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Abstract. Intuitionistic fuzzy set is one of the extensions of fuzzy sets. A lot of operators
are defined over the IFSs (modal, topological, level). Some of these operators (e.g., the
modal operators) cannot be defined over ordinary fuzzy sets. A short review of the
results, related to the extended modal operators over IFSs and new definitions and results
unpublished up to now, have been given.
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1 Introduction

Several operators are defined in the Intuitionistic Fuzzy Sets theory (IFSs, [1]). They are
classified in three groups: modal, topological and level operators. The relations between
them and the relations between the operators and operations over IF'Ss were discussed in
[1]. New modal operators, that are analogous simultaneously to the first one, as well as
to the operation “negation” were introduced and studied in [2].

Here we give a short review of the results related to the different modal type of
operators and we will discus their new properties.

2 Short remarks on the IFSs

Let a set E be fixed. An IFS A in F is an object of the following form:

A= {<xv:uA($)7VA(x)> ‘ LS E}>

where functions 4 : E — [0,1] and v4 : E — [0, 1] define the degree of membership and
the degree of non-membership of the element x € E respectively, and for every x € E it
holds that

0 < pa(z)+va(x) <1

Let for every x € E:
ma(r) =1— pa(x) —va(x).



Therefore, function 7 determines the degree of uncertainty.
For every two IFSs A and B a lot of relations and operations are defined (see, e.g.
[1]), whereby the important ones, for the present research, are:
AcC B iff (Vxe E)(ua(r) < pp(x) & va(x) > vp(z));
ADB iff BC A,
A=B it (Vo€ E)(pua(r) = pup(x) & va(r) =vp(z));
A = {{z,va(2), pa(x)) | = € E}.

The above operations and relations are defined similarly to these from the fuzzy set
theory. More interesting are the modal operators that can be defined over the [F'Ss. They
do not have analogues in fuzzy set theory.

In [1] the following two intuitionistic fuzzy analogues of the modal logic operators
“necessity” and “possibility” were defined (see, e.g., [4]):

DA = {(z,pa(2),1 = pa(x)) [z € E};
QA ={{z,1 —va(z),valz)) | x € £}

Two analogues of the topological operators can be defined over the IFSs, too (see [1]):
operator “closure” C' and operator “interior” I:

C(A) = {(z,sup pa(y), inf va(y)) | = € B},

yek

Z(A) = {<ff,;ggm(y),ztelgm(y)> |z € B}

Following [1, 2, 3] we shall introduce modal operators, that are extensions of the two
modal operators above, and that have the forms:

Do (A) = {(z, pa(x) + ama(z),va(z) + (1 — a).7a(x))|z € E},
Fop(A) = {2, pa() + ama(x), va(z) + B.ralr))|r € B},

where a4+ 3 < 1,
Gap(A) = {(z, a.pa(@), Bvalz))|r € E},

(
Hop(A) = {(@, apua(e), va(a) + Baa()|e € EY,
(4) = {{z,a.pa(e), va(@) + B.(L - apale) — va(@))le € E},

o,
Jop(A) = {{z, pa(7) + ama (@), Bva(a))|e € B},
Jap(A) = {2, pa(@) + a.(1 = pa(z) = Bva(z)), Bva(z))r € B},

do(A) = {(z, va(2) + a.ma(@), pa(@) + (1 — a).ma(@)) |z € E},
fap(A) = {(z, va(@) + aoma(@), pa(x) + B.ma(z)) | x € EY,
where a + 3 < 1,



9as(A) = {{z, va(@), B.pa(@)) | x € E},

ha,s(A) = {(z, ava(z), pa(x) + Bralz)) |z € £},

hi 5(A) = {2, ava(z), pa(z) + B.(1 — awva(z) — pa(z))) | x € £},

Ja,s(A) = {{z,va(2) + auma(z), B.pa(z)) | z € £},

Jas(A) = {{z,va(2) + a.(l —va(z) — B.pa(@)), B.palz)) | x € £},

Fp(A) = {(z, pa(@) + pp(@).ma(@), va(@) + vp(z).ma(2)) | © € E},

Gp(A) = {(z, up(2).pa(z), vp(z).va(2)) | 2 € E},

Hp(A) = {(z, pp(@).pa(@), va(z) + vp(x).ma(2)) | 2 € E},

Hy(A) = {{z, up(@).pa(2), valz) + vp(z).(1 — pp(@).pa(z)
—va(z))) | z € E},

JB(A) = {(2, palz) + pp(x) wa(r), ve(r).va(2)) | 2 € E},
Jp(A) = {{z, pa(@) + pp(2).(1 — pa(z) — ve(z).va(z)),
ve(x).va(x)) | x € E}.
Immediately, we see that for each IFS A:

A= Fyo(A) = Gi1(A) = Hio(A) = H{o(A) = Jo1(A) = J51(A),

A= foo(A) = 11(A) = h10(A) = 1 o(A) = joa(A) = jg.(A). (1)

As we showed above, operators d, and f, g are direct extensions of the operators

“necessity” and “possibility”, while the other new operators have no analogues in the

ordinary modal logic. On the other hand, we saw that there is a similarity between the

behaviour of operators dq, fa.3, ga,s and operation “negation”. In the present form of this
operation in IFS theory [1], it satisfies the equality

A=A (2)

for every IFS A.

Therefore, operators f, g (in particular, d,) and g, g are extensions of the operation
“negation”.

3 Main results

As we showed above, up to now the ordanary modal operators O and <} are extended
three times:

Group I: operators Dy, Fo 5, Ga g, Hops Hy g, Ja gy I g3

Group II: operators do, fa 8, 9o85 Pags Iy 55 Jougs Jin g5

Group III: operators Dg, Fp,Gp, Hg, H};, Jp, J3,

where o, § € [0,1] and B is a fixed IFS.



Now, we will introduce for a first time and will study some properties of one more,
forth, group of operators, extending operators from Group II and being analogous of the
operators from Group III. They have the forms

fB(A) = {{z,va(@) + pp(@).ma(2), pa(@) + vp(x).7a(2)) | © € E},
98(A) = {{z, pup(x).va(z), vp(x).pa(z)) | © € £},
hi(A) = {(z, up(@).va(@), pa(z) + vp(z).7a(@)) | @ € E},
hp(A) = {{z, pp(@).va(),

pa(z) +vp(2).(1 = pa(x) — pp(r).valz))) | © € EY,
je(A) = {{z,va(@) + pp(@).7ma(2), ve(2).pa(2)) | 2 € EY,
J5(A) = {{z,va(@) + pp(@).(1 — va(2).pa(z) — va(@)),

Let
0" = {<ZE,O,1> | S E}v

E = {{z,1,0) | = € E}.

For these operators the following assertions are valid.
Theorem 1: For every three IFSs A, B, C:

(a) du(A), fo(A), gu(A), hu(A), h(A), ju(A), and j5(A) are IFSs;

(b) dp(A) = f

(c) 0A=do-(A) = fo-(A),

(d) OA=dp-(A) = fp:(A),

(e) if BC C, then fp(A) C fc(A),
)

(f) if B C C, then gg(A) C gc(A),

(g) if B C C, then hB(A> C hc(A),
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Theorem 2: For every two IFSs A and B:
(a) Cfr(A) D fBCA,

(b) Zfs(A) C f5IA,

(c) g5(CA) = Cyp(A),

(d) g5(ZTA) =Zgs(A).

Theorem 3: For every three IFSs A, B, C:

(@) fe(fc(A)) = frao)(A),

(

(b) dp(dc(A)) = doc(A),

(¢) g8(90(A)) = ggu(c)(A) = gc(g8(A)).
(

Proof: (a) Let B, C are fixed IFSs. Then:

fa(fc(A))
fe({{@,va(@) + pe (@) ma(x), pa(z) + ve(z).ma(x)) | v € EY)
{(z, pa(@) + ve(z).ma(z)
+up(r).(1 = palz) — pe(@).ma(x) —va(z) — velz).malz)),
va(z) + po(z).ma(z) + vp(x).(1 — pa(x)
—pc(2).ma(z) — va(z) — b7ma(2))) | 2 € E}
= {{@, palz) + (vo(z) + pp(x).mo(2)).ma(2),
va(z) + (pe(r) +vp(z).mo(z)).ma(x)) | v € E}
= Jao)(A).

Theorem 4: For every three IFSa A, B, C"

(@) Fp(fo(A) = frae)(A) = Fryo)(A),

(b) f5(Fc(A) = frae)(A) = fry)(A) = Frpe)(A) = Fry @) (A),
) = gen)(A) = Gapo)(A),
) =

(c) Gilge(A)
(d) g5(Ge(A) c)(A) = 9G3(6)<A> = Ggp(0) (Z) = FGB(G) (Z)-

11



4 Conclusion

The newly defined modal type of operators over IFSs have not only a self-dependent place
in [FSs theory. It shows that the operators in modal logic (see, e.g., [4]) have new and
interesting properties that have not been studied up to now as in the frameworks of the
ordinary modal logic, as well as in the frameworks of the IFSs and IF logic theories, which
largest bibliography by the moment is given in [5].
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