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1 Introduction

Fuzzy set theory was introduced by L. A. Zadeh in 1965 to explain vagueness in scientific
models. In a fuzzy set, every element is accompanied with a function µ(x) : X → [0, 1], called
membership function. Hence, value of 1 − µ is the non-membership degree of an element and
the sum of these two values is 1 for any element. However, because of inaccuracy in a data set or
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incomplete information in real world models, there can be vagueness about the non-membership
of the element, too. That is why some generalizations of fuzzy set theory were developed. One of
these is the intuitionistic fuzzy set theory which was introduced by Atanassov [3]. He introduced
the idea of intuitionistic fuzzy sets in 1983. In this novel idea, every element in a set is not given
only with a membership function µ(x) : X → [0, 1] but also with a non-membership function
ν(x) : X → [0, 1] such that the sum of both is less than or equal to 1.

The Zadeh’s extension principle, which plays an important role in fuzzy set theory, is an
essential principle to extend the classical mathematical tools into fuzzy environment [8]. There
are many applications of this principle [1, 5, 7, 8, 11]. Two of the most important ones are:
it enables us to fuzzify the classical arithmetic and binary logic operations and it enables us
to produce a fuzzy mapping from a classical mapping. Because of these main applications,
intuitionistic fuzzy versions of this principle were proposed [4,9]. With the help of this principle,
one can construct the image of an intuitionistic fuzzy mapping and proceed with arithmetic
operations. Besides, the intuitionistic fuzzy Zadeh’s extension principle enables us to intuition-
istically fuzzify some important mathematical tools based on classical set theory.

In this paper, we have aimed to extend the theorems in [6, 10]. Firstly, we have shown that
the α- and β-cuts of the image of a crisp function obtained by the intuitionistic fuzzy Zadeh’s
extension principle coincide with the α- and β-cuts of an intuitionistic fuzzy number. Then we
have given a corollary about monotonicity of the extension principle. Finally, we have extended
these results to

IFN(R)× IFN(R).

2 Preliminaries

Definition 2.1 ( [3]). Let X be the universe of discourse. An intuitionistic fuzzy set (IFS) in X
is a set of the form

Ãi = {(x, µÃi(x), νÃi(x)) : x ∈ X},

where the functions µÃi : X → [0, 1] and νÃi : X → [0, 1] are membership and non-membership,
functions respectively, such that for every x ∈ X, 0 ≤ µÃi(x) + νÃi(x) ≤ 1.

IF (X) will be used to denote the set of all intuitionistic fuzzy sets in X .

Definition 2.2 ([1]). The α-cut of Ãi ∈ IF (Rn) is defined as:

A(α) = {x : x ∈ Rn, µÃi(x) ≥ α},

for 0 < α ≤ 1, and

A(0) = cl

 ⋃
α∈(0,1]

A(α)

 ,

for α = 0.
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Definition 2.3 ([1]). The β-cut of Ãi ∈ IF (Rn) is defined as:

A∗(β) = {x : x ∈ Rn, νÃi(x) ≤ β},

for 0 < β ≤ 1, and
A∗(1) = cl(

⋃
β∈[0,1)

A∗(β)),

for β = 0.

Definition 2.4 ( [1]). If Ãi ∈ IF (Rn) satisfies the following conditions, then it is called an
intuitionistic fuzzy number in Rn:

1. Ãi is a normal set, i.e., ∃ x0 ∈ Rn such that µÃi(x0) = 1 (hence, νÃi(x0) = 0).

2. A(0) and A∗(1) are bounded sets in Rn.

3. µÃi : Rn → [0, 1] is upper semi-continuous: ∀k ∈ [0, 1], the set {x : x ∈ Rn, µÃi(x) < k}
is open.

4. νÃi : Rn → [0, 1] is lower semi-continuous: ∀k ∈ [0, 1], the set {x : x ∈ Rn, νÃi(x) > k}
is open.

5. The membership function µÃi is quasi-concave:

µÃi(λx+ (1− λ)y) ≥ min{µÃi(x), µÃi(y)},∀x, y ∈ Rn, λ ∈ [0, 1].

6. The non-membership function νÃi is quasi-convex:

νÃi(λx+ (1− λ)y) ≤ max{νÃi(x), νÃi(y)},∀x, y ∈ Rn, λ ∈ [0, 1].

We will denote the set of all intuitionistic fuzzy numbers of Rn by IFN(Rn).

Theorem 2.5 ( [2]). Let Āi ∈ IFN(Rn) and α, β ∈ [0, 1] be such that its α- and β-cuts given by
A(α) = {x : x ∈ Rn, µÃi(x) ≥ α} and A∗(β) = {x : x ∈ Rn, νÃi(x) ≤ β}. Then the following
hold:

1. A(α) and A∗(β) are non-empty compact and convex sets in Rn.

2. If 0 ≤ α1 ≤ α2 ≤ 1, then A(α2) ⊆ A(α1).

3. If 0 ≤ β1 ≤ β2 ≤ 1, then A∗(β1) ⊆ A∗(β2).

4. If (αn) is a non-decreasing sequence converging to α, then
∞⋂
n=1

A(αn) = A(α).

5. If (βn) is a non-increasing sequence converging to β, then
∞⋂
n=1

A∗(βn) = A∗(β).
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6. If (αn) is a non-increasing sequence converging to 0, then

cl(
∞⋃
n=1

A(αn)) = A(0).

7. If (βn) is a non-decreasing sequence converging to 1, then

cl(
∞⋃
n=1

A∗(βn)) = A∗(1).

Now, we will give the Zadeh’s extension principle in the case of intuitionistic fuzzy sets.

Definition 2.6 ( [4]). Assume that X and Y are classical sets and f : X → Y is a function. If
Ãi ∈ IF (X), then f(Ãi) is an intuitionistic fuzzy set in Y such that:

µf(Ãi)(y) =

{
sup{µÃi(x) : f(x) = y}, y ∈ f(X)

0, y /∈ f(X)
,

νf(Ãi)(y) =

{
inf{νÃi(x) : f(x) = y}, y ∈ f(X)

1, y /∈ f(X)
.

for every y ∈ Y .

3 Main results

Theorem 3.1. Given a continuous function f : R → R, it can be extended to an intuitionistic
fuzzy function f̃ i : IFN(R) → IFN(R) such that for Ãi ∈ IFN(R) we can determine
B̃i = f̃ i(Ãi) ∈ IFN(R) by its α- and β-cuts B(α) = f̃ i(A(α)) and B∗(β) = f̃ i(A∗(β)),

∀α, β ∈ [0, 1], i.e., we have B(α) = [B1(α), B2(α)] and B∗(β) = [B∗1(β), B∗2(β))], where

B1(α) = inf{f(x) : x ∈ A(α)},
B2(α) = sup{f(x) : x ∈ A(α)},
B∗1(β) = inf{f(x) : x ∈ A∗(β)},
B∗2(β) = sup{f(x) : x ∈ A∗(β)},

∀α, β ∈ [0, 1].

Proof. We will first prove that if A(α), A∗(β) and B(α), B∗(β) are α- and β-cuts of the
intuitionistic fuzzy numbers Ãi and B̃i = f̃ i(Ãi), respectively, then B(α) = f(A(α)) and
B∗(β) = f(A∗(β)). By [6] we already know that B(α) = f(A(α)). Let us prove that
B∗(β) = f(A∗(β)).

If f−1(y) = ∅, then νB̃i(y) = 1 and there is nothing to do. Assume that f−1(y) 6= ∅. Then, by
Definition 2.6, we have

νB̃i(y) = inf{νÃi(x) : x ∈ X, f(x) = y}.
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If x ∈ A∗(β), then νÃi(x) ≤ β and it implies also that νB̃i(y) ≤ β and so y = f(x) ∈ B∗(β),

i.e., f(A∗(β)) ⊆ B∗(β). On the other hand, if νB̃i(y) ≤ β, then for each ε = 1
n
, n ∈ N, there

exists xn ∈ f−1(y) such that

νÃi(xn) < νB̃i(y) +
1

n
. (1)

Let νÃi(xn) ≤ βn. Since {xn} is a bounded sequence and since xn ∈ A∗(1) and A∗(1) is
compact, it has a convergent subsequence {xnk

}. Let x = limk→∞ xnk
. Since νÃi is lower-semi

continuous, it follows that limk→∞ νÃi(xnk
) ≥ νÃi(x). Hence, from (1) and the fact that νB̃i(y) ≤

β, we have νÃi(x) ≤ β also. And since f(xnk
) = y and f is continuous, f(x) = y. Then,

B∗(β) ⊆ f(A∗(β)). Finally, we have B∗(β) = f(A∗(β)). So, if B∗(β) = [B∗1(β), B∗2(β))], we
obtain

B∗1(β) = inf{f(x) : x ∈ A∗(β)},
B∗2(β) = sup{f(x) : x ∈ A∗(β)}.

Now, we will prove that if A∗(β) are β-cuts of an intuitionistic fuzzy number Ãi, then
B∗(β) = f(A∗(β)) are β-cuts of an intuitionistic fuzzy number B̃i = f̃ i(Ãi) by using the
intuitionistic fuzzy version of the characterization theorem [2]. First, we note that since A∗(β)

are compact convex intervals in R and since f is continuous, we get B∗(β) = f(A∗(β)) compact
convex, which means that B∗(β) is a closed interval for any β ∈ [0, 1].

If β1 ≤ β2, then A∗(β1) ⊆ A∗(β2). This implies

B∗(β1) = f(A∗(β1)) ⊆ f(A∗(β2)) = B∗(β2).

Let βn be a sequence which converges from above to β ∈ [0, 1). Then

∞⋂
n=1

A∗(βn) = A∗(β).

We will show that

∞⋂
n=1

B∗(βn) = B∗(β),

i.e.,
∞⋂
n=1

f(A∗(βn)) = f(A∗(β)),

which is equivalent to
∞⋂
n=1

f(A∗(βn)) = f(
∞⋂
n=1

A∗(βn)).

Let

y ∈ f(
∞⋂
n=1

A∗(βn)).

Then, there exists x ∈ A∗(βn),∀n ≥ 1, such that y = f(x). Then y ∈ f(A∗(βn)),∀n ≥ 1, i.e.,

y ∈
∞⋂
n=1

f(A∗(βn)).
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Now, let

y ∈
∞⋂
n=1

f(A∗(βn)).

Then y ∈ f(A∗(βn)),∀n ≥ 1. Then, there exists an xn ∈ A∗(βn) with y = f(xn),∀n ≥ 1. Since
{xn} is a bounded sequence and since xn ∈ A∗(1) and A∗(1) is compact, it has a convergent
subsequence {xnk

}. Let x = limk→∞ xnk
. Now, we will prove that x ∈ A∗(β). Since

∞⋂
k=1

A∗(βnk
) = A∗(β),

we have limk→∞A
∗
1(βnk

) = A∗1(β) and limk→∞A
∗
2(βnk

) = A∗2(β). If x /∈ A∗(β), then there
exists K such that x /∈ A∗(βnk

),∀k ≥ K. Taking into account that x = limk→∞ xnk
, we obtain a

contradiction. Hence,
∞⋂
n=1

B∗(βn) = B∗(β).

Let {βn} be a sequence which converges from below to 1. Then,

cl

(
∞⋃
n=1

A∗(βn)

)
= A∗(1).

Since f is continuous, we have f(cl(A)) ⊆ cl(f(A)), and hence

B∗(1) = f

(
cl

(
∞⋃
n=1

A∗(βn)

))
⊆ cl

(
∞⋃
n=1

f(A∗(βn))

)
= cl

(
∞⋃
n=1

B∗(βn)

)
,

which implies

B∗(1) = cl

(
∞⋃
n=1

B∗(βn)

)
.

Let us define the following relation

Ãi ≤ B̃i ⇔ A(α) ⊆ B(α) and B∗(β) ⊆ A∗(β).

Corollary 3.2. Let f : R → R be a continuous function and f̃ i : IFN(R) → IFN(R) be its
intuitionistic fuzzy extension. If Ãi ≤ B̃i, then f̃ i(Ãi) ≤ f̃ i(B̃i).

Proof. Let the α- and β-cuts of f̃ i(Ãi) be C(α) and C∗(β), respectively and the α- and β-cuts
of f̃ i(B̃i) be D(α) and D∗(β), respectively. By Theorem 3.1 we have C(α) = f̃ i(A(α)),
C∗(β) = f̃ i(A∗(β)) and D(α) = f̃ i(B(α)), D∗(β) = f̃ i(B∗(β)).

Since f is a continuous function and Ãi ≤ B̃i implies A(α) ⊆ B(α) and B∗(β) ⊆ A∗(β),

we obtain f(A(α)) ⊆ f(B(α)) and f(B∗(β)) ⊆ f(A∗(β)). By the intuitionistic fuzzy extension
principle we obtain that C(α) ⊆ D(α) and D∗(β) ⊆ C∗(β). Hence f̃ i(Ãi) ≤ f̃ i(B̃i).
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Definition 3.3. Let f :X×Y →Z be a function. It can be extended to f :IF (X)×IF (Y )→IF (Z)

such that C̃i = f(Ãi, B̃i), where

µC̃i(z) =

 sup
x∈X,y∈Y

{min{µÃi(x), µB̃i(y)} : f(x, y) = z}; z ∈ f(X × Y )

0; z /∈ f(X × Y )
,

νC̃i(z) =

{
inf

x∈X,y∈Y
{max{νÃi(x), νB̃i(y)} : f(x, y) = z}; z ∈ f(X × Y )

1; z /∈ f(X × Y )
.

Theorem 3.4. Given a continuous function f : R×R→ R, it can be extended to an intuitionistic
fuzzy function f̃ i : IFN(R) × IFN(R) → IFN(R) such that for Ãi × B̃i ∈ IFN(R) × IFN(R)

we can determine C̃i = f̃ i(Ãi, B̃i) ∈ IFN(R) by its α- and β-cuts C(α) = f̃ i(A(α), B(α))

and C∗(β) = f̃ i(A∗(β), B∗(β)),∀α, β ∈ [0, 1], i.e., we have C(α) = [C1(α), C2(α)] and
C∗(β) = [C∗1(β), C∗2(β))], where

C1(α) = inf{f(x, y) : (x, y) ∈ (A(α), B(α))},
C2(α) = sup{f(x, y) : (x, y) ∈ (A(α), B(α))},
C∗1(β) = inf{f(x, y) : (x, y) ∈ (A∗(β), B∗(β))},
C∗2(β) = sup{f(x, y) : (x, y) ∈ (A∗(β), B∗(β))},

∀α, β ∈ [0, 1].

Proof. We will first prove that if A(α), A∗(β), B(α), B∗(β), and C(α), C∗(β) are α- and β-cuts
of the intuitionistic fuzzy numbers Ãi, B̃i, and C̃i = f̃ i(Ãi, B̃i), respectively, then C(α) =

f̃ i(A(α), B(α)) and C∗(β) = f(A∗(β), B∗(β)). By [6], we know that C(α) = f̃ i(A(α), B(α)).
Let us prove that C∗(β) = f(A∗(β), B∗(β)).

If f−1(z) = ∅, then νC̃i(z) = 1 and there is nothing to do. Assume that f−1(z) 6= ∅. Then, by
Definition 3.3, we have

νC̃i(z) = inf
x∈X,y∈Y

{max{νÃi(x), νB̃i(y)} : f(x, y) = z}.

If x ∈ A∗(β) and y ∈ B∗(β), then νÃi(x) ≤ β and νB̃i(y) ≤ β and it implies also that νC̃i(z) ≤ β

and so z = f(x, y) ∈ C∗(β), i.e., f(A∗(β), B∗(β)) ⊆ C∗(β). On the other hand, if νC̃i(z) ≤ β,

then for each ε = 1
n
, n ∈ N, there exists an (xn, yn) ∈ f−1(z) such that

νÃi(xn) < νC̃i(z) +
1

n
(2)

and
νB̃i(yn) < νC̃i(z) +

1

n
. (3)

Let νÃi(xn) ≤ βn and νB̃i(yn) ≤ βn. Since {xn} is a bounded sequence and since xn ∈ A∗(1)

with A∗(1) is compact, it has a convergent subsequence {xnk
}. Let x = limk→∞ xnk

. Since νÃi is
lower-semi continuous, it follows that limk→∞ νÃi(xnk

) ≥ νÃi(x). Hence, from (2) and the fact
that νC̃i(z) ≤ β, we have νÃi(x) ≤ β also. Similarly, since {yn} is a bounded sequence and yn ∈

15



B∗(1) and B∗(1) is compact, it has a convergent subsequence {ynk
}. Let y = limk→∞ ynk

. Since
νB̃i is lower-semi continuous, it follows that limk→∞ νB̃i(ynk

) ≥ νB̃i(y). Hence, from (3) and the
fact that νC̃i(z) ≤ β, we have νB̃i(y) ≤ β also. And since f(xnk

, ynk
) = z and f is continuous,

f(x, y) = z. Then, C∗(β) ⊆ f(A∗(β), B∗(β)). Finally, we have C∗(β) = f(A∗(β), B∗(β)). So,
if C∗(β) = [C∗1(β), C∗2(β))], we obtain

C∗1(β) = inf{f(x, y) : (x, y) ∈ (A∗(β), B∗(β))},
C∗2(β) = sup{f(x, y) : (x, y) ∈ (A∗(β), B∗(β))}.

From now on, the proof is similar to that of the preceding theorem. Since A∗(β), B∗(β)) are
compact convex intervals in R and since f is continuous, C∗(β) = f(A∗(β), B∗(β)) is compact
and convex.

If β1 ≤ β2, then A∗(β1) ⊆ A∗(β2) and B∗(β1) ⊆ B∗(β2), which implies that

C∗(β1) = f(A∗(β1), B
∗(β1)) ⊆ f(A∗(β2), B

∗(β2)) = C∗(β2).

Let {βn} be a sequence which converges from above to β ∈ [0, 1), we have

∞⋂
n=1

C∗(βn) = C∗(β),

which can be shown similarly as in the previous theorem. Finally, if {βn} is a sequence which
converges from below to 1, we obtain

C∗(1) = cl

(
∞⋃
n=1

C∗(βn)

)
.

4 Conclusion

In Theorem 3.1 we have proved that the α- and β-cuts of the image of an intuitionistically
fuzzified crisp function obtained by the intuitionistic fuzzy Zadeh’s extension principle coincide
with the α- and β-cuts of an intuitionistic fuzzy number. With the help of this result we have
shown that for any intuitionistic fuzzy numbers Ãi and B̃i with Ãi ≤ B̃i the inequality
f̃ i(Ãi) ≤ f̃ i(B̃i) holds. After giving Definition 3.3 we have extended the results in Theorem 3.1
to

IFN(R)× IFN(R).
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