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Abstract
The averaging operator W is defined on the Intuitionistic Fuzzy Sets (IFSs). The
relations between some IFS, on which the averaging operator is applied, are discussed.

Let E be a fixed universe. The averaging operator W [2] is defined on the Intuitionistic
Fuzzy Set (IFS, see, e.g., [1])
A={<z,us(x),va(x) > |x € E}

e lay) Xyenvaly)
W<A):{<x’ card(E) = card(E)

if F is discrete and

>]er}

_ o JemaW)dy Jpraty)dy
W<A)‘{<’ - EE}

if £/ is continuous. Here, the relations between some IFS, on which the averaging operator
W is applied, are discussed.

Theorem 1 For every two IFSs A and B the following relations hold:
W(ANB) Cc WA) NW(B) (1)
W(AU B) > W(A) U W(B) (2)
W(AQB) = W(A)QW(B) (3)
W(A$B) - W(A)SW(B) W(ASB) > W(A)$W(B) (4)
W(A B) C 5 W(A) < W(B) WA B) 4D W(A) xa W(B) (5)
W(A—-B) C W(A) — W(B) (6)
W(A — B) D W(A) — W(B) (7)
and none of the inclusion relations C, C . and Cy, applies to W(A+B) and W(A)+W(B),
W(A - B) and W(A) - W(B) and W(A x B) and W(A) * W(B), respectively.
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Proof: We consider in details only the case when F is discrete. The proof, when FE is
continuous, is analogous. Let

Li=W(ANB),R = W(A) NW(B),
Ly =W(AUB), Ry = W(A) UW(B),
Ly = W(AQB), Ry = W(A)QW(B)
Li = W(A B), Ry = W(A) W(B)
Ls = W(A — B), Rs = W(A) — W(B),
Ls = W(A — B), Rg = W(A) — W(B),
L; =W(A+ B),R; = W(A) + W(B)
Ls = W(A - B), Ry = W(A) - W(B)
.Lg \V(/4ﬂ<13),f%9:: VV([4)%¢XV(13)
Ll() = W(A > B), R10 = W(A) > W(B)
For (1)) we have
pr, (z) = card Zmln pa(y), ue(y))
1) = iy L A )
piry (z) = card Z#A > sl
VR, () = Card maX Z va(y Z vp(
Since
min(pa(y), np(y)) < paly)  and  min(pa(y), pe(y)) < psly) Vy e E
and
max(va(y),vp(y)) > valy) and max(va(y),vs(y)) >vely) Vy e FE

when we sum for all y in

S minjua () na0) < 3 0alo)

yekE yer

" i) s (0) < 3 )
yekE yer

> max(va(y), ve(y) = > valy)
yeE yeE
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Z max(va(y),vs(y)) > Z v(y)

yer yeE
That is so pr, (z) < pg,(r) and vy, () > vg,(z), which means Ly C R;. For (2)) we have

Z max(pa(y), us(y))

Hia (2 card

yek
VR, () Card mln Z va(y Z Vg
yeE yeE
The same way we get
S max(jua(w).anl) = 3 ea(s)
yer yer
Z max (pa(y ) > Z sy
yeE yek
> min(va(y), <> s
yeE yeE
> min(va(y), vsy) <D va(y)
yekE yeR

SO fir, () > pig,(z) and vy, (z) < vg,(z) therefore Ly D R,. For () and (7)) the same way

we get
Z min(pa(y),ve(y)) < Z pa(y)

yeE yek

S min(ualy), ve(y) <> vsy)

yer yek

Z max(us(y), valy)) > Z va(y)

Z max(ug(y),va(y)) > Z 1s(y)

which means pr, < pgr, and vy, > vp, so Ly C Rs. Also pr, > pr, and vp, < vp, SO
L¢ D Rg. We proved , , @ and - these are the cases when we have inequalities in
minimums and maximums. In the rest of the cases we have to establish inequalities of type

%Zlf(xz,yz)Zﬂ%lez,%Zlyz) (8)
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or
%Zf(%’,yi) Sf(%z%%zyi) ©)
i=1 =1 =1

which are Jensen inequalities. If f(z,y) is convex holds and if f(z,y) is concave @D
holds. A special case is when f(z,y) is linear - then it is both convex and concave and the
inequalities turn into equalities. Exactly this is the case with

paly + pe(y)
g (@ ca,rd Z N

Card Z :uB ] = HRg (ZL‘)
1 Z VA(Z/) +vp(y)

5 =

1
)

1 1
card(E) yEZE valy) + card(E) yGZE VB(Q)] = VR, ()

so W(A@B) = W(A)QW(B). If f(x,y) is not linear but it has continuous first and second

order derivatives - from Taylor’s formula we have
1
f(xo+h,yo + k) = f(x0,y0) + 1 [fé(%ﬂo)h + f, (o, yo)k] +

1
+o [f2a (o + Oh, yo + Ok)h? + 27 (o + Oh, yo + Ok)hk + [l (o + Oh, yo + Ok)k?]

for some 6 € [0;1]. So (§) (or (9)) will hold if and only if
fia (o + Oh, yo + Ok)h? + 27 (20 + Oh, yo + Ok)hk + f2(x0 + 0h,yo + 0k)k* > 0 (or <0

for all zg, yo and xo + h, yo + k for which we consider (§) (or (9))). Therefore (§) (or (9)) will
hold if and only if

fr 2@, y) = fla(z,y) fla(z,y) <0 (10)
Now we just have to check for the operations $, +, -, * and <. For $

flz,y) = \/> \/E

f;’Q _ \V4 'T"y fa/j/ _ f”2 —= —
4x? Y 4\/1’9 Y 4y2

1 1
"2 =
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and f%(z,y) < 0so f(x,y) is concave and (9) holds. Therefore

1 1 1
card(E) yze]; Via(y)us(y) < \ (Card(E) y;m(y)> (Card(E> Z;m(?ﬁ)

yek

card(E)
yer yer

car;(E) ZE Vral)vsly) < \ (car;(E) ZVA(IU)) <;ZVB(?J)>

which is pr, (z) < pg, () and vp,(x) < vg,(x) so Ly C . R, and Ly O Ry. Analogically

for ) 02 02
— xy !/ y / X
fHQ _ 4y2 fl/ — 45[;y f/l2 _ _ 4.1'2
* (x+y)? v () ! (z +y)°

xT

(@ +9)° @ty
so prs () < pgy(x) and v, (z) < vg,(x) therefore Ly C . Rs; and L5 (D Rs. For +

16 2,2 16 2,2
f;::lyz(xvy) - fNQ(xay)f;/Q(x7y) = Y Y 0

fr,y)=v+y—2y fi=1-y fi=1-x

f:;l2 =0 f;’y =1 f:;/2 =0
22, y) — (e, y) (e, y) = (~1)2=0=1>0

g, y) =2y  go=y g, =1

9o =0 gl =1 gp=
9h (@ y) — gloa(@,y) g (z,y) =17 = 0=1>0

SO nor , nor @ holds. The same applies to - since the functions of the operation are the
same. For x

fay) =Y g Loy 1o
’ 2(xy + 1) T 2wy +1)? Yoo 2xy+1)?
f”2:_ y3_y f//_ x+y IS_IL’

1! =
v 1P T Ty T Ty
and

@ty -y’ -
(zy + 1)° (zy +1)°
which is evidently positive for some values of « and y in [0;1]. (For example if z = 1 and

y=1itis 1—16) The proof of the theorem is complete.

f;ly2(w7y) - f;lQ(xvy)fg;,?(xay)
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Another proof of the proposition none of the inclusion relations C, C - and C¢ applies
to W(A+B) and W(A)+W(B), W(A-B) and W(A)-W(B) and W(AxB) and W(A)«W(B)
respectively, are the following examples: Let £ = {ej, e, e3} and

1 1 3 3 5}
A= —
{< €1, ) >, < ez, = 12 12 ,y < e3, = 12 12 }

5 1 3 5
R R e
6 2 2 6 1
E,E>,<€3,E,E>}

<eé3

then

but
W(A+C) C 5 W(A) + W(C)

W(A + C) D W(A) + W(O)
W(A-C) D> W(A)- W(C)
W(A-C) Co W(A) - W(0O)
W(A % C) D W(A) * W(O).
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