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Abstract: The research on intuitionistic fuzzy sets gives an extra dimension in mathematics.
It has been observed that some operators including the modal operators have very interesting
properties in intuitionistic fuzzy sets. More important properties are investigated in this paper
and new findings are obtained and proved.
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1 Introduction

The notion of modal operators were first introduced by Atanassov [1] in 1986. Modal operators
(O, ©) defined over the set of all intuitionistic fuzzy sets that convert every intuitionistic fuzzy
set into a fuzzy set. Atanassov [2] also introduced the operators (H, X) in intuitionistic fuzzy
set. More relations on these operators are regorously studied in [3] , [4], [5], [6] ., [7] and [8].
The second extension of the operators H and X are introduced by K. Dencheva [9]. The third
extensions of the above operators are derived by Atanassov [4]. The natural extension of both
the latest operators denoted by [, 5., is also defined by Atanassov [5]. In this paper, we try
to investigate various properties of this intuitionistic fuzzy operator [, 5, s and establish some
comperison with the help of four basic operations U, N, @ and & .

Copyright © 2024 by the Author. This is an Open Access paper distributed under the

terms and conditions of the Creative Commons Attribution 4.0 International License

(CCBY 4.0). https://creativecommons.org/licenses/by/4.0/




2 Preliminaries
Let a set X be fixed. An intuitionistic fuzzy set A in X is an object having the form

A= {(z, pa(z), va(z)) - v € X},

where the functions pi4,v4 : © — [0, 1] define, respectively, the degree of membership and the
degree of non-membership of the element x € X to the set A, which is a subset of X, and for
every element © € X,0 < pa(x) +va(z) < 1.

Furthermore, we have m4(z)= 1-pa(x)-va(x) called the intuitionistic fuzzy set index or
hesitation margin of = in A. Then, w4(z) is the degree of indeterminacy of x € X to the IFS A
and ma(z) € [0,1] thatis 74 : @ — [0,1] and 0 < m4(x) < 1 forevery z € X. ma(z) expresses
the lack of knowledge of whether = belongs to IFS A or not.

Obviously, for every ordinary fuzzy set m4(x) = 0 for each x € X and these sets have the
form: {(x, pa(x),1 — pa(x)) : x € X}.

Definition 2.1 [1] Let A, B be two IFSs in X. The basic operations are defined as follows:

1. AC B <= pa(z) < pp(z)and va(x) > vp(z), Vo € X,

2. A= B <= pu(x) = pp(x) and va(z) = vp(z), Vo € X,

3. A= {{x,va(x), pa(x)) : z € X},

4. AU B = {{z,max(pua(z), pp(x)), min(vs(z), vp(x))) : x € X},

5. AN B = {(z,min(pa(z), pp(x)), max(va(z),vp(x))) : x € X},

6. A® B = {(z, (1(x) + us(x) — pal@)pi(@)), va(a)vp(@) : v € X},

7. A® B = {(z, pa(@)up (), (va(r) + va(z) — valz)vp(2)),) - v € X},

8. A— B ={(z,min(pua(z),vp(z)), max(va(z), up(x))) : x € X},

9. AAB = {(x,max[min(us(z), vp(x)), min(up(x),va(x))],
min[max(va(x), up(z)), max(vg(z), pa(z))]) : z € X},

10. Ax B = {{x,pa(x)up(x),va(x)vp(x)):x € X}.

Definition 2.2 [2] Let X be a nonempty set. If A is an IFS drawn from X, then the modal
operators which are also termed as necessity and possibility operators can be defined as:

1. OA = {{x,pa(x),1 — pa(x)) : x € X},
2. QA ={{z,1 —va(z),va(x)) : 2 € X}

For a proper IFS, JA C A C QA and A # A # QA.
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Definition 2.3 [2] Let X be a nonempty set. If A is an IFS drawn from X, then,

1. BA = {(z, !LAQ(:E)7 VA(§)+1> Lz e X},

2. WA = {(z, AL valedy . 0 o 1,

2

For a proper IFS, HA C A C XA and HA # A # KA.

Definition 2.4 [2] Let o € [0, 1] and let A be an IFS. Then the first extension of the operators B
and X can be defined as:

1. B, A= {(z,apa(z),ava(z) +1 —a) :x € X},

2. KA ={(x,apa(x) +1—a,ava(x)) : x € X}.
Definition 2.5 [9] Let «, 5 € [0, 1] and let A be an IFS. Then the second extension of the operators
H and X can be defined as:

1. BopA = {(z,apa(z),ava(z) + B) : x € X},

2. WA = {(z,apa(x) + B,ava(x)) : x € X}, where o, 5, e + 5 € [0, 1].

Definition 2.6 [4] Let a, 3,7 € [0, 1] and let A be an IFS. Then the third extensions of the
operators B and X can be defined as:

1. Ba A= {(z,apa(x), fralz) +7v) € X},

2. Mo p,A = {(z,apa(x) + v, Bra(z)) : v € X}, where a, 3,7 € [0, 1] and max(a + 3) +
v <1

Definition 2.7 [5] Let «, 3,7,0 € [0,1] and let A be an IFS. Then the natural extension of the
operators B, g , and X, 5, can be defined as:

CasysA = {(z, apa(r) + 7, Bra(z) +6) : v € X},

where «, 3,7,9 € [0,1] and max(a+ ) + v+ 0 < 1.

3 Main results

Throughout this paper, intuitionistic fuzzy set and fuzzy set are denoted by IFS and FS respectively.
Theorem 3.1 For every IFS A and for every «, 3,7, € [0, 1] for which max(a+ ) +~vy+0 < 1.
1. Bos 500504 =0 HA,

''''''

2. [o5,05,05004=0KA,
3. Hawor_o0A = OF, A,
4. Hoai-0004A=0K, A,
5. Fawor_o0A = OF, A,

6. Da,a,l—a,OOA = <> &a A.

11



Proof. Let us prove the statements in items 1. and 3.

1. Letus have A = (ua(z),va(z)) be an IFS.
Then OA = (ua(z), 1 — pa(x))
Now, L.H.S= [y s5.0.500504 = <MA2($)’ (1_M2A($)) + %) _ <HA($)’ 1— MA(I)>

2
. T z)+1 T x
Again, RH.S = OB A = O(#ale) val@ily _ juale) 4 _ pal)y

Hence the proof.

3. LH.S = o a01-a0A = (apa(z), 1 — apa(x))
Again, RH.S = OH, A = {apa(z),avas(z) + 1 — a) = {(apa(z), 1 — apa(z)).
Hence the proof.

Similarly, the other statements can be proved.

Theorem 3.2 For every IFS A and for every o, 5 € [0, 1] where a + 5 = 1.

1. Hgaos0A =08, A,
2. HaapoOA = 0K,z A

Proof. Let us prove the statement in item 1.
Let A = (ua(x),va(x)) be an IFS. Then JA = (ua(x),1 — pa(z)). Now,

L.H.S =y a0s0A
= (apa(r), ol — pa(x)) + B)
= (apa(z),a(l — pa(x)) + 1 — )
= (apa(z), 1 — apa(x)).

Again,
R.H.S =0, 5 A=0(ua(z),ava(z) + B)
= (apa(z),1 — apa(z)).

Hence the proof.
Similarly, the other statement can be proved.

Remark 3.3 For every IFS A and for every o, 3 € [0, 1] where o + 3 < 1, we have:
1. aeopbA#OH, 5 A,
2. HaapoQA# O Kys A
Counterexample. Ler A = (0.7,0.2,0.1) and o = 0.5, 5 = 0.3. Then we have,
Fos05003 0 (0.7,0.2) = (0.35,0.45)
and

D Hﬂo.570_3 <07, 02> - <0357 065>

12



Theorem 3.4 For every two IFSs A and B and for every o, 3,7,0 € |0, 1] with max(a + ) +
v+ <1,

1. Dawgng(A UB) = Daﬁm(g(DA) U Daﬁmg(DB),
2. Hagrs0(AU B) = Hapq,5(0A) Ul 5,6 (0B),
3. Da,,B,'y,ED(A NB)= Da”&%g(DA) N Da”gm(;(DB),
4. o gy s0(ANB) =Hag46(0A) Ny pq6(0B).

Proof. Let us prove the statement in item 1.

Let A = (x,pua,va) and B = (x, ug, vg) be two IFSs. Then for every «, 3,7,0 € [0, 1] with
max(a + ) + v+ 6 < 1, we have

Ha7,60(AU B) = o gq,5(max(pa, pp), 1 — max(pa, pip))
= (amax(pa, ug) + 7, B[L — max(pa, up)| + 9).
Again,
Da,ﬁmé(DA) U Da,ﬁmé(DB) =Uasys <:UA7 I- ,UA> U DO&7/B7’Y75<MB: 1- ,UB>
= ((apa +7, B(1 — pa) +6)) U {(apup + 7, 8(1 — pp) +9))
max(apa + v, apup + ), min(5(1 — pa) + 9, B(1 — pg) +9))

=
= (amax(pua, pp) + v, fmin(l — pa, 1 — pg) + 0)
= (amax(pa, pg) + 7, B[1 — max(pa, pp)| + 0).

Hence
Daﬁng(A U B) = Daﬁ’%g(DA) U Elaﬁ,%(;(DB).

Similarly we can prove the other parts of the Theorem. U

Theorem 3.5 For every two IFSs A and B and for every «, 3, v, § € [0,1] with
max(a+ ) +v+9 <1,

1. Oogrs0(A® B) CHypns(0A4) & Eypas(OB),
2. Baprys0(A® B) CHyprys(OA) &y pq6(0B),
3. Hagre0(A® B) DMy prs(0A) @y ps(0B),
4. Moy s0(A® B) D Hapys(0A) ® Hapsys(0B),
5. Hopre0(A—B) CHyprys(0A4) — L, p46(0B),
6. [a,5,7.60(A = B) C [y s(0A) — Hayprs(0B),
7. BapqrsO(AAB) C Uy pqys(OA)AH, 545 (OB),

8. Daﬁg,%gO(AAB) - Daﬂmg(OA)A E]aﬁ,%(; <<>B)
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Proof. 1. Let A = (x, ua,va) and B = (x, up, vg) be two IFSs.

L.HS. =0,4.,s0(A& B)

= Bagqyotta + pp — ptaps, 1 — (a + i — papin)) (D
= (a(pa + pp — papp) +7, B[l — (A + pp — paps)] + 96)

Respectively,

R.H.S. = [y p.,5(0A4) ® Da 5.,.5(0B)
= Uaprs(tia, 1 — pa) © Oapqsis, 1 — pp)
= (opa +7,B(1 = pa) +6) ® {app + 7, B(1 — pp) +9) (2)
= {apa+v+aps+7 — (apa+7)(aps +7), (B(L — pa) +0)(B(1 — pug) +9))
= (apa + g — apiaps — Ypa — yis) + 27 — 7%
B2(1 = pa — pp + papp) — B0(pa + pg) + 280 + 6%).

Now, from (1) and (2), we see that,
(ha+ pp = papp) < (pa +pp — apapp), as0<a <1
= a(pia + pp — praps) < alpa + ps — apaps)
= apia + g — papp) < alpa + pp — apapp) — aypa — ayip
= a(pia + pp — prapp) < alpa + pp — apaps — YHa — YHB)
= a(pia + pp — prapp) +v < apa + pip — qpapip — Ypa — YB) +
= apa+ps—paps)+v < alpa+ps —opapis —ypa —yps) +y+(y—7%), asy—+>>0
= a(pa+ pp — prapp) +v < alpa + pp — apapp — Ypa — yis) + 27 — 7%
Similarly it can be proved that

BI1 — (pa + pip — prapp)] +6) > BA(1 — pa — pp + paps) — B6(pia + pup) + 285 + §2).

Hence,
DaﬁméD(A D B) - Daﬁ,%5(DA) S5 Docﬁmé(DB)-

The other statements can be proved in a similar manner. U

Theorem 3.6 em For every two IFSs A and B and for every «, 3,7, € [0, 1] with max(a+ ) +
y+0 <1,

1. Boo,00A =

A T
]
=)
52 2 g
=)
(en)
PN
I

Proof Let us prove the statement in item 5.
We have [y g 04 = (1a,0). Again X, g gA = (1, 0). Hence the proof.
Similarly, the other statements can be proved. 4
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4 Some observations

Let A = (x, ua,v4) be any IFS. Then we constuct the following tables.

Table 1. Composition table under union.

U [o,0,0,0A | [o,0,0,1 A | [oy,1,04 | Bo,1,0,04 | 10,004 | Hi,1,004
[o0,004 | (0,0) (0,0) (1,0) (0,0) (114,0) (11a,0)
[o0014 | (0,0) (0,1) (1,0) (0,va) (114,0) (ta,va)
DQO,LOA <170> < > <170> < > <1a0> <1a0>
(o004 | (0,0) (0,v4) (1,0) (0,va) (4, 0) (tha,va)
[i000A | (124,0) (114,0) (1,0) (114,0) (114, 0) (114,0)
[i100A | (14,0 (a,va) | (1,0) (a,va) | (1a,0) (114, va)
Table 2. Composition table under intersection.
N [o,0,0,0A | [o,0,0,1A | [oy,1,04 | Bo,1,0,04 | [i,0,00A4 | Hi,1,004
5070,071‘4 <07 1) < > <07 1) <07 1> <07 1> <07 1>
[oo,1,04 | {0,0) (0,1) (1,0) (0,va) (11a,0) (tha,va)
DO,l,O,OA <07VA> <07 1> <07VA> <071/A> <Oa VA> <07 VA>
(10004 | (0,0) (0,1) (14, 0) (0,v4) (11a,0) (ta,va)
Clii004 | (0,v4) (0,1) (a,va) | (0,v4) (a,va) | (pa,va)
Table 3. Composition table under addition
) [0,0,0,0A4 | [o,0,01A4 | Boo,1,04 | [o,1,00A4 | [1,0,00A4 Elh,1,0,0A4
[o0,004 | (0,0) (0,0) (1,0) (0,0) (114,0) (114,0)
[o0,014 | (0,0) (0,1) (1,0) (0,v4) {114, 0) (1a,va)
DO,OJ,OA <170> <170> <170> < ) > <170> <170>
[o,1,004 | (0,0) (0,v4) (1,0) (0,v3) (114,0) (a,v3)
(10,004 <MA> 0> <MA7 0> (1, 0> <M > <2MA MAa > <2MA—M,24>0>
Mi100A | (pa,0) (a,va) | (1,0) (na,va) | Qua—p3,0) | Qua—pi,v3)
Table 4. Composition table under multiplication.
® [o,0,0,0A4 | [o,0,01A | Boo,1,04 | [o,1,004 [1,0,0,0A4 | [1,1,004
[o0.00A4 | (0,0) (0, 1) (0,0) (0,v4) (0,0) (0,v4)
EIO,O,()JA <07 1> <07 1> < > <07 1> <07 1> <07 1>
Boo,1.04 | (0,0) (0,1) (1,0) (0,v4) (pa,0) (pa,va)
Ho1004 | (0,v4) (0,1) (0,v4) 0,2v4 —v3) | (0,v4) (0,204 — v2)
Dl,O,O,OA <07 O> <07 1> <:uA > <07 VA> <:U’?47 O> </ﬁ47 VA>
[i1004 | (0,74) (0,1) (a,va) | (0,204 —v3) | (ph,va) | (ph,2va — v3)




We may quickly review some of the properties for the IFS A using the tables above. Some

novel comparisons employing the fundamental operations U, N, &, and ® are derived by utilizing

the properties of this operator:

1.

5

[0,0,1,0 AU 00,004 = Bo0,1,04AUy 0,014 = Eoo1,04AULe 01,04 = Eoo1,04AUHe 1,004
= [o,0,1,04A UL 0004 = Hop1,04 U 1004 = (1,0).

[0,0,0,1ANEo,0,00A4 = Bo 0,01 AN 0,014 = Hoo01 AN 01,04 = o1 AN 1,004
= o001 AN 0004 =Eo001ANE 1004 = (0,1).

[0,0,1,04 @ o004 = Hoo1,04 @ o014 = oo 1,04 @ Hop,04
= [0,01,04 ® o 1004 =Eo01,04 P 10004 =Eop1,04 B 1004 = (1,0).

(0,0,01 4 ® Bo0,004 = Ho0,01A4 ® o014 =Lopo14 ®@Lop1,04
= 0,001 4 @ Eo1,004 = o014 ® 10,004 = o014 ® 11,004 = (0,1).

- 0,001 AU 1,004 = Bop,0,0AUH L1004 = B1,004A U 00,14 = By 1,00A U 1,004

= [y 1,004 UL 1,004 =Boo1,0A N 1004 =0 0004 N 1004
= [ 1,004 N 01,04 =1100ANH0004 =01004ANE 1004
= 0,001 A4 ® 11,004 =i11,004 D Ho0,01A4 =Lloo1,04 @ L1004
= [1,1,004 ® Bop1,04 = (p1a, Va).

Conclusion

Some new interesting properties of [, 5. s have been investigated in this paper. Using the

features of this operator, some new equalities have been obtained and some comperisons using the

basic operations U, N, H and X are done.These equalities are very useful because they are shorter

and more practical. These equalities could be made use in many application areas of intuitioistic

fuzzy operators and will provide more practical solutions.
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