (T1, T2y ooy ) = min{vg, (1), va,(22), ..., va, (20)}
Definition 3.3. An intuitionistic fuzzy set (IFS)
A=A x Ay x---x A, = (NA1><A2><~~~><A,,L7 VA1><A2><~~-><An)

of anormed ring N Ry X N Ry X - - - X N R,, is an intuitionistic anti fuzzy normrd subring (IAFNSR)
of NRi Xx NRy X --- X NR, if:
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I HAyx Ay x An (T = Y) S HAyx Ay x Ay (T) © fLay Ay xx A, (Y),
fi. Ay s Ag o x A (TY) < AL x Ag o Ay (T) © HAy  Apxeox A (Y)s

T —Y) > VA xAgxxA, (T) * Vayxayxxa, (Y),

<

Hl. VA;ixAyx-XAn

V. VA xAgscx A (TY) = VA s Agxxca, (T) % Vayx Ayscxa, (Y)-

Definition 3.4. An intuitionistic anti fuzzy normed subring

Al X A2 X X An = (NA1><A2><~--><An7VA1><A2><---><An)

of anormed ring NR; X NRy X --- x N R, is an intuitionistic anti fuzzy normrd normal subring
(IAFNNSR) of NRy x NRy x --- X NR,, if:

L. MAle2X-~-XAn<xy) = /’LAIXAQX"'XAn(y'T>’
fi. VAyxAgxxAn (TY) = VayxAyxx A, (YT).
Lemma 3.5. If Ay, As, ..., A, are normed subrings of the normed rings NRy, NR,..., NR,,

respectively, then Ay X Ay X -+ X A, is a normed subring of NRy X NRy X - -+ X NR,, under
the same operations defined on NRy X NRy X -+ X NR,,.

Proposition 3.6. Let A = Ay x Ay x---x A, and B = By X By X - - - X B,, be intuitionistic fuzzy
subsets of the normed rings NR = NR; x NRy x---x NR, and NR = NR} x NR, x---x NR,,
with identities e = (e1,eq,...,e,) and ¢ = (e}, ey,...,¢,), respectively. If A x B is an

’rn

intuitionistic anti fuzzy normed subring of NR x NR', then at least one of the following must
hold:

i. pa(z) > pp(e) and va(z) < vp(e), forall z € NR,
pa(e) and vg(y) < vale), forally € NR'.

Proof. Let A x B be an intuitionistic anti fuzzy normed subring of NR x NR', and let the
statements (i) and (ii) not hold we can find #+ € NR and y € NR' such that ps(z) < pg(e),
va(z) > vp(e) and pp(y) < pale), va(y) > va(e). Thus we have
paxp(xy) = max{pa(), ps(y)}
< max{pa(e), up(e)}

= NAXB<€7 6/)

and
Vaxp(zy) = min{va(z),vp(y)}

> min{va(e),vp(e)}

= VAXB(6,6/>.

This implies that A x B is not an intuitionistic anti fuzzy normed subring of NR x NR', which
is a contradiction. Therefore, at least one of the statements must hold. L]
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Lemma3.7. Let A = A1 x Ay X+ --xX A, and B = By X By X+ - - X By, be intuitionistic fuzzy subsets
of the normed rings NR = NRy x NRyx---x NR,and NR' = NR; x NR, x - --x NR,, with

. .. / / / / . . . . . . .
identities e = (e1, €9, ...,6,) and e = (e, €y,...,€,), respectively. If A X B is an intuitionistic

anti fuzzy normed normal subring of NR x NR', then the following are true:

i. ifua(z) > pp(e) andva(x) < vp(e), then Ais an intuitionistic anti fuzzy normed normal
subring of N R.

ii. if up(y) > pale) and vp(y) < va(e), then B is an intuitionistic anti fuzzy normed normal
subring of NR'.

Proof. i. Let ps(z) > pup(e) and vy(x) < vg(e') forallz,qg € NRand e € NR'. We have to
show that A is an intuitionistic anti fuzzy normed subring of N R, then:
pa(z —q) = pa(z + (=q))

= max{pa(z + (—q)), ps(e + (—¢))}

= taxs((z + (=q)), (€ + (=€)

= paxs((z,€) + (=g, —¢))

= paxp((z, 6/) — (4, 6/))

< paxs(,€) o paxn(g,e)

= max{pa(z), pp(e)} o max{palq), up(e

= pa(r) o pa(q).

!

)}

Also,
pa(zq) = max{pa(zq), pp(e'e)}

= ,quB(ﬂ], 6,6,)

= praxn((z, €l) ° (¢, 6/))

< piaxp(z,€) o paxnp(g,e)

= max{pa(z), up(e)} o max{pa(q), us(e
= pa(z) o palq)

!

)}

and with,
pa(zq) = max{pa(zq), up(e'e)}
= quB((17Q)7€,€/))
= paxp((z, 6/) o (q,e
= paxs((q, 6,) o(x,e
= paxn((qz), (€'e))
= max{pa(qz), pp(e'e)}

= pa(qe).

/

)
)

/

Similarly, we can prove that va(z — q) > va(z) * va(q), va(zq) > wva(x) x va(q) and
va(xq) = va(qe) for all z,q € NR. Hence, A is an intuitionistic anti fuzzy normed normal
subring of N R.

i1. The proof is similar to the above. [

447



Definition 3.8. Let A = A; x Ay X --- X A, be a non-empty subset of the normed ring
NR = NR; X NRy X --- X NR,. The intuitionistic anti characteristic function of A is defined

as AAyx Agx X Ay = (uAAleQX_,,XAn, V)\A1><A2><---><An>’ where:

(z) = 0, if z€A J (z) = 1, if z€A
Haal) = L, if z¢A e T = 0, if =¢A.

Lemma 3.9. Let A, A, ..., A, be normed subrings of the normed rings NR{, NR>, ..., NR,,
respectively. Then A = Ay X As X - -+ X A,, is a normed subring of a normed ring N Ry X N Ry X
.-+ X NR, if and only if the intuitionistic anti characteristic function Ay = (u,,vx,) of Ais an
intuitionistic anti fuzzy normed normal subring of a normed ring NR; X NRy X -+ X NR,,.

Proof. Let x = (x1,22,...,2,) and y = (y1,Y2,...,Yn) € NRy X NRy x --- X NR,,. If
x,y € A then by definition of the intuitionistic anti characteristic function u, ,(z) = 0 = ux, (y)
and vy, (x) =1 =w,,(y). Since x —y, zy in A, then, p ,(x —y) =0 =000 = py, (z) o pr, (y)
and iy, (zy) = 0 = 000 = px, () © pr,(y). Thus, py,(z —y) < pa, (@) © pa,(y) and
fiaa(@y) < oy (@) 0 pay (y). Now vy, (x—y) =1 =11 = vy, () *va, (y) and 1y, (zy) = 1 =
1x1=uwy,(x)*vy,(y). Thus, vy, (z —y) > v, (z) xva,(y) and vy, (xy) > va, () * va, (Y).
As zy and yx € A, so uy,(zy) = 0 = uy,(yz) and vy, (xy) = 1 = vy, (yx). Accordingly,
i, (zy) = pr, (yx) and vy, (zy) = vy, (yz). Similarly we have when z,y ¢ A:

paa (@ —y) < iy (@) o puny (y)  and oy, (2y) < sy () © pany (1),
(@ —y) > va,(x) xva,(y)  and  ua(zy) > va, (@) * v, (1),
taa (2y) = s (y) and vaa(zy) = va, (y).

Hence, the intuitionistic anti characteristic function Ay = (p,, v ,) is an intuitionistic anti
fuzzy normed normal subring of N R.

On the other hand, assume that the intuitionistic anti characteristic function Ay = (ux,, Vx,)
of A is an intuitionistic anti fuzzy normal normed subring of NR. Let x = (z1,29,...,x,) and
Y= (Y1,Y2,---,Yn) € NRy X NRy x --- x NR,, this implies that u, ,(z) = 0 = p,,(y) and
vy, () =1=w,,(y), then:

(@ —y) <y (x)opn,(y) =000=0,
taa(zy) <o, (@) o pa,(y) =000=0,
va@—y) Zuvn(@)xm,(y) =1x1=1,
a(ry) > () xu,(y) =1x1=1

This implies that uy,(z —y) = 0, py,(xy) = 0 and vy, (x — y) = 1, va,(zy) = 1. Thus,
x—yand zy € A. Hence A = Ay x Ay x --- x A, is a normed subring of the normed ring
NRi x NRy x--- X NR, [l

Lemma 3.10. Let A = Ay x Ay X--- X A, and B = By X By X - - - X By, be two normed subrings
of the normed ring NRy X NRy X --- X NR,. Then there intersection A N B is also a normed
subring of NR;y Xx NRy X -+ X NR,,.
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Theorem 3.11. Let A = Ay X Ay X -+ X A, and B = By X By X - - - X B,, be two subrings of the
ring NRy X NRy X -+ X NR,,. Then AN B is a normed subring of NRy x NRy x --- X NR,
if and only if the intuitionistic anti characteristic function A\ = (fir.,Va.) of C = AN B is an
intuitionistic anti fuzzy normed normal subring of a normed ring NRy X NRy X --- X NR,,.

Proof. Let C' = AN B be anormed subring of NRy X NRyX -+ X NR,. Letx = (1, z9,...,2,)
and y = (Y1,Y2,.--,Yn) € NRy X NRy X --- x NR,,. If x,y € C then by definition of the
intuitionistic anti characteristic function p . (z) = 0 = uy.(y) and vy, (z) = 1 = v, (y). Since
x —yand zy € C and C is a subring. It follows that y, . (x —y) =0 =000 = px.(x) ¢ pr. (y)
and pyo(zy) = 0 = 000 = () o prc(y). Thus pn(z —y) < pag (@) © pag(y) and
fire (@Y) < pin (2) © pag (). Now vy (z —y) = 1 = 1% 1 = v (x) % va.(y) and vy (z — y) =
0=0%0= vy, (x)*vr.(y). Thus vy (z—y) > va.(2)*v),(y) and vy, (zy) > vao(2) *va (Y).
As zy and yx € C, s0 py.(zy) = 0 = pn,(yz) and v, (xy) = 0 = v, (yx). This implies that
)-

tae (2y) = pia (yz) and vy (zy) = v, (yx). Similarly we have if x,y ¢ C,

tac (T —y) < g (T) o piac(y)  and iy (2y) < pag () © pine (),
V)\c(x_y) > V)\c( )*ch(y) and V/\(,'(:Uy) > V)\c(x)*y)\c(y)’
e (2Y) = pae (yz) and Une (7)) = vaa (y2).

Hence, the intuitionistic anti characteristic function A\ = (pr.,V5.) of C = AN B is an
intuitionistic anti fuzzy normed normal subring of NR; X NRy X -+ X NR,,.

Conversely, assume that the intuitionistic anti characteristic function A\c = (., V) of C'is
an intuitionistic anti fuzzy normal normed subring of N R. Now we have to show that C' = AN B
is a subring of NR;y x NRy X --- x NR,. Let z,y € C, where x = (z1,29,...,2,) and

Yy = (Y1,Y2;- - ., Yn). By definition p,.(x) = 0 = p,.(y) and vy, (z) = 1 = v (y), then:
(@ —y) < () o pn(y) =000=0,
o (2y) < piae () 0 pac(y) =000 =0,
(@ —y) Z (@) *n(y) =1+1=1,
Uelzy) 2 ua(@)xm (y) =1x1=

This implies that p.(z —y) = 0, g (xy) = 0 and v (x — y) = 1, vz, (zy) = 1. Thus,
x —yand xy € C. Hence, C is a normed subring of NR; X NRy X --- X NR,,. O

Theorem 3.12. [f A= A; x Ay X -+ x A, and B = By X By X --- X B,, are two intuitionistic
anti fuzzy normed normal subrings of the ring NRy X NRy X - -- X N R, then their intersection
AN B is an intuitionistic anti fuzzy normed normal subring of the ring NR1 X NRy X -+ - X NR,,.

Proof. Let

A=A x Ay x -+ x A, = {<$aMA1xA2x~~-xA7l($)a VAlegx--~><An(=T)>
Vo = (x1,29,...,2,) € NRy X NRy X -+ Xx NR,,}

and

B =By x By X -+ X By = {{y, 4B, xBax-xB, (), VB, x Byxx B, (Y))
:vy:(y17y27"'7yn)€NRl XNRQX"'XNRn}
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be two intuitionistic anti fuzzy normed normal subrings of the ring Ny X NRy X - X NR,,.
LetW = AN B and

W= {<w7:U’W(w)7VW(w)> DVw = <w17w27"'7wn) ENRI X NRZ X X NRn}J

where:
,UW(wb w2, . . . 7wn) = NAQB(wlaw% e 7wn)
= max{pa(wy, wa, ..., wy), up(wy,ws, ..., wy)}
and
vw (Wi, wa, ..., wy) = Vanp(wi, wa, ..., wy,)
= min{va(wy, wa, ..., w,),ve(wy,wy, ..., w,)}

Let v = (z1,%9,...,2,) and y = (Y1,Y2, .-, Yn) € NRy X NRy X --+- X NR,,. Then,

pw(z —y) =max{ua(r —y), up(z —y)}
= pa(z —y) o up(z —y)
< A{pa() o pa(y)} o {up(z) o pp(y)}
= pra(x) o {pa(y) o pp()} o ps(Y)
= pra(x) o {pp(z) © pa(y)} o ps(y)
= {pa(z) o pp()} o {paly) o pp(y)}
= NAmB(ZU) ¢ ,uAmB(y)

= pw () © pw (y)

and
pw(zoy) =max{pa(roy), up(roy)}

= pa(roy)oup(zoy)
< A{pa(@) o pa(y)} o {pp(z) o pp(y)}
= pa(x) o {pa(y) o pp()} o ps(Y)
= pa(x) o {pp(x) o pa(y)} o ps(y)
= {pa(z) o up(x)} o {paly) o us(y)}
= pans(T) © pans(Y)
= pw (@) © pw (y)-

Thus,

MW((xlax% o 71;?1) - (y17y27 cee ,yn)) < :U’W(‘rlvx% s 7ITL) OMW(yby% cee 7yn)7and
MW((xlax% cee 7xn) o (y17y27 s 73/71)) S ,U/W(xlaw% s 7'7;71) <>MW(Z/17Z/2> cee 7yn)

Similarly,
VW((xla To,... 7*1'71) - (yla Ya, ... >yn)) Z VW(xla To,... 7$n) * VW(y17y27 I 7yn>7and
I/W((Il,xQ’ ctt 7'7;77/) o (yl? y2’ R 7?/71)) Z VW(‘/L‘17 xQ’ AR 7‘/1:77/) * VW(y17y27 ctt 7yn)'
Therefore, W = (uw,vw) is an intuitionistic anti fuzzy normed subring of the ring

NR; x NRy x --- x NR,,. Now,
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pw (21, T2y ooy Tn) © (Y1, Y2y oy Yn)) = Hans(T1Y1, Ty, - - - s Tnln)
= max{pa(T1y1, TaYa, s TnYn)s LB(T1Y1, T2Y2,s -y Tnln) }
= max{pa(Y121, Y272, ., YnTn), B (Y171, Y2 T2, ooy YnZn) }
= pans (D171, Y22, - -+, Ynn)

= MW((ylay% s 7yn) © (.731,.7)2, B 73:%))

Similarly, vy (21, 2, ..., 2n) © (Y1, Y2y - - Yn)) = v (Y1, Y2, - - -, Yn) © (1, X2, ..., Tp)).
Hence, W = A N B is an intuitionistic anti fuzzy normed normal subring of the ring
NRi X NRy x ---x NR,. O

Theorem 3.13. If the IFS A = Ay x Ay X -+ X A, is an intuitionistic anti fuzzy normed
normal subring of the ring NRy X NRy X --- X NR,,, then NA = NA; x Ay X --- X A, =
(HAy x A x Ans B4, x Agx..x A, ) 1S an intuitionistic anti fuzzy normed normal subring of the ring

NRi X NRy x--- X NR,,.

Proof. Letx = (x1,x9,...,2,) and y = (Y1, Y2, ---,Yn) € NRy X NRy X --- X NR,,. Then

/Lf41><A2><---><An((x1? Lo, ... axn) - (ylv Yo, - - - ayn))
=1 — payxagx—xa, (1,22, 20) — (Y1, Y2, -, Yn))
> 1 — (HAy x Agxox A (T1, T2y - Tn) © JAy x Ag o A (Y1, Y25 - -+ 5 Yn))
=1 — max{pa, x Ay x-xA, (T1, T2, o, Tn)y LAy x AgexAn (Y1, Y25 - Yn) }
=min{l — p1a, x Apxxa, (T1, T2, o 20), L — fiayx Agscxan (Y1, Y2, -, Yn)
= min{uféllezx---xAn(xthv s Tn), M(/illegx---XAn(ylv Y2, Yn)}
- Nzc41><A2><--~><An(x17 L2y 71:71) * /L,c41><A2><~~~><An (yla Yo, . - 7yn)
and
/Lf41><A2><...><An((x1a L2y - - axn) © (3/173/27 cee ayn>>
=1 — payxagx—xa,((T1,22, ..., 20) 0 (Y1,Y2, - - -, Yn))
> 1 = (JAy x Agxooox Ay (T1, T2,y T ) © JAy x Ap s Ay (Y15 Y25 - -+ 5 Yn))
=1 —max{pa, xayxxa, (T1, T2, Tn ), Ay x Ao x A (Y15 Y25 Yn) }
= min{l — HA X As XX An (371, To, ... 73771)7 1-— UA1><A2><---><An(y17 Y2, ... 7yn)}
= {9, ay s, (T1: T2, -5 Tn)s Wi Ay, (Y15 Y25 - -5 Yn) }
= :uzc41><A2><~--><An(x17 Ty .oy Tn) X H, % Ay x Ay, (Y1, Y2, -+, Un)-
Thus, AA; X Ay X -+ X Ay = ([A;xAgxxAns B4, x Ay x-x 4, ) 1S an intuitionistic anti fuzzy

normed subring of the ring NR; X NRy X --- X NR,.

B4 s Ao x A, ((T1 T2y oy 0 ) 0 (Y1, Y2s o Un)) = 1= Ay x Ap e A((T1, T2y ooy B0) O (Y1, Y2y ooy Yn))
- ]‘_/J/AlXAQX"'XAn((yl? Y2, -y yn)o(xh Ly uny [En>)

= luxc41 ><A2><---><An<<y17 Y2, .-y yn)0<ﬂf1, T2, ey xn))

Hence, AA = AA; X Ay X -+ X Ap = (JA;x Agx-x Ans B, x Ayx...x 4, ) 1S @n intuitionistic anti
fuzzy normed normal subring of the ring N?y X NRy X --- X NR,. [l
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Theorem 3.14. If the IFS A = A; x Ay X --- X A,, is an intuitionistic anti fuzzy normed
normal subring of the ring NRy X NRy X --- X NR,,. Then 0A = 0A; x Ay x --- X A, =
(VA x Apsox A, s VAL x Agx-x A, ) 1S an intuitionistic anti fuzzy normed normal subring of the ring
NR; x NRy x --- x NR,,.

Proof. Similar to the proof of Proposition 3.13. ]

Corollary 3.15. AnIFS A = A, X Ay X --- x A, is an intuitionistic anti fuzzy normed normal
subring of the ring NRy X NRy X - - - X NR,, ifand only if NA = (pa, p$) (resp.OA = (V5,v4))
is an intuitionistic anti fuzzy normed normal subring of the ring NRy X NRy X --- X NR,,

Theorem 3.16. An IFS A = A} X Ay X +++ X Ay = (HA;xAgxxAys VA xAsx--xA,) IS an
intuitionistic anti fuzzy normed normal subring of the ring N Ry X NRy X --- X NR,, if and only

if the fuzzy subsets jia, x Ayx..x A, ANd V. A, ..« 4, Gre intuitionistic anti fuzzy normed normal
subring of the ring NR; X NRy X --- X NR,.

Proof. Let A = A; X Ay X -+ X Ay = (A, xAyx--x A, > VA xAyx--x A, ) DE an intuitionistic
anti fuzzy normed normal subring of the ring NR; X NRy x --- x NR,. This implies that
LAy x Ay x---x A, 18 an intuitionistic anti fuzzy normed normal subring of NR; X NRy X - - X NR,,.
We have to show that 1/ 4, ... 4, 1S also an intuitionistic anti fuzzy normed normal subring of
the ring NRy X NRy X --- X NR,,. Then

ViixAgsx A ((T15 T2y o) — (Y1, Y2, -+, Yn))
=1 —vVaysapxxa,((T1, T2, x0) — (Y1, Y2, - -+, Yn))
<1 = (VA xAgxox A (T1, B2, o Tn) % VA xcAgscex A (Y15 Y25 - - Yn))
=1 —min{va, xAyxxa, (L1, T2, o, Tn), VA x Agscx Ay (U1, Y25 -+ - Yn)
=max{l — Va,xAyx.xA, (T1, T2, - - Tn), L — VA, xAgxoxa, (Y1, Y2, - Yn) }
= max{yﬁllegx---xAn(wl’ L2y .- 73371)7 V§11><A2><---><An(y17 Y2, - - >yn)}
= V21><A2><--~><An<x17 L2y >xn) < VﬁthgxmxAn(yl?yZv s 7yn)

and

Vi Ay an(T1: T2, oo Tn) © (Y1, Y20 - -+, Un))
=1 —Vaysapxxa,((T1, T2, oo x0) 0 (Y1, Y2, - -+, Yn))
<1 — (VA xAgxoxca, (T1, T2y ooy ) % VayscAgxx Ay (Y15 Y2y -« 5 Un))
=1 —min{va, xayx-xA, (T1, T2, -, Tn), VA x Agscx Ay (U1, Y25 -+ -y Yn)
=max{l — Va,xAyx-xA, (L1, T2, Zn), L — VayxcAgxooxa, (Y1, Y2, -5 Yn) b
= maX{Vﬁthgx~-~><An ($17 L2y >$n)> ch41><A2><~-~><An (ylv Yo, - - 7yn)}
= ch4le2><---><14,1<$17 L2y - - 7wn) < V21><A2><---><An(y1>y27 - ayn)'

Thus, 4, 4,x...x 4, 18 an intuitionistic anti fuzzy normed subring of NR; X NRy X -+ X NR,,.

Also,

yjleQX,,,XAn((xl, Toy ey ) O (Y1, Y2y ooy Un)) = L=V s Agscxa,((T1, T2y ooy Tn) © (Y1, Y2y +vs Un )
= 1—Va, xApsc A (Y1, Y2y ooy Yn ) 0 (X1, Tay oovy Tp))
= Vi dg s A (Y15 Y2, ooy Yn) O (21, T2, ooy T ).

Hence, 1§, 4,...x 4, 18 an intuitionistic anti fuzzy normed normal subring of NR; X N Ry X - - -

xNR,.
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Conversely, suppose that 114, x a,x..x A, a0d V3, 4, ... 4, ar€ intuitionistic anti fuzzy normed
normal subring of the ring NR; X NRy X -+ - x NR,. We have to show that A = ({14, x A, x...x A,, »
VA, x Ayx--x A, ) 18 an intuitionistic anti fuzzy normed normal subring of the ring NRy X NRy X - - -
xNR,,. Now,

1 — vaysagxxa,((T1, T2y ooy xn) — (Y1, Y2, -+, Yn))
- Vﬁ)xB(("Tl?x?v SR 71:”) - <y17y27 cee 7yn))
< Vﬁl1><A2><~~~><An(x17 L2, ... ,[En) < V211><A2><-~~><A,L(y1’ Y2, - 7yn)
= maX{Vﬁthgx'nxAn($1v$2’ s 73771)7 V1641><A2><~~><An(y17 Y2, - .- ayn)}
= maX{l - VA1><A2><---><An(-T1a T, ... >xn)> 1— VA1><A2><---><An(y17y2> ce ayn)}
=1 —min{va, xAyxxA, (T1, T2, -, Tn), VA x Agscx Ay (Y1, Y25 -« - Yn)
=1- (VA1><A2><'"><An(x17x27 ce axn) * VA1><A2><~--><An(y1,y2; .- ,yn))

and

1 — vaysagxoxa,((T1, Tay ooy n) 0 (Y1, Y2y - -+, Yn))
= Vﬁle((l'lv‘r?’ s 7xn) © (ylava s 7yn))
< Vji\legx---xAn(xlv L2y - 73371) < V21><A2><---><An<yla Y2, .- ayn)
= maX{Vﬁllegx---xAn(xlv Lo, ... 71:71)7 Villegx---xAn(ylv Y2, ... 7yn)}
= max{l — v, xAyx-xA, (1, T2, o Zn), L — VayxcAgxooxa, (Y1, Y2, -5 Yn) b
=1 —min{va, xAyx-xa, (L1, T2, o, Tn), VA x Agxcx Ay (Y1, Y25 -+ - Yn)
=1 — (VA xAgxxAn (T1, T2, oo, ) * VA s AgoxAn (U1, Y25 -+ -5 Yn))-

Hence, A = A} X Ay X -+ X Ap = (AyxAgx--x A, s VA x Asx--x A, ) 1S an intuitionistic anti fuzzy
normed subring of the ring NRy X NRy X --- x NR,,. Also,

1 —vaxp((x1, 22, ..y x0) 0 (Y1, Y2, - -, Un)) = Vikg((Z1, 22, . 20) o (Y1, Y2, -, Yn))
= Vzc4><B<<y1ﬂy27 e 7yn) © (fEl,.ﬁUg, cee axn>)
=1- VAXB((yby?v cee 7yn) o (.Il,l'g, s 7'1:71))

Therefore, A = A} X Ay X -+ X Ay = (U, xAsx--xA, s VA xAsx--x A, ) 18 an intuitionistic anti
fuzzy normed normal subring of the ring NRy X NRy X --- X NR,,. [

Theorem 3.17. An IFS A = A; X Ay X -+ X Ay = (HayxAgxx A,y VAyxAgx-x A, ) IS an
intuitionistic anti fuzzy normed normal subring of the ring N Ry X NRy X --- X NR,, if and only
if the fuzzy subsets [, a,x..x A, AN VA, x Ayx..x A, are intuitionistic anti fuzzy normed normal
subrings of the ring NRy X NRy X --- X NR,,

Proof. Let A = Ay X Ag X -+ X Ay = (ayxAyx-—xA,» VA xAgx-—x A, ) DE an intuitionistic anti
fuzzy normed normal subring of the ring N Ry X N Ro X - - X N R,,. This implies that v4, x 4,x..x 4,
1s an intuitionistic anti fuzzy normed normal subring of Ny X NRy X --- x NR,,. We have to
show that 1%, a,x..x4, 1S also an intuitionistic anti fuzzy normed normal subring of the ring
NRy x NRy x --- x NR,,. Now,
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Mf41><A2><---><An((x1>$27 s 7$n> - (yhy?u s 73/71))
=1 — pa;capxxa, (X1, T2, 20) — (Y1, Y25 -5 Yn))

> 1 — (A, x Apxox A (T15, T2,y - oo Tn) © JAy Ay An (Y15 Y25 - - -3 Un))
=1 — max{fa; x Apx-x A, (T1, T2y« oy T )y Ay Ag o Ay (Y15 Y25 -+ - Yn) }
=min{1l — fia;xAyxxA, (T1, T2, -, Tn), L — Ay x Agxx An (Y1, Y25 - -+, Yn) }
= min{/’l’,%leQX---XAn(xl’ ST aﬂfn)aﬂixlezx---xAn(yla Y2, YUn)}
= :u,c41><A2><~~-><An(x17x27 s >xn> * /~L?41><A2><--~><An<y17 Y2, - 7yn>

and

/’61641><A2><---><An((x17x27 - 7$n> © (y17 Y2, .- »yn))

=1 — payxagx—xa, ((T1,22, ..., 20) 0 (Y1, Y2, -, Yn))
> 1 — (A xApxox Ay (T15 T2,y - oo Tn) © JAy Ay x An (Y15 Y25 - -+, Un))
= 1 — max{fa; x Apx-x A, (T1, T2y« oo X))y Ay Agxx Ay (Y15 Y2y -+ - Yn) }
=min{l — pia;x A% xA, (T1, T2, -, Tn), L — Ay x Agxcx An (Y1, Y25 - -+, Yn) }
= min{/’l’,%leQX---XAn(xl’ L2, - - aﬂfn)aﬂixlezx---xAn(yla Y2, Yn)}
- :u,c41><A2><~~-><An(x17x27 s >xn> * /~L?41><A2><--~><An<y17 Y2, .- 7yn>'

Thus, (1%, « 4,x...x 4, 18 an intuitionistic anti fuzzy normed subring of NRy X NRy X -+ X N R,,.
Also,

/"L(1241><A2><-~~><An((x17$27 B 7‘7:71) o (y17y2a <o 7yn)>
= 1 - ,LLA1><A2><---><An<(x17‘r27 e an) o (y17y27 LR 7y’n)>
=1- :uA1><A2><~~-><An((yl7y27 s 7yn) o (xla T, 7$n))

= :U’ixle2x--~><An(<y17y27 s 7yn) o (x17x27 o wrn))-

Hence, 1%, « a,%..x 4, 18 an intuitionistic anti fuzzy normed normal subring of NR; X N Ry X
-+ X NR,.

Conversely, suppose that 115 4, x...x 4, a0d VA, x 4,x---x 4,, aT€ intuitionistic anti fuzzy normed
normal subring of the ring NR; X NRy x - - - x NR,,. We have to show that A = (14, xAyx--x A,
VA, x Ayx--x A, ) 1S an intuitionistic anti fuzzy normed normal subring of the ring NR; x NRy X
.-+ x NR,,. Then,

1 - MAlXAQX--~XAn((:L‘17x27 .. al‘n) - (y17y27 o 7yn)>
= M,C4><B(($17:B2a s Tn) = (Y1, Y2, -+ Yn)

> B Ay Ay, (1, 25y Tn) % UG s ay s, YL Y255 Yn)

= min{ujle2X,_,XAn(x1, L2, - 7$n)>ﬂixle2x-.-xAn(yla Y2, Yn)}
=min{l — g, xayxxa, (T1, T2, Tn), L — fiaysxAgxxa, (Y1, Y2, - Yn) }
=1 — max{pa, xAyx-xA, (1,2, -, Tn), A x Agscx A, (U1, Y25 - - -3 Un)
=1- (,UA1><A2><~~><An (-Tla Zo,y ... 73311) % MAlXAQX"‘XAn(y]J Yo, ... ayn))

and
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1 - IU/A1><A2><---><An((x17'r27 st 7':(:%) o (y17y27 LR 7y’n>>
= M%xB((whx?v ce 7xn) © (yluyZ» <o 7yn))

> Iy Ag s A (L1 T25 s T) H WG s ag s an (Y1 Y25+ -+ 5 Yn)

- min{:u,céllegx---xAn (3317 Lo, ... 73371)7 M641><A2><---><An (?/1, Y2, ... ayn)}

= min{l — fia; x Ay xAn (T15 T2, - )y L= fay g s An (Y15 Y2, - - Un) }
=1 — max{fia, x Ay x A, (T1, T2, - oo Tn)s oy x Agoeox A (Y1, Y2s - -5 Un) }
=1 — (Mayx Az xxAn (T1, T2y o, ) © LAy x Agxx An (Y15 Y25 -+ s Yn))-

Hence, A = A} X Ay X -+ X Ay = (AyxAgx--x A, s VA x Asx--x A, ) 1S an intuitionistic anti fuzzy
normed subring of the ring NRy X NRy x --- x NR,,. Also,

1= MAXB((II"ZE% e ,I‘n) © (ylny, ce )yn)) - Mile((xtha R ,{En) © (ylvyZa ce 7yn))
= qu4><B((y17y2a s 7yn) o (1'1,1‘2, e ,l’n))
= 1 - quB((ylay27 CICS ,yn) o (x1,$2, Ce ,xn))

Therefore, A = Ay X Ay X -+ X Ay = (A xAyx-xA,s VA x Asx--x A, ) 1S @n intuitionistic anti
fuzzy normed normal subring of the ring N?y X NRy X --- X NR,,. [l

4 Conclusion

In this paper, we defined the nature of the direct product of finite intuitionistic anti fuzzy normed
normal subrings. We extended direct product of intuitionistic anti fuzzy normed normal subrings
to finite intuitionistic anti fuzzy normed normal subrings. Also, we established the relation
between intuitionistic anti characteristic function and direct product of finite intuitionistic anti
fuzzy normed normal subrings and derived some related properties.
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