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Abstract We introduce intuitionistic fuzzy-valued possibility and necessity measures and we
study their relations with the intuitionistic fuzzy-valued fuzzy measures proposed in a recent
paper. Properties with respect to continuity and some examples are also given.

1 Preliminaries

A fuzzy measure (see e. g. [5]) is a set function p : A — [0,1] which satisfies u (0) =
0,1 (X) =1and A C B implies p(A) < p(B). A fuzzy measure (or generally a set
function) p defined on a g-algebra A is called continuous from below if for every sequence
(An)peq C A such that A, C A, ,1,¥n € Q we have

" < U An> = lim po(A,)

neQ n—oo

and continuous from above if for every sequence (A”)nEQ C A such that A, D A, 11,Vn €
Q we have

u<m An> = lim i (A4,) .

n€Q n—o00
The important set in intuitionistic fuzzy set theory (see [1], [2])
L= {(x1,22) € [0,1] x [0,1] ;21 + 22 < 1}
is a complete lattice (see [4]) if we consider

(x1,22) <z (y1,92) iff 1 < yp and xg > v,

VeA = (V{xz €[0,1]|Fy € [0,1] : (z,y) € A},
ANy € [0,1] |3z € [0,1] : (z,y) € A})

NeA = (ANxel0,1]|Fy €]0,1]: (x,y) € A},
V{y €[0,1] |z € [0,1] : (z,y) € A}),

for each A C L.
The following concepts are introduced in the paper [3].



Definition 1.1 An intuitionistic fuzzy-valued fuzzy measure over a measurable space
(X, A) is a map v : A — L with the following properties:

(i) v(0) = (0,1);

(i) v (X) = (1,0);

(1ii) A C B implies v (A) < v (B).
Definition 1.2 The intuitionistic fuzzy-valued fuzzy measure v : A — L v (A) = (vy (A),
vy (A) is called:

(1) continuous from below if vy and vy are continuous from below;

(17) continuous from above if v1 and vy are continuous from above;

(14i) *-decomposable if there exists the composition law * : L — L such thatv (AU B) =
v(A)*v(B), for every A,Be A, ANB=10.

Let us point out that the above definition can be given even if v is any intuitionistic
fuzzy-valued set function on a o-algebra.

The dual T of an intuitionistic fuzzy-valued fuzzy measure v = (vy, vq), that is 7 (A) =
(vg (A°), vy (A°)), where A° denotes the complement set of A, is also an intuitionistic
fuzzy-valued fuzzy measure and the following property is proved in [3].

Theorem 1.3 Ifv is continuous from below (continuous from above) thenT is continuous
from above (continuous from below).

In this paper, by convention VA, = (0,1) and, only for simplicity, we consider A =

tel
P (X).
In the book [6], pp. 63-66 the following definitions are given and the below results are
proved.

Definition 1.4 The set function 7 : P(X) — [0,1] is called a possibility measure if
7 (X) =1 and

™ < U At> = t;/T'ﬂ' (At) s

teT
for any subclass (Ay),.r C P (X), where T is an arbitrary index set.
Definition 1.5 The dual set function w of a possibility measure w, that is
w(A)=1-m (A%,
for any A € P (X), is called a necessity measure (or consonant belief function) on P (X).

Theorem 1.6 Any possibility measure is a continuous from below fuzzy measure. Any
necessity measure is a continuous from above fuzzy measure.

Theorem 1.7 A set function w : P (X) — [0,1] is a necessity measure if and only if it
satisfies

“ <tQTAt> - té\Tw (4r),

for any subclass (Ay),.r C P (X), where T is an arbitrary index set.



2 Intuitionistic fuzzy-valued possibility measures

The concept of possibility measure on classical sets with intuitionistic fuzzy values is
introduced and studied in this section.

Definition 2.1 The set function 7 : P (X) — L is called an intuitionistic fuzzy-valued
possibility measure if 7 (X) = (1,0) and

e <thAt> = Vﬁ’ﬂ' (At) y

teT

for any subfamily (A),cr C P (X), where T is an arbitrary index set.

Theorem 2.2 Any intuitionistic fuzzy-valued possibility measure is a
V o -decomposable intuitionistic fuzzy-valued fuzzy measure.

Proof. According to the convention, when T' = (), we have tUTAt = and V.7 (4;) =
€ teT

(0,1). So 7 (@) = (0,1). Furthermore, if A;, Ay C X and 7 = {1,2} then we have
T(A1UAy) =7 (A) Ve 7 (Ag)
even if AyN Ay #0. If Ay C A, then A; U Ay = Ay, therefore
T(A)) <p 7 (A1) Ve (Ag) =7 (A).
]

Theorem 2.3 If 7: P (X) — L, 7 = (m,m) is an intuitionistic fuzzy-valued possibility
measure then wp, 75 : P (X) — [0, 1], where 75 (A) = 1 —m3 (A), are possibility measures.

Proof. Because 7 (X) = (1,0) the equalities 7 (X) = 1 and 75" (X) = 1 are immedi-
ate.
Let T" be an arbitrary index set and (A;),.; € P (X). Because

(m(ga)m(ya)) = 7(ya)-
teT teT teT

Ver (4y) = <t€vT7r1 (At),té\Tm(At)>,

teT

we have
1 ( U At> = \/7'('1 (At)
teT te
and
7TQ<UAt> = 1—7T2<UAt>:1—/\7TQ<At)
teT teT teT

= v (1-m(A) = V5 (4)

]



Theorem 2.4 Any intuitionistic fuzzy-valued possibility measure is continuous from be-
low.

Proof. If 7 = (m,m2) is an intuitionistic fuzzy-valued possibility measure then 7y
and 75" in Theorem 2.3 are continuous from below according to Theorem 1.6. We obtain
7 and 7 continuous from below, that is 7 continuous from below (see Definition 1.2). m

Example 2.5 Let X =U and 7 : P (X) — L, 7 = (7, m2) defined by

It is obvious that 7 (X) = (1,0),7 ( U At> = Vem (Ar) = (1,0) if there exists to € T
(

such that Ay, # 0 and 7 <tUTAt> = Ve (Ay) = (0,1) contrariwise, therefore T is an
€ teT

intuitionistic fuzzy-valued possibility measure. If we take A, = (0, %) ,n > 2 then (A,)
is decreasing, QQA” =0,7(A,) = (1,0),Vn € Q,n > 2, we obtain

neQ

wl(mAn>:7r1(Q)):07£1: lim 71 (A,)

n>2 n— 00
therefore w is mot continuous from above.

The density functions help us to construct intuitionistic fuzzy-valued possibility mea-
sures.

Definition 2.6 If 7 : P(X) — L is an intuitionistic fuzzy-valued possibility measure
then the function f: X — L defined by

f(z) =7 ({a})
15 called its density function.

Theorem 2.7 If ]7 1s the density function of an intuitionistic fuzzy-valued possibility
measure 7 : P (X) — L then

ng(l') = (170)'

zeX
Conversely, if f : X — L satisfies V¢ f(az) = (1,0) then there exists an intuitionistic
rzeX
fuzzy-valued possibility measure ™ such that f is the density function of 7.
Proof. If ]7 is the density function of 7 then we get
vel (@) = ver(le) =7 ( Y fa))
zeX reX zeX
= 7(X)=(1,0).
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Conversely, taking
for any A € P (X), then

and
7(,yA) = Ve, (o) = e ve Fla) = veF (A,
teT TE€E U Ay teT x€A; teT
for any subfamily (A4;),., C P (X), where T" is an arbitrary index set. If A = {z} then
we obtain f (x) = 7 ({x}), therefore f is the density function of 7. m
Example 2.8 Let X = {x1,x9, 23,24} and f: X — L a function given by fv(;ﬂl) =

(1,0), f (22) = (0.3,0.4), f (z3) = (0.4,0.6) [ (z4) = (0.2,0.1). The intuitionistic fuzzy-

valued possibility measure m induced by f is given by

T(0) = xve%f(@:((),l),
m({z1}) = 7({z1,22}) = 7 ({21, 25}) = 7 ({21, 24}) = (1,0)
T ({z2,23}) = (0.3,0.4) Ve (0.4,0.6) = (0.4,0.4)

)
)
)
({ZEQ,JZ4}) = (0.3, 0.4) Ve (0.2,0.1) = (0.3,0.1)
F (s aad) = (04,0.6) Ve (0.2,0.1) = (04,0.1)

T ({z1,02,23}) = 7T ({71,22,24}) = 7 ({21, 23, 74}) = (1,0)

7 ({we, w5, 24}) = (0.3,0.4) Ve (0.4,0.6) Ve (0.2,0.1) = (0.4,0.1)
<{x17x27m375€4}) = < ’ )

3 Intuitionistic fuzzy-valued necessity measures

The concept of necessity measure on classical sets with intuitionistic fuzzy values is in-
troduced in the following definition.

Definition 3.1 The dual w : P(X) — L of an intuitionistic fuzzy-valued possibility
measure 7 : P(X) — L,7(A) = (m (A), 7 (A)), that is w (A) = (mg (A°),m (A)) for

any A € P(X), is called an intuitionistic fuzzy-valued necessity measure on P (X).
Theorem 3.2 Any intuitionistic fuzzy-valued necessity measure is continuous from above.

Proof. Theorem 1.3 and Theorem 2.4 imply the dual of any intuitionistic fuzzy-valued
possibility measure is continuous from above. m
The following theorem characterizes the intuitionistic fuzzy-valued necessity measures.



Theorem 3.3 An intuitionistic fuzzy-valued set function w : P (X) — L is an intuition-
istic fuzzy-valued necessity measure if and only if it satisfies

w < N At> = Ncw (4y),

teT teT

for any subfamily (A),c C P (X), where T is an arbitrary index set.

Proof. If w is an intuitionistic fuzzy-valued necessity measure then it is the dual of an
intuitionistic fuzzy-valued possibility measure T = (7, m2). Taking into account Theorem

2.3 we obtain
N<ﬂ t> <7r2<<ﬂ t>>,7r1<<ﬂ t> >>
teT teT teT

(), (49)
£ (r2 (A9 my (A9)

teT

= Acw(A),
teT

for any subfamily (A;),.; C P (X), where T is an arbitrary index set and 75 (A) =
1 —my (A), for every A € P (X).

Conversely, let w = (w1, ws) an intuitionistic fuzzy-valued set function which satisfies

w < N At> = tAé@ (Ay), that is wy <tQTAt> = té\Twl (A;) and ws <tQTAt> = tevag (Ay),

teT
for any subfamily (A4;),.; C P (X), where T is an arbitrary index set. We must prove
only that ™ = (m, ) defined by

1 (A) = Wy (Ac)
and
9 (A) = w1 (Ac)

is an intuitionistic fuzzy-valued possibility measure because it is obvious that w is the

dual of 7. We have

™ (X) = (m (X)), m2 (X)) = (w2 (0) , w1 (0)) = (1,0)



and

() = (e ((ga) ) ()

Yer (40), e (49))
Ve (w2 (A7) w1 (A7)
— t\éé (71'1 (At> , 9 (At))

= VT (A).
teT
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