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1 Introduction 

In mathematics, the concept of fuzzy sets was introduced by Zadeh [13]. It is a new way to 
represent vagueness in our daily life. In 1975, Kramosil and Michalek [6] introduced the concept 
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of fuzzy metric spaces which opened a new way for further development of analysis in such 
spaces. George and Veeramani [4] modified the concept of fuzzy metric space. After that, several 
fixed point theorems proved in fuzzy metric spaces. In 2006, Mustafa and Sims [7] presented a 
definition of G-metric space. After that, several fixed point results proved in  
G-metric spaces. On the other hand, Atanassov [2] introduced the concept of intuitionistic fuzzy 
sets as a generalization of fuzzy sets. Park [9] has introduced and studied the notion of 
intuitionistic fuzzy metric spaces. Further, Saadati et al. [11] proposed the idea of a continuous t-
representable under the name modified intuitionistic fuzzy metric space which is a milestone in 
developing fixed point theory.  

Motivated by the concepts of G-metric space, non-Archimedean metric space and Fuzzy 
metric space, we introduce the concept of non-Archimedean generalized intuitionistic fuzzy 
metric space and obtain two common fixed point theorems for two semi compatible mappings. 
In this paper, we introduce the notion of generalized intuitionistic fuzzy metric space and describe 
some of their properties of generalized fuzzy metric space. Our results improve and generalize 
the results of Mustafa et. al. [8] and Abbas and Rhoades [1] in non-Archimedean  

G-fuzzy metric space. We also establish properties P and Q for these mappings. 

2 Preliminaries 

Definition 2.1. A 5-tuple (X, G, H, *, �) is said to be a generalized intuitionistic f uzzy metric 

space, if X is an arbitrary non-empty set, * is a continuous t-norm, � is a continuous t-conorm, 
G and H are fuzzy sets on X3 × (0, ∞) satisfying the following conditions: for every x,  y,  z,  a ∈ X and t,  s > 0. 

(i) G(x,  y,  z,  t) + H(x,  y,  z,  t) ≤ 1,  
(ii) G(x,  x,  y,  t) > 0 for x ≠ y,  
(iii) G(x,  x,  y,  t) ≥ G(x,  y,  z,  t) for y ≠ z,  
(iv) G(x,  y,  z,  t) = 1 if and only if x = y = z,  
(v) G(x,  y,  z,  t) = G(p(x,  y,  z), t), where p is a permutation function,  
(vi) G(x,  a,  a,  t) * G(a,  y,  z,  s) ≤ G(x,  y,  z,  t + s),  
(vii) G(x,  y,  z,  .) : (0, ∞) → [0, 1] is continuous. 
(viii) G is a non-decreasing of ℝ+ , lim�→	G(x,  y,  z,  t) = 1, lim
→� G(x,  y,  z,  t) = 0 for 

all x,  y,  z � X and t > 0 
(ix) H(x,  x,  y,  t) < 1 for x ≠ y,  
(x) H(x,  x,  y,  t) ≤ H(x,  y,  z,  t) for y ≠ z,  
(xi) H(x,  y,  z,  t) = 0 if and only if x = y = z,  
(xii) H(x,  y,  z,  t) = H(p( x,  y,  z), t) , where p is a permutation function,  
(xiii) H(x,  a,  a,  t) �H(a,  y,  z,  s) ≥ H(x,  y,  z,  t + s),  
(xiv) H(x,  y,  z,  .) : (0, ∞) → [0, 1] is continuous. 
(xv) G is a non-increasing of ℝ+ , lim
→	 H(x,  y,  z,  t) = 0, lim
→� H(x,  y,  z,  t) = 1 for 

all x,  y,  z ∈ X and t > 0. 

 In this case, the pair (G, H) is called a generalized intuitionistic fuzzy metric on X. 
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Definition 2.2. A 5-tuple (X, G, H, *, �) is said to be a non-Archimedean generalized 

intuitionistic f uzzy metric space (shortly GIFM-Space), if X is an arbitrary set, * is a continuous 
t-norm, � is a continuous t-conorm and G and H are fuzzy sets on X3 × (0, ∞ ) satisfying the 
following conditions: for all x, y, z, a � X and s, t > 0. 
 

(i) (GIFM 1)  G(x, y, z, t) + H(x, y, z, t) ≤ 1,  
(ii) (GIFM 2) G(x, y, z, t) > 0,  
(iii) (GIFM 3) G(x, y, z, t) = 1 if and only if x = y = z,  
(iv) (GIFM 4) G(x, y, z, t) = G(p{x, y, z}, t), where p is a permutation function,  
(v) (GIFM 5) G(x, y, z, max{t, s}) ≥ G(x, y, a, t) * G(a, z, z, s), 
(vi) (GIFM 6) G(x, y, z, .): (0, ∞ ) → [0, 1] is continuous,  
(vii) (GIFM 7) H(x, y, z, t) > 0,  
(viii) (GIFM 8) H(x, y, z, t) = 0 if and only if x = y= z,  
(ix) (GIFM 9) H(x, y, z, t) = H(p{x, y, z}, t), where p is a permutation function,  
(x) (GIFM 10) H(x, y, z, min{t, s}) ≤ H(x, y, a, t )�H(a, z, z, s), 
(xi) (GIFM 11) H(x, y, z, .) :  (0, ∞ ) → [0, 1] is continuous. 

 

Then, (G, H) is called a generalized intuitionistic fuzzy metric space on X.  
 

The functions G(x, y, z, t) and H(x, y, z, t) denote the degree of nearness and degree of non-
nearness between x, y and z with respect to t, respectively. 
 

Remark 2.3. In generalized intuitionistic fuzzy metric space X. G(x,  y,  z, .) is non-decreasing 
and H(x,  y,  z, .) is non-increasing for all x,  y,  z � X . 
 

In the above definition, if the triangular inequality (GIFM 5) and (GIFM 10) are replaced by 
the following: 
 

G(x, y, z, max{t, s}) ≥ G(x, y, a, t) * G(a, z, z, s) 
H(x, y, z, min{t, s}) ≤ H(x, y, a, t) � H(a, z, z, s), 

 

or equivalently  
 

G(x, y, z, t) ≥ G(x, y, a, t) * G(a, z, z, t)  
H(x, y, z, t) ≤ H(x, y, a, t) � H(a, z, z, t). 

 

Then (X, G, H, *, �) is called non-Archimedean generalized intuitionistic fuzzy metric space. 
It is easy to check that the triangle inequality (NA) implies (GIFM 5) and (GIFM 10), that is, 
every non-Archimedean generalized intuitionistic fuzzy metric space is itself a generalized 
intuitionistic fuzzy metric spaces. 
 

Definition 2.4. Denote by Ф the class of continuous functions ϕ,  : [0, 1] → [0, 1] such that 
ϕ(t) > t for all 0 ≤ t < 1 and ϕ(1) = 1 and  (t) < t for all 0 ≤ t < 1 and  (0) = 0. 
 

Lemma 2.5. Let (X, G, H, *, �) be a non-Archimedean generalized intuitionistic fuzzy metric 
space. Than G(x, y, z, .) is non-decreasing and H(x, y, z, .) is non-increasing with respect to t for 
all x, y, z in X.   
 

Throughout this paper, we assume that lim�→	G(x, y, z, t) =1 and lim�→	H(x, y, z, t) = 0 and that 

N is the set of all natural numbers.   
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 Lemma 2.6. Let (X, G, H, *, �) be a non-Archimedean generalized intuitionistic fuzzy metric 
space. Let {yn} be a sequence in X, where * is a continuous t-norm, � is a continuous t-conorm 
satisfying � ∗ � ≥  �  and  1 −  � � 1 −  � ≤  1 −  � , for all � � [0, 1]. If there exists t > 0 and 

ϕ � Ф and  � Ψ such that G(yn+1, yn+2, yn+2, t) ≥ ϕ(G(yn , yn+1, yn+1, t)) and H(yn+1, yn+2, yn+2, t)  

≤  (H(yn, yn+1, yn+1, t)), n � N, then{yn} is a Cauchy sequence in X. 
 

Proof . If we define rn = G(yn+1, yn+2, yn+2, t) and pn = H(yn+1, yn+2, yn+2, t), then 

 rn ≥ ϕ(rn–1) > rn–1 and pn ≤ (pn–1) < pn–1 (2.6.1) 

So, that the sequence {rn} is an increasing sequence of positive real numbers in [0, 1]  
and tends to a limit r ≤ 1. We claim that r = 1. If r < 1, on taking n → ∞ in (2.6.1), we get  
r ≥ Ø(r) > r, which is a contradiction. Hence r = 1. 

So, that the sequence {pn} is a decreasing sequence of positive real numbers in [0, 1]  
and tends to a limit p ≥ 0. We claim that p = 0. If p >1, on taking n → ∞ in (2.6.1), we get  
p ≤ (p) < p, which is a contradiction. Hence p = 0.      

Now, for any positive integer p, we have        

G(yn, yn+p, yn+p, t) ≥ G(yn, yn+1, yn+1, t) * . . . * G(yn+p–1, yn+p, yn+p, t). 

H(yn, yn+p, yn+p, t) ≤ H(yn, yn+1, yn+1, t) � . . . � H(yn+p–1, yn+p, yn+p, t). 

Taking the limit as n → ∞, we get lim�→	G(yn, yn+p, yn+p, t) = 1 and lim�→	H(yn, yn+p, yn+p, t)  

= 0. Hence, {yn} is a Cauchy sequence.                
Now, we introduce the concept of weekly compatible maps and semi-compatible maps in 

non-Archimedean generalized intuitionistic fuzzy metric space as follows. 
 

Definition 2.7. Let f  and g be self-maps on a non-Archimedean generalized intuitionistic fuzzy 
metric space (X, G, H, *, �). Then the mappings are said to be weakly compatible if they commute 
at their coincidence point, that is, f x = gx implies that f gh = gf h.   
 

Definition 2.8. A pair (f , g) of self-mappings of a non-Archimedean generalized intuitionistic 
Fuzzy metric space is said to be semi-compatible if lim�→	f  gxn = gx, whenever {xn} is a sequence 

in X such that lim�→	 f  xn= lim�→	 g xn = x, for some x � X. 
 

It follows that (f , g) is semi-compatible and f y = gy, then f gy = gf y.  
Note that every pair of semi-compatible maps are weakly compatible, but the converse need 

not be true. 
 

Example 2.9. Let X = [0, 1] with G-metric on X defined by G(x, y, z) = |x – y| + |y – z| + |z – x|. 
Denote a ∗ b = ab and a ◊ b = min{1, a + b} for all a, b � [0, 1]. For all x, y, z � X and t > 0, 
define G on X3 × (0, ∞) as follows: 

G(x, y, z,  t) =( 

��) (!,",#)     and      H(x, y, z,  t) =( �
��)$(!,",#). 
Then, (X, G, H, *, �) is a non-Archimedean generalized intuitionistic fuzzy metric space. Define 
a self-map on X as follows: 

Sx = %& 0 ≤ & < �(1  & ≥ �(
) and let I be the identity map on X. 
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Definition 2.10. Let f  and g be self-maps on a set X and if w = f x = gx for some x in X, then x is 
called a coincidence point of f  and g and w is called a point of coincidence of f  and g. 
 

Preposition 2.11. Let f  and g be semi-compatible self-maps of a set X. If f  and g have a unique 
point of coincidence f x = gx = w, then w is the unique common fixed point of f  and g. 
Proof . Since f x = gx = w and f  and g are semi-compatible, we have f w = f gh = ghf  = gw, 
implies that f w = gw. Thus, w is a point of coincidence of f  and g. But w is the only point of 
coincidence of f  and g, so w = f w = gw. Moreover, if z = f z = gz, then z is a point of coincidence 
of f  and g. Therefore z = w, by uniqueness. Thus, w is the unique common fixed point of f  and 
g. � 
 

Definition 2.12. Let (X, G, H, *, �) be a non-Archimedean generalized intuitionistic fuzzy metric 
space and T : X → X be a mapping with fixed point set F(T) ≠ Ø. Then T has property P if F(Tⁿ) 
= F(T), for each n � N. 
 

Definition 2.13. Let (X, G, H, *, �) be a non-Archimedean generalized intuitionistic fuzzy metric 
space and T, S : X → X be two mappings with F(S) ∩ F(T) ≠ Ø. Then T and S have property Q if 
F(Sⁿ) ∩ F(Tⁿ) = F(S) ∩ F(T), for each n � N. 

3 Main results 

Now, we generalize the results of Abbas and Rhoades [1] to non-Archimedean generalized 
intuitionistic fuzzy metric space for semi-compatible maps as follows: 
 

Theorem 3.1. Let (X, G, H, *, �) be a non-Archimedean generalized intuitionistic fuzzy metric 
space with t ≥ t and (1 – t) � (1– t) ≤ (1 – t). Suppose f  and g be a self-map of X satisfying for all 
x, y, z �X,  

G(f x, f y, f z, t) ≥ ϕ(G(gx, gy, gz, t)), 

H(f x, f y, f z, t) ≤ (H(gx, gy, gz, t)), 
(3.1.1) 

where ϕ � Ф,   � * , t > 0. If f (X) ⊂ g(X) and g(X) is a complete subspace of X, then f  and g 

have a unique point of coincidence in X. Moreover, if f  and g are semi-compatible, then f  and g 

have a unique common fixed point. 
 

Proof . Let x0 be a point in X. Since f(X)  ⊂ g(X), so we choose a point x1 in X such that  
f (x0) = g(x1). Continuing this process, having chosen xn in X, we can find xn+1 in X such that 

yn = f xn = gxn+1,  n = 0, 1, 2, …. (3.1.2) 

Now, we prove that {yn} is a Cauchy sequence. Then, by (3.1.1), we have 
 

G(yn, yn+1, yn+1, t) = G(f xn, f xn+1, f xn+1, t) 
  ≥ ϕ(G(g xn, g xn+1, g xn+1, t)) = ϕ(G(yn–1, yn,  yn, t). 

H(yn, yn+1, yn+1, t) = H(f xn, f xn+1, f xn+1, t) 
  ≤ (H(g xn, g xn+1, g xn+1, t)) = (H(yn–1, yn,  yn, t). 
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Then, Lemma (2.6), {yn} is a Cauchy sequence. This implies that {gxn} is a Cauchy sequence. 
Since g(X) is complete, so there exists u � g(X) such that  

lim�→	yn = lim�→	f xn = lim�→	gxn=u. 

Since u � g(X), so there exists p � X such that gp = u. Let f p ≠ u. From (3.1.1) 

G(f xn, f p, f p, t) ≥ ϕ(G(gxn, gp, gp, t)) 

as n → ∞, we get 

G(u, f p, f p, t) ≥ ϕ(G(gp, gp, gp, t)) = ϕ(1) =1. 

This implies that G(u, fp, fp, t) = 1, H(fxn, fp, fp,  t) ≤ (H(gxn, gp, gp, t)), as n → ∞, we get 

H(u, f p, f p, t) ≤  (H(gp, gp, gp,  t)) =  (0) = 0. 

This implies that H(u, f p, f p, t) = 0, which is a contradiction, since f p ≠ u. 
Thus, f p = gp = u. Hence, p is a coincidence point of f  and g. 
Now, we will show that p is unique. Assume that there exists another point q in X such that  

fq = gq. If fp ≠ fq, then  

G(fq, fp, fp, t) ≥ ϕ(G(gq, gp, gp, t)) = ϕ(G(fq, fp, fp, t)) > G(fq, fp, fp, t), 

H(fq, fp, fp, t) ≤ (H(gq, gp, gp, t)) = (H(fq, fp, fp, t)) < H(fq, fp, fp, t), 

which is a contradiction. Hence f p = f q. 
Moreover, if f  and g are semi-compatible, then from proposition (2.11), f  and g have a unique 

common fixed point. 
If we take g = 1 in Theorem 3.1, we obtain the following result: 

 

Corollary 3.2. Let (X, G, H, *, �) be a non-Archimedean generalized intuitionistic fuzzy metric 
space with t * t ≥ t and (1 – t) � (1 – t) ≤ (1 – t). Suppose f  is a self-map of X satisfying for all 

x,  y,  z � X 

G(fx, fy, fz, t) ≥ ϕ(G(x, y, z, t)) 

and  

H(fx, fy, fz, t) ≤ (H(x, y, z, t)), 

where t > 0 and ϕ � Ф and � *. Then f  has a unique fixed point. 
 

Theorem 3.3. Let (X, G, H, *, �) be a non-Archimedean generalized intuitionistic fuzzy metric 
space with t * t ≥ t and (1 – t) � (1 – t) ≤ (1 – t). If the mappings f , g : X → X satisfy either 
 

G(f x, f y, f z, t) ≥ ϕ(min{G(gx, f x, f x, t), G(gy, gy, f y, t), G(gz, f z, f z, t)})  
and 

H(f x, f y, f z, t) ≤ (max{H(gx, f x, f x, t), H(gy, gy, f y, t), H(gz, f z, f z, t)}) 
(3.3.1) 

 

or 
 

G(f x, f y, f z, t) ≥ ϕ(min{G(gx, gx, f x, t), G(gy, gy, f y, t), G(gz, gz, f z, t)}) 
and 

H(f x, f y, f z, t) ≤ (max{H(gx, gx, f x, t), H(gy, gy, f y, t), H(gz, gz, f z, t)}) 
(3.3.2) 

 



54 

for all x, y, z � X where ϕ � Ф and  � Ψ, t > 0. If f (X) ⊂ g(X) and g(x) is a complete subspace 
of X than f  and g have a unique point of coincidence in X. Moreover, if f  and g are semi-
compatible, then f  and g have a unique common fixed point. 
 

Proof . Suppose that f  and g satisfy (3.3.1). Let x0 be an arbitrary point in X. Since f (X) ⊂ g(X), 
so we choose a point x1 in X such that f (x0) = g(x1). Continuing this process, having chosen xn in 
X, we can find xn+1 in X such that f (xn) = g(xn+1). Inductively, construct a sequence {yn} in X such 
that 
 yn = f xn = gxn+1,  n = 0, 1 … (3.3.3) 
Now, we prove that {yn} is a Cauchy sequence. Then, by (3.3.1), we have 
 

G(yn, yn+1, yn+1, t) = G(f xn, f xn+1, f xn+1, 1) 
 ≥ ϕ(min{G(gxn,  f xn,  f xn, t), G(gxn+1,  f xn+1,  f xn+1, t), G(gxn+1,  f xn+1,  f xn+1, t)}) 
 = ϕ(min G(yn–1,  yn,  yn, t), G(yn,  yn+1,  yn+1, t), G(yn,  yn+1,  yn+1, t)}) 
H(yn, yn+1, yn+1, t) = H(f xn,  f xn+1,  f xn+1, 1) 
 ≤ (max{H(gxn,  f xn,  f xn, t), H(gxn+1,  f xn+1, f xn+1, t), H(gxn+1,  f xn+1, f xn+1, t)}) 
 =  (max H(yn–1,  yn,  yn, t), H(yn,  yn+1, yn+1, t), H(yn,  yn+1, yn+1, t)}). 
 

Thus, we obtain 
 

  G(yn,  yn+1,  yn+1, t) ≥ ϕ (min{G(yn–1,  yn,  yn, t), G(yn,  yn+1,  yn+1, t)}), 
  H(yn,  yn+1,  yn+1, t) ≤  (max{H(yn–1,  yn,  yn, t), H(yn,  yn+1,  yn+1, t)}). 
 

Without loss of generality, assume yn ≠ yn+1 for each n. (Since, if there exists an n such that  
yn= yn+1, then yn = f xn= gxn+1 = f xn+1 = gxn+2, implies that, gxn+1 = f xn+1. Then, f  and g have a 
coincidence point.) 

Therefore, if in the above inequality 
 

  G(yn,  yn+1,  yn+1, t) ≥ ϕ(G(yn,  yn+1,  yn+1, t)) > G(yn,  yn+1,  yn+1, t) 
  H(yn,  yn+1,  yn+1, t) ≤ (H(yn,  yn+1,  yn+1, t)) < H(yn,  yn+1,  yn+1, t). 

 

By Lemma (2.5), which is a contradiction. Hence,  
 

G(yn,  yn+1,  yn+1, t) ≥ ϕ (G(yn–1,  yn,  yn, t)) 
H(yn,  yn+1,  yn+1, t) ≤  (H(yn–1,  yn,  yn, t)). 

 

Thus, by Lemma (2.6), {yn} is a Cauchy sequence, which implies that {gxn} is a Cauchy 
sequence. Since g(X) is complete, so there exists u �g(X) such that  

 lim�→	yn= lim�→	f xn= lim�→	gxn= u. 
 

Since u � g(X), so there exists p � X such that gp = u. Let f p ≠ u. From (3.3.1) 
 

  G(f xn, f p, f p, t) ≥ ϕ(min{G(gxn, f xn, f xn, t), G(gp, f p, f p, t), G(gp, f p, f p, t)}). 
 

As n → ∞, we get  
G(u, f p, f p, t) ≥ ϕ(min{G(u, u, u, t), G(u, f p, f p, t)}) 

 ≥ ϕ(min{1, G(u, f p, f p, t)}). 
 

Now, if G(u, f p, f p, t) ≥ ϕ(1) = 1, this implies that  
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G(u, f p, f p, t) = 1, 
  H(f xn, f p, f p, t) ≤ (min{G(gxn, f xn, f xn, t), H(gp, f p, f p, t), H(gp, f p, f p, t)}). 

 

As n → ∞, we get  
H(u, f p, f p, t) ≤  (max{H(u, u, u, t), H(u, f p, f p, t)}) 

 ≤  (max{1, H(u, f p, f p, t)}). 
 

Now, if H(u, fp, fp, t) ≤  (0) = 0, this implies that H(u, f p, f p, t) = 0, which is a contradiction, 
since f p ≠ u. Hence  

 
G(u, fp, fp, t) ≥ ϕ(G(u, fp, fp, t)) > G(u, fp, fp, t)  

and 
H(u, fp, fp, t) ≤ (H(u, fp, fp, t)) < H(u,  fp,  fp,  t), 

 

which is absurd. Hence, f p = u. Thus, f p = gp = u. 
Hence, p is a coincidence point of f  and g. 
Now, we show that p is unique. Assume that there exists another point q in X such that  

f q = gq. If f p ≠ f q, then 
 

G(f q, f p, f p, t) ≥ ϕ(min{G(gq, f q, f q, t), G(gp, f p, f p, t), G(gp, f p, f p, t)}) 
 ≥ ϕ(min{G(f q, f q, f q, t), G(f p, f p, f p, t)}) ≥ ϕ(1) = 1. 

 

This implies that  
G(f q, f p, f p, t) = 1. 

H(f q, f p, f p, t) ≤ (max{H(gq, f q, f q, t), H(gp, f p, f p, t), H(gp, f p, f p, t)}) 
          ≤  (max{H(f q, f q, f q, t), H(f p, f p, f p, t)}) ≤ (0) =0. 

This implies that H(f q, f p, f p, t) = 0. 
By Lemma (2.5), which is a contradiction as f p ≠ fq. 
Moreover, if f  and g are semi-compatible, then from Proposition 2.10, f  and g have a unique 

common fixed point. The proof using (3.3.2) is similar. 
If we take g = 1 in Theorem (3.3), we obtain the following result as a generalization of 

Theorem (3.3) of Mustafa et al. [13] to non-Archimedean generalized intuitionistic fuzzy metric 
spaces. 
 

Corollary 3.4. Let (X, G, H, *, �) be a complete non-Archimedean generalized intuitionistic 
fuzzy metric space with t * t ≥ t and (1 – t) � (1 – t) ≤ (1 – t). If the mappings f  : X → X satisfy 

for all x, y, z � X either 
 

  G(f x, f y, f z, t) ≥ ϕ(min{G(x, f x, f x, t), G(y, f y, f y, t), G(z, f z, f z, t)}) 
and  
  H(f x, f y, f z, t) ≤ (max{H(x, f x, f x, t), H(y, f y, f y, t), H(z, f z, f z, t)}), 
 

or 
 

  G(f x, f y, f z, t) ≥ ϕ(min{G(x, x, f x, t), G(y, y, f y, t), G(z, z, f z, t)}) 
and  
  H(f x, f y, f z, t) ≤ (max{H(x, x, f x, t), H(y, y, f y, t), H(z, z, f z, t)}), 
 

where t > 0 and � Ф,  � *. Then f  has a unique fixed point. 
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Example 3.5. Let (X, G, H, *, �) be a non-Archimedean generalized intuitionistic fuzzy metric 
space defined in the example. Define f , g : X → X as follows: f x = x/6 and gx = x/3 and define 
ϕ : [0, 1] → [0, 1] as ϕ(t) = √t. 

Then the hypotheses of Theorem (3.1) holds. Also f  and g satisfy the condition (3.1.1) for 
all x, y, z � R and 0 is the unique common fixed point of f  and g. 

4 Properties P and Q 

In this section, we shall show that maps satisfying the conditions of Theorems 3.1 and 3.3 and 
Corollary 3.4 possess properties Q and P respectively. 
 

Theorem 4.1. Under the conditions of Theorem 3.1 f  and g have property Q. 
 

Proof . From Theorem 3.1, F(f ) ∩F(g) ≠ ϕ. Therefore, F(f n )∩F(g n ) ≠ ϕ for each positive integer 
n. Let n be a fixed positive integer greater than 1 and suppose that U � F(f n ) ∩ F(g n ). We claim 
that u � F(f ) ∩ F(g). 

Let u � F(f n )∩ F(gn). Then, for any positive integers i, j, k, r, l, s satisfying 0 ≤ i, j, r, k, l,  
s ≤ n, we have  

  G(f igju,  f rglu, f sgku, t) ≥ ϕ(G(g(f i–1gju), g(f i–1glu), g(f s–1gku), t)) 

 ≥ ϕ(G(f i–1gj+1u, f r–1gl+1u, f s–1gk+1u, t)). 

  H(f igju,  f rglu, f sgku, t) ≤  (H(g(f i–1gju), g(f i–1glu), g(f s–1gku), t)) 

      ≤  (H(f i–1gj+1u, f r–1gl+1u, f s–1gk+1u, t)). 

Define  

δ = min0 ≤ i, r, j, l, s, k ≤ n G(f igju, f rglu, f sgku, t), 

δ = max0 ≤ i, r, j, l, s, k ≤ n H(f igju, f rglu, f sgku, t), 

where t > 0. Assume that 0 ≤ δ < 1, then it follows from (3.1.1) δ ≥ ϕ(δ) > δ, δ ≤  (δ) < δ, which 
is a contradiction and hence δ = 0. 

In particular, G(f u, u, u, t) = 1 and G(gu, u, u, t) = 1, H(f u, u, u, t) = 1 and H(gu, u, u, t) = 0 
for each > 0 and hence f u = gu = u, implies that, u � F(f ) ∩F(g).  

Hence f  and g have property Q. � 
 

Corollary 4.2. Under the conditions of Corollary 3.2, f  has property P. 
 

Theorem 4.3. Under the conditions of Theorem 3.3, f  and g have property Q. 
Proof . From Theorem 3.3, F(f ) ∩F(g) ≠ Ø. Therefore, F(f n)∩F(gn) ≠ Ø for each positive integer 
n. Let n be a fixed positive integer greater than 1 and suppose that U � F(f n) ∩F(gn). We claim 

that u � F(f )∩F(g). Let u � F(f n) ∩ F(gn).  
Then, for positive integers i, j, r, l, s, k satisfying 0 ≤ i,  r,  j,  l,  s,  k ≤ n, we have  
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 G(f igju, f rglu, f sgku, t) ≥ ϕ(min{G(g(f i–1gju), f (f i–1gju), f (f i–1gju), t), 
  G(g(f r–1glu), f (f r–1glu), f r–1glu), t),  
    G(g(f s–1gku), f (f s–1gku), f (f s–1gku), t)} 
  ≥ ϕ(min{G(f i–1gj+1u, f igju, f igju, t),  
  G(f r–1gl+1u, f rglu,  f rglu, t), 
  G(f s–1gk+1u, f sgku, f sgku, t)}, 
 

 H(f igju,  f rglu,  f sgku,  t) ≤ (max{H(g(f i–1gju), f (f i–1gju), f (f i–1gju), t), 
   H(g(f r–1glu), f (f r- 1glu), f (f r1glu), t),  
   H(g(f s–1gku), f (f s–1gku), f (f s–1gku), t)} 
  ≤  (max{H(f i–1gj+1u, f igju, t), H(f r–1gl+1u, f rglu, t),  
   H(f s–1gk+1u, f sgku, f sgku, t)}. 

Define  

δ = min0≤i, r, j, l, s, k≤n G(f igju, f rglu, f sgku, t), 

δ = max0≤i, r, j, l, s, k ≤ n H(f igju, f rglu, f sgku, t), 

where t > 0. 
Assume that 0 ≤ δ < 1, then it follows from (3.3.1)  

δ ≥ ϕ(min{δ, δ, δ}) = ϕ(δ) > δ, 

Δ ≤  (max{δ, δ, δ} ) =  (δ) < δ, 

which is a contradiction and hence δ = 1. 
In particular, G(f u, u, u, t) = 1 and G(gu, u, u, t) = 1, H(f u, u, u, t) = 0 and H(gu, u, u, t) = 0 

for each t > 0 and hence f u = gu = u, implies that, u � F(f ) ∩ F(g). Hence f  and g have property Q.
 � 
 

Corollory 4.4. Under the conditions of Corollary 3.4, f  has property P. 
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