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Abstract

In this paper, we present some results on covariance between interval-valued intuitionistic
fuzzy sets. Also we study the concept of partial and multiple correlation coefficients of

interval-valued intuitionistic fuzzy sets and their some properties.
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1 Introduction

Interval-valued intuitionistic fuzzy set (IVIFS) is a general case of intuitionistic fuzzy set. The notion
of IVIFS was introduce for the first time by Atanassov and Gargov [1].
Let X be the Universal set. An IVIFS in X, X # ¢ and card(X) = n, is an expression given by

A={< &, My(z), Na(z) > [z € X}

Where the interval M4 (z) = [Mar(2z), Mau(z)] and NA(aJ;) = [Nar(z), Nau(z)] denote respectively

the degree of membership and non- membership of the element & to the set A and
My : X — DJ[0,1]

and
N4 : X — D[0,1]

with the condition 0 < My (z) + Nav(z) < 1V € X. Here D[0,1] be a set of closed sub-intervals of
the interval [0,1]. The interval M = [Mf, My] where My, and My are the lower and upper extreme
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respectively. Two intervals M and N are equal if My, = Ny and My = Ny. Similarly, M < N iff
My, < Ni, and My < Ny respectively.

Let M be the complement interval of M then M =1— M = [1 — My, 1 — My] with 1 the interval
[1,1] and with 0 the interval [0,0] . The amplitude of the interval M is denoted by Wy, which is equal
| to My — Mj,.

For all A, B € IVIFSs the following expressions are defined in [3].

1. A= B & My(z) = Mp(z) and Ny(z) = Np(z) for all z € X.

2. A< B & My(z) < Mp(z) and Ng(z) > Np(z) for all z € X.

3. Ac={< z,Ny(z),Mu(z) > /Jz € X}

4. A X B & My(z) < Mp(z) and N4(z) < Np(z). Let us consider another IVIFS D such that
D =FkA,0< k <1. Then the degree of membership of D is

MD(x) = kMA(.'E) = [kMAL(a:), kMAU(:D)]
and the degree of non-membership of D is
Np(z) = kNa(z) = [kNaL(z), kN sv(z)]

where the constant k is given by 0 < k£ < 1.

2 Simple Correlation of IVIFSs

Let X be the universal set such that Card(X) =n. A be an IVIFS which is of the form

A={< z,[Mar(z), M (2)], [Nar(z), Nav(z)]/z € X}.

=\ M3 Z; +M2 4P, +N2 T; —-|-N2 T
Then Epvips(A) = AL (@) au )2 Ar(@i) + Ny ( )

=1
This expression is called information intuitionistic energy of the set A.
Let B be the another IVIFS defined in probability space X as

B = {< 2,[MpL(z), Mpu(z)], [NBL(z), NBU(2)] > /2 € X}.

Then the formula of the covariance between IVIFSs A and B is

Croarsld, B) = i Mar(z;)Mpr(z;) + MAU(xi)MBU(xi);- Nar(z;)Npr(z;) + NAU(a;i)NBU(xZ-).

=1

For all A, B in IVIFSs the covariance have the following properties
L. Cvirs(A, A) = Ervirs(A)
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2. Crvirs(A, B) = Crvirs(B, A).
Now the correlation coefficient of the IVIFSs A and B is defined as
. Crvirs(A, B)
Kivirs(A,B) =
1rs(4, B) VCivirs(A, A)\/Crvirs(B, B)
_ Crvirs(A, B)
VEwvirs(A)\/Ervirs(B)
For all A, B in IVIFSs the correlation coefficient satisfy the following results [3].
1. If A= B then K'IVIFS(A,B) = 1.
2. Kivirs(A, B) = Kivirs(B, A).
3. 0< Krvirs(A,B) < 1.

Here we are introduce some new operations which are defined over the IVIFS [2, 4]. Next we
study some properties on covariance between IVIFSs. For any two IVIFSs A and B where M a(z) =
[Mar(z), Mau ()], Na(z) = [Nar(z), Nav(z)] are the degree of membership and non-membership
of IVIFS A, and Mp(z) = [MpL(¢), Mpu(z)] and Ng(z) = [NpL(z), Npu(z)] are that of B. The
following definitions are defined in [2, 4].

A+ B={<2,[Mar(z) + Mpr(z) — Mar(z)MpL(z), Mav(z) + My (z) — Mav(z)Mpu(z)],
[NarL(z)Npr(z), Nav(z)Npu(z)] > /z € X}

A.B ={< z,[Mar(z)MpL(z), Mav(2) MBu(2)],[Nar(z) + Npr(z) — Nar(z)NpL(2),

Nav(z) + Npu(z) — Nav(2)Npu(2)] > /2 € X}

0A = {< 2,[Mar(z), Mau(2)],[1 — Mar(z),1 — Mau(z)] > /z € X}

CA={<z,[1 - Nyr(z),1 = Nav(z)],[Nar(z), Nav(z)] > Jz € X}
A@B = {< z, [MAL(.’L‘)-;MBL(.’IIl’ MAU(.’L‘)‘|2-MBU(1')] [NAL(x)';NBL(x)’ NAU("’“')‘;NBU(J")] > /:1: € X}

)

A$B = {< 2,[VMar(2)MpL (@), VMav (2)Mpu(2)}, [VNaL(@)NeL(2), VNav (@) Nau(z)] > [z €
X} '

3 Some Results on Covariance

Property 1 Let A and B be two IVIFSs, then
Crvirs(A, B.) = Crvirs(Ac, B).

Proof. Let A= {<z,[Mar(z), Mav(z)],[Nar(z), Nav(z)] > /z € X}
and B = {< =z, [Mpr(z), Mpy(z)], [NBL(2), NBU(Z)] > /2 € X}
Then A, = {< 2,[Nar(2), Nav(2)], [Mar(z), Mau(z)] > /z € X}

and B, = {< z,[NBr(z), Npu(z)], [ Mpr(z), Mpu(z)] > /= € X}
Now, Crvirs(A, Be) = S, MAL(wi)NBL(xi)+MAU(-’L'i)NBU(Zi);NAL(Ti)MBL(-’L'i)+NAU("L'i)MBU(-Ti)

=37, MBL(»’L'i)NAL(-Ti)‘l‘MBU(-Ti)NAU(Ii)';MAL(Ti)NBL($¢)+MAU('1'¢')NBU(W€)

= Crvirs(Ac, B).
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Hence the result.

The following results is obvious from the definition.
Property 2 If A be an IVIFS then

Crvirs(A, A) = Crvirs(Ac, Ac)-

Property 3 If A be an IVIFS, then
Crvirs(A,kA) = Crvirs(kA, A) = kCrvirs(A, A) = kErvirs(A)
where 0 < k < 1.

Proof. Let A be an IVIFS where M4(z) and N4(z) are the degree of membership and degree of
non-membership of A. | '

Then kA = {< z,kM4(z),kNa(z) > /z € X}

ie., kA= {< z,[kMar(z),kMav(z)],[kNar(z), kN av(z)] > /z € X}

Therefore
CIVIFS(A, kA) =7, MAL(x.‘)kMAL(ar.')+MAU(xi)kMAU(av.')2+NAL(avg)kNAL(:ci)+NAU(z,')kNAU(xi)

=k3 MiL(zi)-*-MiU(I‘);'N?AL(xi)‘l'NiU(a:,‘)

= kCrvirs(A, A).

Similarly, Crvirs(kA, A) = kCrvirs(A, A) = kEvirs(A).

Hence Crvirs(A, kA) = Crvirs(kA, A) = kCrvirs(A, A) = kErvirs(A).

Property 4 For any IVIFS A, K1virs(A,kA) =1,0< k < 1.

Proof. We have from previous property

Crvirs(A, kA) = kCrvirs(A, A).

Now,

CIVIFS(kA kA) Zz_ kMAL(Iz)kMAL(1‘:)+kMAU(IL‘,)kMAU(:L‘,)+kNAL(:L',)kNAL(Wt)_{_kNAU(El)kNAU(E')
_ z:N k2 M (xz)+k MAU(:L',)+k2NiI (m,)+k2N:‘;U(:L‘,)

= k2 7}_1 AL(“"')+MAU($");' An(@) NGy ()

= k?Crvirs(4, A).
Therefore

Crvirs(AkA)
Kemrald, kd) = VCrvirs(A, A)\/CIVIFS(kA kA)
kCrvirs(A,4) kCrvirs(A,A)

\/CIVIFS(A A)\/K2Crv1rs(A,A) k\/CIVIFG‘(A A)\/Crvirs(4,A)

=l

Property 5 Let D be an IVIFS which is linearly related with two IVIFSs A and B, i.e.,
D= klA + sz where 0 S k]_,k2 S 1,
such that
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Mp(z) = k.Ma(z) + ksMs(z) and Np(z) = kyNa(z) + k2Na(z)

and Mp : X — D[0,1]; Np : X — D[0, 1].

Then (i) Crvirs(A, D) = k1Crvirs(A, A) + k2Crvirs (A, B)

(ii) Crvirs(D, D) = k3Crvirs(A, A) + 2k1keCrvirs (A, B) + k3Crvirs(B, B).

Proof. (i) Here, Mpr(z) = k‘lMAL(ClZ) + koMpr(z), Mpu(z) = kiMav (z) + ko Mpy(2)
and NDL(z) =kiNar(z) + k2NpL(¢), Npu(z) = k‘lNAU(x) + k2N (z).

Now
CIVIFS(A D) Zn MAL(xi)MDL(Ii)+MAU($)MDU($i)2-I-NAL(ri)NDL(wi)+NAU($i)NDU(r.‘)

ZN klMAL( z;)+k1 MAU(a:,)-}-IclNiL(z,)+k1NAU(x,)

2
ka[Mar(zi)Mpr(zi)+Mav(zi)Mpu (i) +Nar(zi)NpL (z:)+Nav(ei) Npu (zi)]
+ 3 i s

= ki1Crvirs(A, A) + koCrvirs(A, B).

(ii) Crvirs(D, D)=
n [klMAL(JU.‘)+k2MBL(xe)]2+[k1MAU(fe)+k2MBU(ze)]2+[k1NAL(xi)+k2NBL(wi)IZ+[k1 Nay(zi)+k2 Ny (:)]?

= Z b L(I')"'M U(a’t)+ L(”"l)"’ U(‘”')]
1 Z 2k1k2 MAL(331)MBL(-’L'z)+MAU(Zl)MBU(zz)‘}'NAL(-'L't)NBL(17:)+NAU(-77:)NBU($;)]

+ Z BL(ml)+ (xi2)+ AL($5)+ Au(xi)]
= k101V1FS(A, A) + 2k1koCrvirs(A, B) + k3Cvirs(B, B).

Property 6 Let A and B be two IVIFSs and U and V be another two IVIFSs such that U = ki A
and V = k9B, where 0 < ki, ko < 1.
Then

Kivirs(U,V) = Krvirs(A, B).

Proof. Let M4(z) and N4(z) be the degree of membership and non-membership of IVIFS A.

Then the degree of membership and non-membership of IVIFS U are kyM4(z) and k1 N4(z) respec-
tively. Similarly, koMp(z) and kyNp(z) be the degree of membership and non-membership of IVIFS
V.

Now
CIVIFS(U V) n » MUL(-’L‘,)MVL(CD:)+MUU(.’D.)Mvu(a:,)+NUL(z‘)NVL(;L-t)+NUU(rt)NVU(z.t)

=37 klMAL(wz)k2MBL(rz)+k1MAijz)kzMBU(Iz)-I-hNAL(E.)kzNBL($;)+k1 Nav(zi)k2 Npy(z:)
1

= k1k2Crvirs(A, B).

Again, CIVIFS(U U) EIVIFS(U)
= Z UL zl)+MUU(It)+NUL(“")"'NUU(“")

Z k MAL(a:,‘)+k2M2U(:I:,)+k2N2L(x,) k2N2U(.7;,)
- =1

= k%CIVIFS(A, A) = k%E[les(A).
Similarly, Crvirs(V,V) = Ervirs(V) = k3Crvirs(B, B) = k3Ervirs(B).
Therefore,

Crvirs(UV)
4
Kivirs(U,V) = VE1virs(UW/Ervirs(V)
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i k1k2Crvirs(A,B)
Vk2Ervirs(A)\/k2Erv1Frs(B)
Cayzrs(4,5) =K A, B).
\/EIVIFS(A)\/EIVIFS(B) virs(4, B)
Hence the property.

Property 7 For any three IVIFSs A, B and C,
Crvirs(A, B+ C) =Crvirs(A, B) + Crvirs(A,C) — Crvirs(A, B.C).

Proof. Here Crvirs(A,B + C) = 3 Y i{Mar(z:)(MBL(2z:) + Mcr(z;:) — MBL( OMcor(z;)) +
Muu (z:)(MBu(zi)+Mou (zi)— M. (%)MCU( 2;))+Nar(e:) Nar(2:) Nor (2:)+ N av (2:) Neu(zi) Nov (2:)}
= S {Mar(z;) MBL(z:) +MA (zi)Mcr(z:) — Mar(z;)MBr(zi) Mcr(z;) + Mav(z:) Mpu (i) +
Mgy (z:) Mou (2:)—Mav (2:) My (2:) Mou (%:) +Nar(z:) Npr(2:) Nor (2:)+Nav (2:) Npu(2:) Nou (24) }
=10 {Map(z:)MprL(z:) + Mav(2:)Mpu(z;) + Nar(z)) NaL(2:) + Nav(z:) Npu(e:)}
+2 5% {Mar(z)Mor(zi) + Mav (zi)Mou (%) + Nar(z:) Nor(z:) + Nav(z:) Nov(z:)}

i1 {NarL(z;)Npr(2;) + Nav(2:) Npu(2i) + Nar(zi)Nor(zi) + Nav(zi) Nov ()
+Mur(z:)Mpr(x;) Mo (2:) + Mav (z:) My (2:) Moy (2;)
—Nar(z;)Npr(z:)Nor(2;) = Nav(z:) Nu(zi) Nou (i) }
= Crvirs(A, B) + Crvirs(A,C) — § Y {Mar (2:) Mpr(zi) Mcr (2:) + Mav (z:) My (Xi) Meou (i) +
Nar(z;)(NBr(2;) + Nor(2:) — Nr(2i) Nor(zi)) + Nav () (Npu(2:) + Nev (zi) — Npu (i) Neu(2:)) }
= Crvirs(A,B) 4+ Crvirs(A,C) = Crvirs(A, B.C) . '

Property 8 For any IVIFS A,
Crvirs(A,04) + Crvirs(A,QA) = Crvirs(A, A) + Crvirs(OA, OA).

Proof. We have Crvirs(A,04) = %Z?___I{MAL(xi)MAL(mi) + Mav(zi)Mav(zi) + Nap(z)(1 —
MAL( i) + Nav (zi) (1 — Mau(z:))} :

= § L {M} (2:) + My (2:) + Narp(zi) — Nap(z:) Mar(2:) + Nav(2:) — Nav(e:) Mav(2:)}
Again,

Crvirs(A,QA) = 330 {Mar(e:)(1 — Nar(z:)) + Mav(2:)(1 — Nav(z:)) + Nap(z:)Nar(zi) +
Nav(zi)Nav(z:)} '

= 3 X {Mar (i) — Mar(2:) NarL(e:) + Mav(2:) — Nav(2:)Mav(z:) + N5p(2:) + N3y (z:)}
Therefore, '

Crvirs(A,0A) + Crvirs(A, OA) =

= o {M () + My (z:) + Nig(2:) + Nip(e:) + Nar(z:) + Nav(zi) — Nap(e:) Mar(2:) —
Nav(z:) Moy (z:) + Mar(z;) + Mav(2:) — Map(zi)Nar(z:) — Mav(z:) Nav(2:)}

= Crvirs(A, A) + § T {Mar (i) (1 — Nar (i) Mav (i) (1 = Nav(@:)) + Nap (i) (1 — Mag(z:)) +
Nau(z:)(1 — May(zi))}

= Crvirs(A, A) + Crvirs(0OA, CA).

Hence, CIVIFS(A, DA) + C]V[Fs(A, <>A) = CIV[FS(A, A) + C[V[FS(DA, <>A).
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Property 9 For any two IVIFSs A, B
2Crvirs(A, AQB) = Crvirs(A, A) + Crvirs(A, B).

Proof. We have

Crvirs(A, A@B) = 1 Ly (Map(o )MAL($»)+MBL(Iz) + Muy(z )MAU($v)+MBU(9«‘w)

+Nar(z Z_)NAL(ﬂ”z)';NBL(QC) + Nap(z:) NAU(“"’)';'NBU('TE)}

= § T {M 1 (2:) + Mar (2:) Mpr(2:) + My (2:) + Mav (@) Mpu(2:) + N, (2:) + Nar (2:) Nar(z:) +
Niy(zi) + Nav(zi) Npu(z:)}

= i Diea{M3 L (z:) + M3y (2:) + Nip(e:) + Nip(z:)}

- Z  {Mar(z;) MBr(zi) + Mav(2z:)MBu(2i) + Nap(z:) Npr(2:) + Nav(z:)) Nu(2:)}

- =1Cvirs(A, A) + iCrvirs(A, B). '

Therefore, 2C1virs(A, AQB) = Crvirs(A, A) + Crvirs(A, B).

Property 10 For any two IVIFSs A,B,
Crvirs(A$B, A$B) = Crvirs(A, B).

Proof. Here Crvrs(A$B, A$B) = L "N {(\/Mar(z))MpL(2:))? + (vVMav (2.) Mpy (@:))?
+(v/Nar(2:) N (2i))? + (VNav (2:) Npu(2i))?}

=157 {Mar(zi)Mpr(z:) + Mav(xi)Mpu(z:) + Nar(z:) Ner(zi) + Nav(zi) Npu(zi)}

= Crvirs(A, B).

Therefore, Crvirs(A$B, A$B) = Crvirs(A, B).

Property 11 For any two IVIFSs A,B,
4Crvirs(AQB, AQB) = Crvirs(A, A) + 2Crvirs(A, B) + Crvirs(B, B).

Proof. Now, Crvirs(AQB, AQB) =
=1 E 1{(MAL($1)+MBL('T')) 2 (MAU(“)';MBU(“))z

+( NAF($t);NBL(Tt) ) J (NAU(-’L't)'iz'NBU(xi) )2}

= § DM (2:) + My (2:) + N3z (2:) + Ny (e:)
+2Mar (2) MBr(2;) + 2Mav (2:)) Mpu(2i) + 2Nar(z:) Npr(2:) + 2N au (25) Npu(2:)
+MBy (2:) + MBy (i) + N (2:) Nay(2:)}

= § Lim M3 (2:) + My (i) + Nip(2:) + Nip(2:)}

+2 Y {Mar(z:) ML (2:) + Mav(z:) Mpu(2i) + Nar(zi)Npr(zi) + Nav(z:) Npu(zi)}
+3 X {Mpy(2:) + Mpy(2:) + N (i) + Nay(e:)}

= LCvirs(A, A) + 1Crvirs(A, B) + 1Crvirs(B, B).

Hence, 4C1virs(AQB, AQB) = CIVIFS(A, A) + 2C]V1F5(A, B) + Crvirs(B, B).

4 Partial Correlation Coefficient Between IVIFSs

Suppose we have three IVIFSs A, B and C drawn from Universal set X. My(z), Mp(z) and Mc(z)
are the degree of membership of each A, B and C respectively. And Na(z), Ng(z) and N¢(z) are
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