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Abstract: In two previous papers we have proposed methods for evaluation of tokens in gen-
eralized nets. In the ordinary generalized nets these evaluations are based on the characteristics
obtained by the tokens during their stay in the net. In generalized nets with characteristics of the
places we have proposed evaluation of tokens based on the characteristics of the places. In the
present paper we propose two methods for evaluation of the places. In the ordinary generalized
nets the evaluation is based on the characteristics obtained by the tokens in the place. In gen-
eralized nets with characteristics of the places the evaluation can be based on the characteristics
obtained by the places.
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1 Introduction

In [2, 3] two ways of evaluation of tokens in Generalized Nets (GNs) are proposed. Here we
shall briefly mention them along with the notation used there. For arbitrary token α by xα =

〈xα0 , xα1 , ..., xαfin〉 we denote the vector of all characteristics obtained by the token during its trans-
fer in the net. A way to evaluate the tokens based on their characteristics with respect to a given
criterion is proposed in [2]. In the simplest case when all characteristics of the tokens belong to
one type, for instance they are all real numbers, let the criterion be such that all characteristics
less than a given threshold T are “bad” (i.e. they do not meet the criterion) and all characteristics
greater or equal to T are “good” (i.e. they meet the criterion). Using the indicator function

Iα(xαi ) =

{
0, ifxαi < T

1, ifxαi ≥ T
(1)
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an evaluation of the token α with respect to the criterion can be obtained through the function

µα =

fin∑
i=0

Iα(xαi )

fin+ 1
. (2)

In this special case, µα is a fuzzy membership function (see [8]).
In the definition of GN there is no restriction over the types of characteristics that a token can

receive. We may have tokens the characteristics of which belong to one type as well as tokens the
characteristics of which belong to different types. For instance take the vector with characteristics
〈5, 6, “blue”, “green”, 0, 12〉. For such vector we cannot determine whether the characteristic
“green” satisfy a cretrion of evaluation that regards numerical characteristics. Therefore, the
criterion of evaluation may be such that we have two disjoint sets ∆α and Ξα the first of which is
the set of all characteristics that satisfy the criterion while the second is the set of all characteristics
that do not satisfy the criterion. In such case, through the indicator functions of these two sets:

Iα∆(xαi ) =

{
0, if xαi /∈ ∆α

1, if xαi ∈ ∆α
, (3)

IαΞ(xαi ) =

{
0, ifxαi /∈ Ξα

1, ifxαi ∈ Ξα
, (4)

token α can be evaluated with the pair 〈µα, να〉 where

µα =

fin∑
i=0

Iα∆(xαi )

fin+ 1
, (5)

να =

fin∑
i=0

IαΞ(xαi )

fin+ 1
. (6)

It is easy to see that µα, να ∈ [0, 1] and µα+να ≤ 1. The pair 〈µα, να〉 is an intuitionistic fuzzy
pair (see [7]). The number πα = 1 − µα − να is the degree of indeterminacy of the evaluation.
In [3] two sources of indeterminacy are pointed out: indeterminacy due to the criterion; and
indeterminacy due to the GN model.

Further, in the same paper, weights for the characteristics are considered. The use of weights
allows for the time moments when the characteristics are obtained to be taken into account. One
justification for this is that it is natural to think that the newly obtained characteristics are more
important for the evaluation than those obtained in the past. In another scenario, the weights can
be connected with the places so as to give more importance to particular places.

The tokens in GNs do not preserve all of their characteristics during their stay in the net.
Therefore, in order to evaluate the tokens on the basis of all characteristics during the functioning
of the net we need to store the characteristics of those tokens which are object of evaluation. In [2]
a modification of a given GN model is proposed which allows for the evaluations to be obtained
after each transfer of token during the functioning of the net.
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Evaluation of tokens in Generalized Nets with Characteristics of the Places (GNCP) based
on the characteristics obtained by the places is proposed in [3]. GNCP as defined in [1] is the
ordered four-tuple

E = 〈〈A, πA, πL, c, f, θ1, θ2〉, 〈K, πK , θK〉, 〈T, t0, t∗〉, 〈X, Y,Φ,Ψ, b〉〉 , (7)

where all components with the exception of the characteristic functions Y and Ψ have the same
meaning as in the standard GNs. Here Y assigns initial characteristics to some of the the places
and Ψ assigns characteristics to some places when tokens enter them. In the graphical representa-
tion of GNCP in Fig. 1 the two concentric circles denote that the places can obtain characteristics.
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Figure. 1

Let 〈l0, l1, ..., lk〉 be the places through which token α has consecutively passed and as a result
characteristic has been assigned to them. Let 〈ψαl0 , ψ

α
l1
, ..., ψαlk〉 be the characteristics obtained by

the places upon the entering of the token. Let ∆lj be the set of all possible “good” characteristics,
i.e. that satisfy the criterion for evaluation and Ξlj be the set of all “bad” characteristics, i.e. those
that do not satisfy the criterion for evaluation of place lj . Using the indicator functions of these
two sets:

I
lj
∆(ψαlj) =

{
0, if ψαlj /∈ ∆lj

1, if ψαlj ∈ ∆lj
, (8)

I
lj
Ξ (ψαlj) =

{
0, ifψαlj /∈ Ξlj

1, ifψαlj ∈ Ξlj
, (9)

we evaluate the token with the pair 〈µlα, νlα〉 where

µlα =

k∑
j=0

I
lj
∆(ψαlj)

k + 1
, (10)

νlα =

k∑
j=0

I
lj
Ξ (ψαlj)

k + 1
. (11)
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Further in [3] evaluations with weights are considered. A modification of a given GNCP
which allows for the evaluation to be obtained during the functioning of the net is also proposed.

In the present paper, we look at the problem for evaluation in GNs from different angle. We
propose evaluation of the places which in ordinary GNs is based on the characteristics of the
tokens obtained in the place and it is, in fact, evaluation of the characteristic function Φ which
is connected to the place. However, we shall say “evaluation of the place” as usually it is the
place that has some physical meaning in the models. One justification for such evaluation to be
considered is that the characteristics of the tokens carry information about the place because a
given characteristic is obtained not elsewhere but in a particular place. In general the place where
a characteristic has been obtained is not included in the characteristic of the token. Thus we need
to modify a given GN model so that it can also give evaluation of some of the places.

Operations and relations over transitions and GNs are defined in [4, 5] and many assertions
about them are proved. Of these, related to the present paper is the relation ⊂∗. We shall define it
for GNCP. Let

Ei = 〈〈Ai, πiA, πiL, ci, f i, θi1, θi2〉, 〈Ki, π
i
K , θ

i
K〉, 〈Ti, t0i , t∗i 〉, 〈Xi, Yi,Φi,Ψi, bi〉〉 .

Definition 1. For every two GNCP E1 and E2:
E1 ⊂∗ E2 iff (∀Z1 ∈ A1)(∃Z2 ∈ A2)(Z1 ⊂ Z2)&(π1

A = π2
A|E1)&(π1

L = π2
L|E1)&

(c1 = c2|E1)&(f 1 = f 2|E1)&(θ1
1 = θ2

1|E1)&(θ1
2 = θ2

2|E1)&(K1 ⊂ K2)&(π1
K = π2

K |E1)&(θ2
K =

θ2
K |E1)&(T2 ≤ T1 ≤ T1 + t∗1 ≤ T2 + t∗2)&(t01 = t02)&(X1 = X2|E1)&(Y1 = Y2|E1)&(Φ1 =

Φ2|E1)&(Ψ1 = Ψ2|E1)&(b1 ≤ b2|E1).

2 Evaluation of places on the basis
of the characteristics of the tokens

In analogy to the evaluation of the tokens, we shall discuss two ways to evaluate the behavior of
a place — first, on the basis of the characteristics obtained by tokens in this place, and second, on
the basis of the characteristics of the place in the sense of GNCP.

Let l be a place of an ordinary GN. We shall consider that it is not input place of the net.
Let 〈α1, α2, ..., αk〉 be the tokens that have passed through l up to the current time moment and
〈xα1

l , x
α2
l , ..., x

αk
l 〉 be the vector with characteristics assigned to the tokens. We assume that for

every token a criterion for evaluation is set such that we have two sets of possible characteristics
— ∆αi and Ξαi — which are respectively the set of “good” (those that satisfy the criterion) and
“bad” (those that do not satisfy the criterion). Using the indicator functions of these two sets we
obtain evaluation of place l in the form of IFP 〈µαl , ναl 〉, where

µαl =

k∑
j=1

I
αj

∆ (x
αj

l )

k
, (12)

ναl =

k∑
j=1

I
αj

Ξ (x
αj

l )

k
. (13)
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Similarly to the evaluation of tokens proposed in the previous two sections weights can be
used if some of the tokens are more significant than others with respect to the place. The IFP with
weights we denote by 〈µα,wl , να,wl 〉:

µα,wl =

k∑
j=1

wjI
αj

∆ (x
αj

l )

k
, (14)

να,wl =

k∑
j=1

wjI
αj

Ξ (x
αj

l )

k
, (15)

where the weights should satisfy the condition wj ∈ [0, 1], ∀j ∈ {1, 2, ..., k}. If the tokens are
equally significant to the place, but we want the newly obtained characteristics to have greater
impact on the evaluations then a reasonable choice for the weights will be wj = j

k
for j =

1, 2, ..., k.
As in the case of evaluation of tokens through their characteristics we need to preserve the

characteristics of the tokens obtained in the place which is being evaluated. This is required
because each token α can keep only the last b(α) characteristics. We shall discuss two possible
modifications of a given GN model that would allow for the characteristics to be preserved and
the evaluation of the places to be obtained during the functioning of the net.

2.1 Evaluation of the places using additional place

We consider that the place which is to be evaluated is output for a transition Zi. Without loss of
generality we assume that the place is l′′i,h. Let Zi = 〈L′i, L′′i , ti1, ti2, ri,Mi,�i〉. We add a new
place l∗i to this transition which is both input and output. The new modified transition is denoted
by Z∗i = 〈L′∗i , L′′∗i , t1i , t2i , r∗i ,M∗

i ,�
∗
i 〉 (see Fig. 2).
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Figure 2. Modified GN model aimed at evaluation of output place of transition Z∗i ,
based on the characteristics the tokens.

The components of the modified transition Z∗i are obtained from the components of Zi in the
following way:

L′∗i = L′i ∪ {l∗i },
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L′′∗i = L′′i ∪ {l∗i }.

If ri = [L′i, L
′′
i , rl′i,s,l′′i,t ] is the index matrix of transition’s conditions, then

r∗i = [L′∗i , L
′′∗
i , {r∗l′i,s,l′′i,t}] ,

where
(∀l′i,s ∈ L′i)(∀l′′i,t ∈ L′′i )(r∗l′i,s,l′′i,t = rl′i,s,l′′i,t) ,

(∀l′i,s ∈ L′i)(r∗l′i,s,l∗i = “false”) ,

(∀l′′i,t ∈ L′′i )(r∗l∗i ,l′′i,t = “false”) ,

r∗l∗i ,l∗i = “at least one token has been transferred to place l′′i,h” .

If Mi = [L′i, L
′′
i , {ml′i,s,l

′′
i,t
}] is the index matrix with the capacities of the arcs, then

r∗i = [L′∗i , L
′′∗
i , {r∗l′i,s,l′′i,t}] ,

M∗
i = [L′∗i , L

′′∗
i , {m∗l′i,s,l′′i,t}] ,

where
(∀l′i,s ∈ L′i)(∀l′′i,t ∈ L′′i )(m∗l′i,s,l′′i,t = ml′i,s,l

′′
i,t

) ,

(∀l′i,s ∈ L′i)(m∗l′i,s,l∗i = 0) ,

(∀l′′i,t ∈ L′′i )(m∗l∗i ,l′′i,t = 0) ,

m∗l∗i ,l∗i = 1 .

�∗i = �i .

The modified GN we denote by

E∗ = 〈〈A∗, π∗A, π∗L, c∗, f ∗, θ∗1, θ∗2〉, 〈K∗, π∗K , θ∗K〉, 〈T, t0, t∗〉, 〈X∗,Φ∗, b∗〉〉 ,

where A∗ = A \ {Zi} ∪ {Z∗i } . The priorities of the corresponding transitions in E and E∗

are equal, i.e.
(∀Zj ∈ A \ {Zi})(π∗A(Zj) = πA(Zj)) ,

π∗A(Z∗i ) = πA(Zi) .

All other functions ofE∗ are defined analogously — they coincide with their corresponding func-
tions of E over the common components for both nets and we shall only describe the differences
related to the new place l∗i . The priority of l∗i should be the lowest among all input places of Z∗i ,
i.e. π∗L(l∗i ) < min

l′i,j∈pr1Zi

πL(l′i,j). For the capacity we have c∗(l∗i ) = 1. In the initial time moment

a token α∗i stays in place l∗i with initial characteristic the place which is to be evaluated and a list
with the tokens and the criterion for evaluation of each of them:

“l′′i,h, 〈α1, criterion for α1〉, 〈α2, criterion for α2〉, ..., 〈αj, criterion for αj〉” .

The priority of the token α∗i has no effect on the functioning of the net and it can be chosedn
to be the lowest among all other tokens. The time coponents are the same for both nets. If
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αi1 , αi2 , ..., αik are the tokens which have entered place l′′i,h at the current time step, then α∗i
obtains the characteristic

Φ∗l∗i (α∗i ) = “〈αi1 ,Φl′′i,h
(αi1)〉, 〈αi2 ,Φl′′i,h

(αi2)〉, ..., 〈αij ,Φl′′i,h
(αij)〉, 〈µαl′′i,h , ν

α
l′′i,h
〉” ,

where the IFP 〈µαl′′i,h , ν
α
l′′i,h
〉 is obtained from formulae (12) and (13). If we want to use fixed weights

for the evaluation, then these weights should be included in the initial characteristic of α∗i :

“l′′i,h, 〈α1, criterion for α1, w1〉, 〈α2, criterion for α2, w2〉, ..., 〈αj, criterion for αj, wj〉” .

In this case the IFP 〈µα,wl′′i,h , ν
α,w
l′′i,h
〉 is obtained from formulae (14) and (15).

Finally, token α∗i keeps all of its characteristics, i.e. b∗(α∗i ) = “∞”.
Evaluations of other output places of the same transition can be obtained just by changing the

characteristic function Φ∗l∗i and the predicate r∗l∗i ,l∗i . Evaluations of output places of other transitions
can be obtained by applying the same modification to them. For the original and the modified net
we have:

Theorem 1. E ⊂∗ E∗.

2.2 Evaluation of places using the characteristic function of the places Ψ of
GNCP

A more convenient way to evaluate a place on the basis of the characteristics assigned to the
tokens in it is through the characteristic function Ψ. Let E be a GN and

E∗ = 〈〈A, πA, πL, c, f, θ1, θ2〉, 〈K, πK , θK〉, 〈T, t0, t∗〉, 〈X, Y,Φ,Ψ, b〉〉 ,

be a GNCP obtained from E. All components except the characteristic functions Y and Ψ are the
same as in E. The characteristic function Y assigns initial characteristic only to the place which
is to be evaluated — l′′i,h — in the form

Yl′′i,h = “l′′i,h, 〈α1, criterion for α1〉, 〈α2, criterion for α2〉, ..., 〈αj, criterion for αj〉” .

If αi1 , αi2 , ..., αik are the tokens which have entered place l′′i,h during the current time step, then
l′′i,h obtains the characteristic

Ψ∗l′′i,h = “〈αi1 ,Φl′′i,h
(αi1)〉, 〈αi2 ,Φl′′i,h

(αi2)〉, ..., 〈αij ,Φl′′i,h
(αij)〉, 〈µαl′′i,h , ν

α
l′′i,h
〉 .”

The use of GNCP allows us to evaluate the places without changing the graphical structure of the
net. Evaluations of other places can be obtained by extending the characteristic functions Y and
Ψ over them in the same way. Again it is clear that the modified net preserves the functioning
and results of work of the given net, i.e.

Theorem 2. E ⊂∗ E∗.
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3 Evaluation of places in GNCP based on their characteristics

Another approach to the evaluation of places, in the case of GNCP, is based on the characteristics
assigned to them through the function Ψ. Let l be the place which we want to evaluate with
respect to some criterion and 〈ψl0, ψl1, ..., ψlk〉 be the vector of characteristics obtained by the
place up to the current time moment. Let ∆l and Ξl be respectively the set of all possible “good”
characteristics, i.e. those that satisfy the criterion, and all possible “bad” characteristics, i.e. those
that do not satisfy the criterion. Using the indicator functions of the two sets:

I l∆(ψli) =

{
0, if ψli /∈ ∆l

1, if ψli ∈ ∆l
, (16)

I lΞ(ψli) =

{
0, ifψli /∈ Ξl

1, ifψli ∈ Ξl
, (17)

we obtain the evaluation of place l with the IFP 〈µl, νl〉 where

µl =

k∑
j=0

I l∆(ψlj)

k + 1
, (18)

νl =

k∑
j=0

I lΞ(ψlj)

k + 1
. (19)

As discussed in the previous sections, weights can be used so that greater significance is given to
some of the characteristics in comparison to the others:

µl,w =

k∑
j=0

wjI
l
∆(ψlj)

k + 1
, (20)

νl,w =

k∑
j=0

wjI
l
Ξ(ψlj)

k + 1
, (21)

where wj ∈ [0, 1] for j = 1, 2, ..., k. A simple way to catch the tendencies in the behavior of the
place is to use as weights wj = j+1

k+1
for j = 0, 1, ..., k.

The possibility to assign characteristics to the places allows us to obtain evaluations of the
places just by modifying the characteristic functions Y and Ψ while all other components of the
net and the graphical representation remain the same. Let E be a GNCP (see Figure 1) and the
place which we want to evaluate be l′′i,h. The modified GNCP we denote by

E∗ = 〈〈A, πA, πL, c, f, θ1, θ2〉, 〈K, πK , θK〉, 〈T, t0, t∗〉, 〈X, Y ∗,Φ,Ψ∗, b〉〉 ,

where all components except Y ∗ and Ψ∗ remain the same as in the given GNCPE. The difference
between the two nets comes from the values of Y ∗ and Ψ∗ for place l′′i,h. The initial characteristics
of the place is given by

Y ∗l′′i,h = “Yl′′i,h , criterion of evaluation” .
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When tokens enter place l′′i,h the place obtains its new characteristic in the form

Ψ∗l′′i,h = “Ψl′′i,h
, 〈µl, νl〉 ,

where Ψl′′i,h
is the characteristic of the place in the original GNCP and 〈µl, νl〉 is the IFP given by

(18) and (19) or (20) and (21). Again, it is clear that the modified net preserves the functioning
and the results of the work of the given, i.e.

Theorem 3. E ⊂∗ E∗.

4 Conclusion and future work

The evaluation of places in GNs and GNCP proposed here is a logical continuation of the methods
for evaluation of tokens suggested in [2, 3]. Now, we have two different approcaches to the
problem of the evaluation of tokens and two to the problem of evaluation of places in GNs. This
can be very useful if the net is used for control of some process. Simultaneously performed
evaluations based on the charatceristics of the tokens and on the characteristics of the places
would help for easy detection of problems related to the functioning of the net.

The next step of research in the direction of evaluating the work of GNs is to study possible
approaches to the evaluation of transitions based on the characteristics of the tokens in the ordi-
nary GNs and on the characteristics of the places in GNCP. The final step of this research would
be to look at the possibilities for aggregation of the evaluations of places and transitions in order
to obtain evaluation of the work of the whole net.
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