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Properties of intuitionistic fuzzy line graphs
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Abstract: Concepts of graph theory have applications in many areas of computer science includ-
ing data mining, image segmentation, clustering, image capturing, networking. An intuitionistic
fuzzy set is a generalization of the notion of a fuzzy set. Intuitionistic fuzzy models give more
precision, flexibility and compatibility to the system as compared to the fuzzy models. In this
paper, we investigate some interesting properties of intuitionistic fuzzy line graphs.
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1 Introduction

In 1736, Euler first introduced the concept of graph theory. In the history of mathematics, the
solution given by Euler of the well known Konigsberg bridge problem is considered to be the
first theorem of graph theory. This has now become a subject generally regarded as a branch of
combinatorics. The theory of graph is an extremely useful tool for solving combinatorial prob-
lems in different areas such as geometry, algebra, number theory, topology, operations research,
optimization and computer science.

In 1983, Atanassov [6] introduced the concept of intuitionistic fuzzy sets as a generalization
of fuzzy sets [16]. Atanassov added a new component(which determines the degree of non-
membership) in the definition of fuzzy set. The fuzzy sets give the degree of membership of an
element in a given set (and the non-membership degree equals one minus the degree of mem-
bership), while intuitionistic fuzzy sets give both a degree of membership and a degree of non-
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membership which are more-or-less independent from each other, the only requirement is that
the sum of these two degrees is not greater than 1. Intuitionistic fuzzy sets have been applied in
a wide variety of fields including computer science, engineering, mathematics, medicine, chem-
istry and economics [5].

In 1975, Rosenfeld [13] discussed the concept of fuzzy graphs whose basic idea was intro-
duced by Kauffmann [11] in 1973. The fuzzy relations between fuzzy sets were also considered
by Rosenfeld and he developed the structure of fuzzy graphs, obtaining analogs of several graph
theoretical concepts. Bhattacharya [8] gave some remarks on fuzzy graphs. The complement of a
fuzzy graph was defined by Mordeson [12]. Atanassov [5] introduced the concept of intuitionistic
fuzzy relations and intuitionistic fuzzy graphs, and further studied in [4, 7, 9, 10, 14, 15]. Akram
and Davvaz introduced the notion of intuitionistic fuzzy line graphs in [4]. In this paper, we in-
vestigate some interesting properties of intuitionistic fuzzy line graphs. We have used standard
definitions and terminologies in this paper. For other notations, terminologies and applications
not mentioned in the paper, the readers are referred to [1-3, 12].

2 Preliminaries

By graph, we mean a pair G* = (V, E), where V is the set and F is a relation on V. The
elements of V' are vertices of G* and the elements of F are edges of G*. We write x, y € E to
mean {z,y} € E, and if e = xy € E, we say x and y are adjacent. Formally, given a graph
G* = (V, E), two vertices x, y € V are said to be neighbors, or adjacent nodes, if (x,y) € E. An
isomorphism of graphs G7 and G7 is a bijection between the vertex sets of G} and G such that
any two vertices v, and vo of G7 are adjacent in G7 if and only if f(v;) and f(v) are adjacent in
G3. Isomorphic graphs are denoted by G ~ G3.

By an intersection graph of a graph G* = (V, E), we mean, a pair P(S) = (S,7T) where
S = {51,5,...,5,} is a family of distinct nonempty subsets of V and 7" = {S,5;|S5;,5; €
S, S;NS; #0,i# j}. Itis well know that every graph is an intersection graph. By a line graph
of a graph G* = (V, E), we mean, a pair L(G*) = (Z,W) where Z = {{z} U {us,v.} |z €
E, uz,v, € Viz = uyv,} and W = {5,585, NS, # 0, z,y € E, x # y}, and S, =
{z} U{ugz, v}, z € E. Itis reported in the literature that the line graph is an intersection graph.

Proposition 2.1. If G is regular of degree k, then the line graph L(G*) is regular of degree 2k —2.

Definition 2.2. [16, 17] A fuzzy subset jyon a set X isamap p : X — [0,1]. A map v :
X x X — [0,1] is called a fuzzy relation on X if v(z,y) < min(u(x), u(y)) forallz,y € X. A
fuzzy relation v is symmetric if v(x,y) = v(y,z) forall z,y € X.

Definition 2.3. [5] An intuitionistic fuzzy set B = {< x,up,vg > | x € X} in a universe of
discourse X is characterized by a membership function, 1z, and a non-membership function, v,
as follows: pup : X — [0,1],vg: X — [0,1], and up(z) + vp(z) < 1forallxz € X.
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3 Properties of intuitionistic fuzzy line graphs

Definition 3.1. [4] By an intuitionistic fuzzy graph is a pair G = (A, B) where A = (p4,v4) is
an intuitionistic fuzzy set on V and B = (up,vp) is an intuitionistic fuzzy relation on A such
that

pp(ry) < min(pa(z), pa(y)) and vp(zy) > max(va(z), va(y))

for all zy € E. Note that B is a symmetric intuitionistic fuzzy relation on A.
Throughout this paper, we denote G* a crisp graph, and G an intuitionistic fuzzy graph.

Definition 3.2. Consider an intersection graph P(S) = (S, 7T’) of a crisp graph G* = (V, E). Let
Ay = (na,,va,) and By = (up,, vp,) be intuitionistic fuzzy sets on V and E, Ay = (pia,, Va,)
and By = (ug,,Vp,) on S and T, respectively. Then an intuitionistic fuzzy intersection graph
of the intuitionistic fuzzy graph G = (A;, By) is an intuitionistic fuzzy graph P(G) = (As, Bo)
such that

(@) pa,(Si) = pa, (i), va,(Si) = va, (vi),
(b) 1B, (SiS)) = p, (vivy), vB,(5:S;) = vp, (vivj)
for all Si, Sj €S, SVS’] eT.

Example 3.3. Consider a graph G* = (V| E'), where V' = {vy, v, v3} is the set of vertices, and
E = {v1vy, v9v3, v3v;} is the set of edges. Let A; and B; be intuitionistic fuzzy sets on V' and
E (respectively) defined by

U1 Vo V3 V12 VU3 V3Up
fa, | 02 03 04 pp | 01 02 0.1
va, |03 04 05 ve, | 05 07 06

U3 V2

Figure 1: Intuitionistic fuzzy graph

By routine computations, it is easy to see that GG is an intuitionistic fuzzy graph.
Consider an intersection graph P(S) = (.S, 7") such that

S = {51 = {U17U2}7 Sy = {712,1)3}, Sz = {U1,U3}}
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and
T = {552, 5253, S351}.

Let Ay = (pa,,v4,) and By = (up,, Vp,) be intuitionistic fuzzy sets on S and 7', respectively.
Then, by routine computations, we have

pas(S1) = pa, (v1) = 0.2, p1a,(S2) = pa, (v2) = 0.3, f14,(S1) = pra, (v3) = 0.4,

Va,(S1) = va, (v1) = 0.3, v4,(S2) = va, (v2) = 0.4, v4,(S1) = va, (v3) = 0.5,
118, (S152) = pup, (v1va) = 0.1, up,(S2S3) = g, (vavs) = 0.1, pp,(S351) = ps, (vsv1) = 0.1,
I/BQ<5152) =Vp (Ulvg) = 06, I/BQ<5253) =Vp <U2U3) = 07, VBQ(Sgsl) =Vp (U3U1) = 0.6.

Figure 2: Intuitionistic fuzzy intersection graph

By routine computations, it is easy to see that P(G) is an intuitionistic fuzzy intersection
graph.

Proposition 3.4. Let G = (A1, By) be a intuitionistic fuzzy graph of G* and let P(G) = (As, Bo)
be an intuitionistic fuzzy intersection graph of P(S). Then

(a) an intuitionistic fuzzy intersection graph is an intuitionistic fuzzy graph.
(b) an intuitionistic fuzzy graph is isomorphic to an intuitionistic fuzzy intersection graph.
Proof.  (a) From Definition 3.2, it follows that
1B,y (5:5;) = pup, (viv;) < min(pa, (v1), pa, (v;)),

VB, (5iS)) = vp, (viv;) > max(va, (vi), va, (v5)).

This shows that an intuitionistic fuzzy intersection graph is an intuitionistic fuzzy graph.
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(b) Define ¢ : V' — S by p(v;) = s;, fori = 1,2...,n. Clearly, ¢ is a one-to-one function of
V onto S. Now v;u; € E ifand only if s;s; € T and T = {p(v;)¢(v;) | viv; € E}. Also

KA, (SO(UZ)) = MA2<Sl) = HA (Ui)a

vay (p(vi)) = v4,(S:) = va, (vi),
18, (0(0i)p(v))) = b, (SiS;) = p, (Viv;),
VB, (p(vi)p(v;)) = vB,(5:S;) = v, (viv;).
Thus ¢ is an isomorphism of G onto P(G).

]

Definition 3.5. [4] Let L(G*) = (Z,W) be a line graph of a crisp graph G* = (V| E). Let
Ay = (pa,,va,) and By = (up,,vp, ) be intuitionistic fuzzy sets on V and E, Ay = (pa,,Va,)
and By = (up,,vp,) on Z and W, respectively. Then an intuitionistic fuzzy line graph of the
intuitionistic fuzzy graph G = (A, By) is an intuitionistic fuzzy graph L(G) = (As, By) such
that

() 14, (Se) = pp, (¥) = pip, (uzvz),
(i) v4,(Se) = v, (7) = v, (uz02),
(iil)  p1, (S2Sy) = min(up, (2), ps, (y)),
(iv) vB,(S:5y) = max(vp, (z),vp, (y))
forall S;, S, € Z, S,S, € W.

Proposition 3.6. L(G) = (As, By) is an intuitionistic fuzzy line graph of some intuitionistic fuzzy
graph G = (A, By) if and only if

pu3, (SwSy) = min(pea, (Se), 14, (Sy)),

B, (5.5,) = max(va, (S1), vay(5)))
forall S;, S, € W.

Definition 3.7. Let G; = (A, By) and Gy = (Ay, B) be two intuitionistic fuzzy graphs. A
homomorphism ¢ : G; — (G5 is a mapping ¢ : V3 — V; such that

(@) pay (1) < pay (P(21)), vy (21) 2 v, (p(21)),

(0) pp, (1) < pp,(p(x1)e(V1)), v (T191) = VB, (0(71)0(11))

for all x| € ‘/1, T1Y1 € El.

A bijective homomorphism ¢ : G; — G2 of intuitionistic fuzzy graphs is called a weak

vertex-isomorphism, if
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(€) pay(z1) = pas(p(x1)),  va, (1) = va,(p(z1)),
for all 1 € Vi, and a weak line-isomorphism if

(d) pp,(T1y1) = B, (0(x1)p(y1)), VB, (T1y1) = vB, ((21)p(y1))

for all z1y; € V. A bijective homomorphism ¢ : G; — G5 satisfying (¢) and (d) is called a
weak isomorphism of intuitionistic fuzzy graphs GG; and G2. A weak isomorphism preserves the
weights of the vertices but not necessarily the weights of the edges.

The following fact is obvious.

Proposition 3.8. A weak isomorphism of intuitionistic fuzzy graphs G and G5 is an isomorphism
of their crisp graphs G and G5,

Theorem 3.9. Let L(G) = (As, Bs) be the intuitionistic fuzzy line graph corresponding to the
intuitionistic fuzzy graph G = (Ay, By). Suppose that G* = (V, E) is connected. Then

(i) there exists a week isomorphism of G onto L(G) if and only if G* is a cyclic and for all v €

V,z €E, A, (U) = U (%), Va, (U) = VB (l‘), e, Ay = (MAN I/Al) and By = (IU“Bl7 VB1)
are constant functions on V' and E, respectively, taking on the same value.

(ii) If  is a weak isomorphism of G onto L(G), then ¢ is an isomorphism.

Proof. Assume that ¢ is a weak isomorphism of G onto L(G). From Proposition 3.6, it follows
that G* = (V, E) is a cycle [12, Theorem 8.2, p.72]. Let V = {wvy,vq,...,v,} and E = {x; =
V1V, Ty = VU3, ..., T, = UyU1 }, Where v1v9v3 . . . v, is a cycle. Define intuitionistic fuzzy sets

pas(v) = i, va,(0) = ]
and
s, () = pp, (Vivir) =15, vp () =vp (vvi) =715, i=1,2,...,n, V1 = V1.
Then for 5,11 = s1, s,,,; = s}, we have
r; <min(s;, s;41), ;> max(s,s;,q), (=1,2,...,n. (1)

Now
Z = {SIUSJEUSUUW e 7S$n}7 W = {533189327 51253637 et 7S:EnS$1}'

Thus for r,,1 = r1, we obtain
MAQ(SIi) = UB; ($Z) = Ti, VA2(SI¢) =Vp (xl) = 7’;,

MBQ(SxiniH) = min(pp, (%), B, (Tit1)) = min(ry, rip1),

VB, (SIZSIHl) = maX(VB1 <x2)7 VB, ($i+1)) = max(r;, T;—f—l)
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fori =1,2,...,n, v,41 = vy. Since  is an isomorphism of G* onto L(G™),  is a bijective map
of V onto Z. Also ¢ preserves adjacency. Hence o induces a permutation 7 of {1,2,...,n} such
that
P(vi) = S yvmiyi
and
Vi1 = P(V)P(Vi1) = Su.yom i Svmiinvnensry § = 12 ,n— 1
Thus
si = ay (Vi) < pay (9(0i) = B4y (Su,yvmiysr) = BB1 (Vn(i)Vn(iy+1) = Tn(i)s
8; = Va, (Vi) 2 Vay ((Vi)) = V4, (So, oy 0) = VB (Un(i V(i) 1) = Ty
and
ri = g (Vivis) < ps,(0(0i)e(vir))
= “32(3’%@ ()41 Um0 1) Un 1) 1)
= min(pup, (Vn(i) Vr(i 1) 8, (Vn(i1) On(ir1) 1))
= min(rzg), "r@t1))-
Similarly,
i = Vg, (Vivip1) > VB, (9(vi)p(vit1))
= VB, (5 «(i)“wums () Un (i 1) 1)
= max(vp, (Un(i)Ur(i)+1), VB, (Vn(i+1) Vn(i+1)+1))
= max( ) 7r(1+1 )
fori=1,2,...,n. Thatis,
8i < Tr(i), 8 > (1) 2
and
r; < min(ree), Tei41)), T > max(r;(i),rW(ZJrl)) 3)

Thus, 7; < 77, ri > T;(i), and so 1) < Ta(n(i))» r!

Continuing, we obtain

forall: = 1,2,...,n

)

Ti S Tri) < oe e S Tri) < T4
T>TTF(Z)Z"'ZTj(i)>T
where 7/t is the identity map. So, r; = 7, i = . foralli =1,2,...,n. But, by (3), we

also have r; < 7(i41) = 741 and 7

implies ; =y and 7, =7} foralli =1,2,...

T

/
T

>

/

) : 3 _ / 2l
w(i+1) = Tig1» Which together with ry, . =1y, 7, =77,

,n. Hence by (1) and (2), we get

.= Sp,

/
ne

.= S

Thus we have not only proved the conclusion about A; and B; being constant function, but we

have also shown that (i) holds. The converse part of (i) is obvious.

]
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4 Conclusions

Graph theory is becoming increasingly significant as it is applied to other areas of mathematics,
science and technology. In computer science, graphs are used to represent networks of communi-
cation, data organization, computational devices, the flow of computation. One practical example
is the link structure of a website could be represented by a directed graph. The vertices are the
web pages available at the website and a directed edge from page A to page B exists if and only if
A contains a link to B. It is known that intuitionistic fuzzy models give more precision, flexibility
and compatibility to the system as compare to the classic and fuzzy models. Thus, we plan to
extend our research work to application of intuitionistic fuzzy graphs in (1) neural networks, and
(2) database theory.
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