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Abstract: In this paper we give the definitions of ¢-lower level set (L;(A)) and t-upper level set
(Uy(A)) of an Intuitionistic fuzzy set. [1] A t-lower level set is defined by giving a lower boundary
on pia(x) + va(x). A t-upper level set is defined by giving an upper boundary on pi4(x) + va(z).
If A is an Intuitionistic fuzzy set of X, then L,(A) and U;(A) are subsets of X. In this paper we
give some theorems by using ¢-lower level sets and ¢-upper level sets and prove them.
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1 Introduction

L. A. Zadeh [7] gave the definition of fuzzy sets in 1965. With this definition fuzzy logic bases
was formed. A lot of researchers study onto this area. A. Rosenfeld [4] gave the definition of
fuzzy group in 1971 and fuzzy set definition was moved to algebra. In 1983, K. T. Atanassov
[1] gave A = {{(x,pa(z),va(x)) : = € X} as the definition of intuitionistic fuzzy set thus
impoving the fuzzy set definition. There p4(x) is the degree of membership and v4(x) is the
degree of non-membership where 1 > pa(x) + va(x) > 0. Many researchers make studies
with this definition. Some of them are G. Cuvalcioglu [2], F. Tugrul, M. Citil [6] and P. K.
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Sharma [5]. P. K. Sharma gave in that paper a classic set C, 3(A) = {z : * € X such that
pa(x) > a,va(x) < B}, C(a, B)-cut of intuitionistic fuzzy set where o, 8 € [0, 1] witha+5 < 1
by using intuitionistic fuzzy set definition and gave some properties of C,, g(A).

In this study by using intuitionistic fuzzy set definition is given classic sets U;(A) t-upper
Level Set of Intuitionistic Fuzzy Set and L,(A) t-lower Level Set of Intuitionistic Fuzzy Set
definition. In this study are shown some properties of U;(A) and L.(A).

2 Preliminaries

Definition 2.1. [1] Let X be a fixed non-empty set. An Intuitionistic fuzzy set (IFS) A of X is
an object of the following form A = {(x, pa(x),va(x)) : x € X}, where py : X — [0, 1] and
va : X — [0, 1] define the degree of membership and degree of non-membership of the element
x € X, respectively, and for any x € X, we have 0 < ps(z) + va(z) < 1.
Remark 2.2. When p4(z)+va(z) = 1,ie., when vy(z) = 1 —pa(z) = p§(z), then A is called
fuzzy set [7].
Definition 2.3. [1] Let A = {(z, pa(x),va(2z)) : v € X} and B = {(z, up(z),vp(z)) :xz € X}
be any two IFS’s of X, then
i) AC Bifandonlyif ua(z) < pup(x) and va(z) > vp(x) forall x € X,
ii) A= Bifandonly if ua(z) = pup(z) and v4(z) = vp(x) forall z € X,
i) AN B = {(x,(ua Npp)(z),(vanve)(x)): € X} where
(ha N pp)(x) = min{pa(z), pp(2)} = pa(z) A pp(r) and
(va N pp)(x) = max{pa(z), pp(x)} = pa(z) V pp(z),
iv) AUB = {(z, (pa Upugp)(x),(vaUvp)(z)) : x € X} where
(ha U pp)(z) = max{pa(r), pp(z)} = pa(z) vV pp(r) and
(va U pp)(z) = min{pa(z), pp(z)} = pale) A pp(z).
Definition 2.4. [5] Let A be an intuitionistic fuzzy set of a universe set X. Then («, 3)-cut of A
is a crisp subset C,, 3(A) of the IFS A is given by
Cap(A) ={z: 2 € Xsuchthat ps(z) > o,va(z) < S},
where «, 8 € [0,1] witha + 3 < 1.
Proposition 1. [5] If A and B be two IFS’s of a universe set X, then the following statements
hold:

i) Cap(A) C Csp(A)ifa > 5and 8 <6,
i) C15(4) € Capl(4) € Cas_a(A)
iii) A C B implies C,, g(A) C C, 5(B),
V) (AN B) = Cap(4) N Cag(B),
v) Cop(AUB) D Cag( ) U C, 5(B) equality hold if a + 3 = 1,
vi) Cap(NA;) = NCop(As),
vii) Cp.(A) = X.
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3 t-Lower level set of intuitionistic fuzzy sets

Definition 3.1. Let A = {(z, pa(x),va(z)) : * € X} be an Intuitionistic fuzzy set of X. Then
t-lower level set of A (Li(A)) is given by Li(A) = {x € X : 1 > pa(x) + va(x) > t}, where
te0,1].

Proposition 2. Let A and B be two Intuitionistic fuzzy sets of X, then following holds:

i) Li(A) C Ly(A) ift > F,
ii) Ly(A) N L,(B) C L(AN B),
i) Lo(A) = X.

Proof. 1) Letx € L;(A) then 1 > pa(x) + va(z) > t. Because of t > kthen 1 > pa(z) +
va(r) >t >k.Sox € Ly(A). Hence L;(A) C Li(A).

ii) Letz € Ly(A) N Ly(B) thenx € L;(A) and x € Ly(B). So1 > pa(x) + va(x) > t and
1> pp(z) +vp(x) >t
Let us take p4(z) = o and pp(z) = 8 where o, 8 € [0,1] and o > B.
Then pa(x)App(z) = 5.Since l —a > vy(z) > t—aand 11— > vg(z) > t—F > t—q,
then 1 — 8 > va(x) Vg(x) and va(z) Vg(x) >t —FSol > B+ 1—F > pa(x) A
pup(x) +va(z)Vp(z) > B+t — B>t Hence 1 > (ua Nup)(z) + (vanNuvg)(z) > t,
then x € L,(AN B). Hence L;(A) N L,(B) C L(AN B).

i) Lo(A) ={x € X : 1> pa(x) +va(z) >0} = X. O
Proposition 3. Let A; be an intuitionistic fuzzy set of X foralli € I. Then L,((\A:) 2 () Li(A;:).
iel il

Proof. Letustake x € (| L:(A;). Thenforalli € I,z € Li(A;). Then1 > 4, (z) +va,(z) > t.

For all © € I let us tallifal,uAi(:c) = o, and /\ozi = «. Foralli € I,a; > . Since for all

iel,l1—a' >1—q; > vy (x) Zt—aithéflll—o/z Vva (@) 2t —d.

Sol>a' +1—a" > Apa(2)+ Vva(z) > oz—l—t—o/Z.GIHence 1> pa, (@) + Ura,(z) = ¢

then € Li(VAs. So Ly((VAD) D () Le(Ay). “ < m
iel icl iel

Theorem 3.2. Let A be an intuitionistic fuzzy set of X. Let {t; : i € I} be a non-empty subset of
[0,1]. Let \t; = band \/t; = c, then:

el i€l
i) UL, (4) C Ly(A),

el

ii) (VLi,(A) = Lo(A).

i€l
Proof. i) Letxz € |JL;(A) then Ji € I,z € L (A). So1 > pa(z) + va(z) > t; > 0.
icl
Therefore x € Ly(A). Hence | J L, (A) C Ly(A).

el
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ii) Let x € (L, (A). Then foralli € I,z € L;,(A) and so 1 > pa(x) + va(z) > t;. By
i€l
Vti=c, 1> pa(r)+va(z) > c. Therefore x € L.(A) that is to say
i€l

(L1 (A) € Le(A). *)

Contrary, let x € L.(A), then 1 > pa(x) + va(x) > ¢ = \/t;. Since ¢ > t; for all

i€l
i €I, 1> pua(x)+va(x) > t;. Thereby foralli € [ x € L;,(A). Then z € [ Ly, (A).
icl
Hence
Le(A) € [Lu(A). (%)
iel
From (*) and (**) () L¢, (A) = L.(A). O

i€l
4 t-Upper level set of intuitionistic fuzzy sets

Definition 4.1. Let A = {(z, pa(x),va(z)) : * € X} be an Intuitionistic fuzzy set of X. Then
the t-upper level set of A, (Uy(A)), is given by Uy(A) = {z € X : t > pa(r) + va(z) > 0},
where t € [0, 1].

Proposition 4. Let A and B be two Intuitionistic fuzzy sets of X then the following statements
hold:

i) Uy(A) C Uy(A) ifk > t,
ii) U,(A)NU,(B) C U(AN B),
i) Up(A) = X.

Proof. i) Let x € Uy(A) thent > pa(z) + va(z) > 0. Because of k > t then k > ¢ >
pa(z) +va(z) > 0.Sox € Ug(A). Hence Uy (A) C Ui (A).

ii) Letx € Uy (A) NU(B) then x € U;(A) and = € Uy(B). Sot > pa(z) + va(z) > 0 and
t > up(x) +vp(z) > 0.
Let us take p4(z) = o and pp(z) = 8 where «, 8 € [0,1] and o > S.
Sincet—f >t—a >vs(x) >0andt—f > vg(z) > 0thent— 3 > va(z) Vrg(z) > 0.
Sot>t— B+ B> palx) A ps(x) +va(z) Vg(x) > 5> 0.
Hence t > (ua Npp)(z) + (vaNvg)(x) > 0thenz € U (AN B).
Hence U;(A) NU(B) C U;(AN B).

i) U1(A) ={x € X : 1> pa(z) + va(z) >0} = X. O

Proposition 5. Let A; be an intuitionistic fuzzy set of X foralli € I. Then U,(()A;) 2 (U(A:).
iel iel
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Proof. Letustake x € (U (A;). Thenforalli € I,z € Uy(A;). Thent > pg,(x) +va,(x) > 0.

For all 7 € [ lets take ,ui[(x) = o and A pa, () = /\ai =d'. Foralli € I,a; > . Since for

allie It —a' >t —a; > va,(x) > OZtGhIent —a éE%VVAi(x) > 0.

Sot>ad +t—a > /\pAi(x) + VVAi(l‘> > 0. Héillcet > _ﬂ#Ai@) + UVAi(iL') > 0 then

v € U,(As So Uy(1A) D (WA, “ “ 0
il iel iel

Theorem 4.2. Let A be an intuitionistic fuzzy set of X. Let {t; : i € I} be a non-empty subset of
[0,1]. Let \t; =band \/t; = c then:
iel iel
i) UUs(A) C U.(A),
i€l
ii) U, (A) = Uy(A).
iel
Proof. i) Letusz € |JU;,(A) then 3i € I,x € U;,(A). Soc > t; > pa(x) + va(z) > 0.
iel
Therefore x € U.(A). Hence |J Uy, (A) C U.(A).

el

ii) Letus x € (U, (A). Thenforalli € I,z € Uy, (A) and so t; > pua(z) + va(z) > 0. By

i€l

Ati =b, b> pa(z) + va(z) > 0. Therefore z € U,(A) that is to say

iel
(U (A) C Uy(A). ()
el

Contrary lets © € Uy(A) then At; = b > pa(x) + va(xz) > 0. Since t; > b for all
iel

i €I, t; > pa(x)+va(x) > 0. Thereby forall i € I x € Uy, (A). Then xz € Uy, (A).
iel
Hence
Up(A) C (Ui (A). (+%)
i€l
From (*) and (**) () L, (A) = Ly(A). O
iel
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