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1 Introduction

In 1965, Zadeh [14] introduced the fuzzy sets theory as an extension of crisp sets. The concept
of intuitionistic fuzzy sets (IFS) was introduced by Atanassov in 1983 [1], as a form of extension
of fuzzy sets by expanding the truth value set to the lattice [0, 1] x [0, 1] defined as follows.
Definition 1. Let L = [0,1], then L* = {(x1,29) € [0,1]* : z1 + 3 < 1} is a lattice with
(71,72) < (Y1,12) = “m1 <1 and 13 > yp.”

For (z1,y1), (z2,y2) € L*, the operators A and V on (L*, <) are defined as follows:

(1,y1) A (22, 92) = (min(z1, 22), max(yi, y2))

(T1,91) V (22, y2) = (max(x1, z2), min(y1, y2))
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Foreach J C L*

sup J = (sup{z : (a,y € [0,1]), ((z,) € J)}inf{y :( 2.y € [0, 1)((z,y) € J)}) and

inf J = (inf{z : (z,y € [0,1])((z,y) € J)},sup{y : (2, y € [0, 1])((x,y) € J)}).

Operations defined over fuzzy sets generalized to intuitionistic fuzzy sets under suitable con-
ditions. The operation “negation” is an important one and there are nearly 53 negation forms
defined up to now. Some properties of the negations were examined by researchers. The relations
between the intuitionistic fuzzy negations and some intuitionistic fuzzy modal operations were
studied in following years.

First one type intuitionistic fuzzy modal operators were defined by Atanassov in 1999 and then
different authors have made studies on this area [2,4—8, 10—13]. New intuitionistic fuzzy modal
operators have been defined, the relations between these operators, the relations with algebraic
structures and different relations have been examined by several authors.

In this study, our aim is to examine the relations between last intuitionistic fuzzy modal oper-
ators and some intuitionistic fuzzy negations.

Definition 2 ([1]). An intuitionistic fuzzy set (shortly IFS) on a set X is an object of the form

A= {<$7MA<1:>7VA<$)> ’I S X}v

where pia(x), (ua © X — [0,1]) is called the “degree of membership of x in A”, va(x), (va :
X — [0,1]) is called the “degree of non-membership of x in A”, and where p4 and va satisfy
the following condition:

pa(z) +va(z) <1, forall z € X.

The class of intuitionistic fuzzy sets on X is denoted by IFS(X).
The hesitation degree of x is defined by ma(z) = 1 — pa(x) — va(x)

Definition 3 ([1]). An IFS A is said to be contained in an IFS B (notation A C B) if and only if,
forall x € X such that ps(z) < pp(x) and va(z) > vg(x).

It is clear that A = Bifandonlyif AC Band B C A.

Definition 4 ([1]). Let A € IFS and let A = {(z, ua(x),va(x)) |x € X} then the set below is
called the complement of A

A® = {{z,va(2), pa(@)) [ € X}.

The intersection and the union of two IFSs A and B on X is defined by

AN B = {(z, pa(x) A pp(x),valz) Vvp(z)) lv € X}
AUB ={(z, pa(z) V pp(x), valz) Avp(z)) |z € X}

The notion of intuitionistic fuzzy modal operators was firstly introduced by Atanassov as fol-
lows:

Definition 5 ([1]). Let X be universal and A € IFS(X) then
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1. D(A) = {<$»MA(=’U)7 1 MA(x>> |J} S X}
2. O(A) = {{z,1 —va(x),va(x)) |z € X}

In the following years, new modal operators were defined and some properties were exam-
ined by several authors. The operators we have studied in this paper are as follows. In 2007,
Cuvalcioglu introduced E, g operator. Then the operators Z;, ; and Za s were defined as exten-
sions of £, g by the same author.

Definition 6 ([5]). Let X be a set and A = {{x, pa(z),va(x)) |x € X} € IFS(X), o, 8 € [0, 1].
We define the following operator:

Eap(A) = {{z, Blapa(r) + 1 —a),a(fra(z) +1 = f)) |v € X}

Definition 7 ([6]). Let X be a set and A = {(x,pa(z),va(z)) |z € X} € IFS(X), o, B,w €
0, 1] then

Zg 5(A) = {(z, Blapa(r) + w —w.a),a(fra(r) + w —w.B)) |z € X}

Definition 8 ([6]). Let X be a set and A = {(z, pa(x),va(z)) |z € X} € IFS(X), o, B, w, 0 €
0, 1] then

Z2%(A) = {(z, Blopa(r) + w — w.a), aBra(x) + 0 — 0.8)) | € X}

The concept of intuitionistic fuzzy uni-type operators was defined by Cuvalcioglu. Some of
them are as follows.

Definition 9 ([7]). Let X be a universal, A € IFS(X) and o, B,w € [0, 1] then
LB 5(A) = {(z, B(pa(z) + (1 — a)va(z)), a(Bra(z) + w — wp)) |z € X}
2. B9 5(A) = {{z, Blopa (@) + w — wa), a((1 = B)pa(x) + va())) |z € X}
Definition 10 ([7]). Let X be a set, A € IFS(X) and a, 8 € [0,1] then
1. Bag(A) = {(z, B(pa(z) + (1 — a)va(x)), a((1 = B)pa(x) + va(x))) |z € X}
2. Bop(4) = {{z. B(pa(@) + (1 = B)va()),a((1 — a)pa(z) + va(z))) [z € X}

The one type modal operators L,, ; and K7, 5 were studied by Yilmaz and Bal in 2014. After
then, the second type modal operators 7, g and S, 3 were defined by Yilmaz and Cuvalcioglu.

Definition 11 ([13]). Let X be a setand A € IFS(X), o, f,w € [0,1] and o+ 5 < 1
1. Lg 5(A) = {{z, apa(z) + w(l — a),a(l = B)ra(r) + aB(l —w))r € X}
2. Kg’B(A) = {{z,a(1 = Pua(z) + af(l —w),avs(z) + w(l —a))x € X}

Definition 12 ([12]). Let X be a set and A € IFS(X), a, B, 0 + 5 € [0, 1].
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1. T p(A) = {(z, B(pa(z) + (1 = a)ra(z) + @), a(va(z) + (1 = B)pa(x))) |z € X} where
a+ 4 e€l0,1].

2. Sap(A) = {{z, a(pa(@) + (1 = Blva(x)), Bva(z) + (1 — a)ua(z) + a))|w € X} where
a+p€[0,1].

The intuitionistic fuzzy negations examined in this study are as follows.
Definition 13 ( [3]). Let X be a set and A € IFS(X)
- A ={{va(z),pa(2) |2 € E},
2. yA={{va(x),1—va(2)) |z € E},
3. msA = {(1 = pa(2), pa (2)) | x € B},

4. =90A = {{z,va(x),0) | x € E},

~

5. m9sA={{1—-va(x),0) |z € E},

6. =*A = {{z,min (1,v4 (z) + &), max (0, ua () —€)) | x € E},e € [0,1]

2 Main results

Theorem 1. Let X be a set and A € IFS (X) . If o, B € [0,1] and > « then
1.~y (Eap(A)) E Eqp(—uA)
2. =4 (22 4(A)) T Z¢ 4(—4A)

Proof. (1) If o < 3 then

a—af < B—af = afva(r)+a—af <abua()+h-af

= Py (Bap(a) (B) S B, 5(-at)

and
l—a > 1-fF=1-a>a(l-0)
= l—a+af >«
= l—a+af+afvs(z) > a—afva(x)
=

Vos(Bas(4) Z VEq p(-aA)
S0, 74 (E,p(A)) E Eap(mad).
2)

fw > aw= Pw—afw > aw — afw
= afva(z)+ fw — afw > afra (z) + aw — afw
=

128 5oad) () 2 1oy (0 o)) (@)
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and

14+ 2abw aff + 20w

>
= 1—afrs(z) —aw+ afw > af — afrs () + aw — afw
= Vau(z2 5() (z) > VZs 5(mad) (z)
Hence, =y (Z2 4(A)) E Z 5(—4A).
Theorem 2. Let X be a setand A € IFS (X) . If a, B, + [ € [0, 1] and B > « then
1. S, p(—4A) C T, 5(—4A)
2. 74 (Tap(A)) E 74 (Sa(A))
Proof. (1) For 8 > «,
B > a(l-p)=B+abva(z) >a—af+abva(z)
= 1S, 5(-a) (L) 2 p1, 5(-an) (2)
and
a < ftaf=a-abva(z)<B-afrval(z)+al
= Vs, s(-ud) (T) v, 4-ua) (T)

Therefore, S, g(—4A) T To 5(—4A).
(2) Straightforward.

Theorem 3. Let X be a set and A € IFS (X) . If « € [0, 1] then
Eoa (m8A4) C =5 (EBaa (4))
Theorem 4. Let X be a setand A € IFS (X) . If o, B, + 8 € [0, 1] and B > « then
1. S, p(—sA) C T, 5(—sA)
2. 75 (Tap(A)) E =5 (Sas(A))
Proof. (1) For 8 > «,
g > a=(14+a)f>a
= B+af —aBua(z) > a—afua(z)
= U1, 4(-s) (T) > 15, 4(-s4) (T)
and
B > a=pf>2a(l-p)
afpa(z) + B = afua(z) +a(l—5)

=
= Vs, 4(-s4) (T) = V1, 4(~s4) (T)

Hence, S, 3(—sA) T T, g(—sA).
(2) Straightforward.
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Theorem 5. Let X be a set and A € IFS (X) . If o, B € [0,1] and o > [3 then

Eop(m204) £ a0 (Eas(A)) .
Proof. If a > [ then
a—af > f—ap
= afva(r) +a—aB > —af+abfva(n)
= Py (Ba () (&) 2 Py (a0 ()
and
a > af=a—af >0
= VB, s(-a04) (T) > V- (Ba p(4)) (x)
S0, Eop(m204) E 20 (Eap(A)) -
Theorem 6. Let X be a set and A € IFS (X) . If a, 5 € [0, 1] then
1. Bog(m20A) E a0 (Ba,g(A4)).
2. Bap(m20A4) € =29 (Bap(A4)).
Theorem 7. Let X be a set and o, § € [0,1]. If « > [ then
120 (Ea,ﬁ(A)) L =90 (Ba,B(A)) :
Theorem 8. Let X be a set and o, B € [0,1]. If 5 > « then
1. Eqp(—25A) © =125 (Ea,p(A)).
2. Z% 5(m25A) =25 (25 5(A)).
Proof. 1t is enough to prove the second property. For 5 > «,
1 > af —2afw+ aw+ fw
= 1—afvs(z) —aw+ afw > af — afry (z) + fw — afw
= Moz ) (@) 2 125 s (2)
and
aw > afw=aw—afw >0
= Vze (ma54) (x) > Vo (2 4(4)) ()
S0, Z% 5(—a5A) C g5 (Z2 5(A)) -
Theorem 9. Let X be a set and o, f,w € [0,1] and o+ < 1.
1. K¢ 4(—A) E —° (L2 4(A)).

2. LY 4(—°A) E = (K% 4(A)).
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Proof. (1) (i) Leta(l—F)+af(l—w)<a(l—-PF)va(zx)+a(l—p)e+ab(l—w)then
1 —vs(x) <e.

a(l=0) < 1=a(l-0)(1—-va(x)) <ce

= a(l-p)<a(l—=0F)va(z)+e¢

= a(l-pf+af(l-w)<a(l-Pva(x)+af(l—w)+e

(i1) Leta(l=pB)+af(l—w)>a(l—=LF)va(x)+a(l—pF)e+alb(l —w)then1—vy (z) >

€.

a(l=Fva(z)+a(l—PFet+af(l—w)=a(l—=0)(wal(z)+e)+abf(l—-w)

sa(l-pF)+afl-w)
=a—af+af—afw=a—afw <1

and

a(l-p)e<e
sa(l-Plrvaz)+af(l-—w)+a(l-—pFe<al—-Prva(z)+af(l—-w)+e
So, HES 5(-=A) (l’) < Mﬁs(L:’B(A)) (]J) .

On the other hand,
(1) Letw (1 —a) > aua(z) —ac+w(l—a)thene > pu4(x).

aps(z) <e=apus(z)+w(l—a)—c<w(l—a)

and 0 <w (1 —a).
(17) Letw (1 — ) < aua (z) —ac+w (1 —a) thene < pg ().

—e < —ae = apiap tw(l—a) —e<aps(r) —ae+w(l—a)
and 0 < apa (x) —ac+w(l —a).
Hence, VK;),B(_‘SA) (33) 2 l/_\f.:(Lg’ﬁ(A)) (91;) .

(2)
(i) Letat+w(l—a) <ava(z)+ac+w(l —a)then 1 —vy(x) <e.

a(l-va(x)<e=a+t+w(l—a)<avg(x)+w(l—a)+e

anda+w(l—a) <1.
(171) Leta+w(l—a)>ava(x)+ac+w(l—a)then 1 —vy(z) > e.

ava (z) +ac+w (1l —a) a(l—e)+ac+w(l—a)

I IA

a+w—aw <1
and it is clear that
avy(z)+w(l—a)+ac<avg(z)+w(l—a)+e
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So, HLe (- A) (z) < M—F(KZVB(A)) ().
Conversely,

() Letaf(l-—w) > a(l—=PB)pa(z) —a(l—pB)e+af(l—w)thene > p4(x).
e > a(l—=p8)pa(r)
= af(l-w)>a(l-B)pa(r)+af(l—-w)—¢

and af (1 —w) > 0.
(17) Letaf(l—w)<a(l—=ppua(x)—a(l—-F)e+af(l—w)thene < p4(x).

a(l=B)ua(@) —a(l—Ble+af(l-w) > a(l-p)+af(l-w)

0

AVARAY,

and it is clear that
a(l=PF)pa(r)—a(l=PBetaf(l-w)>al—pF)pa(r)+af(l-w)—¢
Hence, v () (2) < Ve (L () (x).
Corollary 1. Let X be a set and A € IFS (X) . If o, B € [0, 1] then
I.a=p=1= —4(Eyp(A)) = E,p(—44)
2. a=p=1= —9Eup(A) = Eop(-204) = 7204
Corollary 2. Let X be a set and o, 3, o+ 5 € [0, 1].
1. Top(m1A) = Sas(—14)
2. Tupl(1A) = =1 (Sus(A)
Corollary 3. Let X be a set and o, f,w € [0, 1] then
1. 9 (@;jﬂ(/l)) = =90 (20 (Ba,s(A)))
2. 7y (25,5(14)) = 720 (533,5(14))
Corollary 4. Let X be a set and o, ,w € [0,1] and oo+ < 1 then
1 L2 (1 A) = = (K2 4(4))

2. L3 g(mA) = K3 5(—A)
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