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1 Introduction 

The basic concept of a fuzzy set was given by Zadeh [42] in 1965, after then fuzzy topology by 

Chang [13] in 1968. The generalized concept of intuitionistic fuzzy set was introduced by 

Atanassov [9] which take into account both the degrees of membership and non-membership 



24 

subject to the condition that their sum does not exceed 1. Çoker [11, 12, 14–17] and his 

colleagues introduced intuitionistic fuzzy topological spaces and connectedness in intuitionistic 

fuzzy topological spaces was introduced by Ozcag and Çoker [32]. M. S. Islam et al. [23, 24], 

Das [18], Lee et al. [25, 26], Minana et al. [31], R. Srivastava et al. [36, 37], Tiwari et al. [40], 

Estiaq Ahmed et al. [1–5], Ying-Ming et al. [41], Talukder et al. [38], Fang et al. [19], Hasan 

et al. [20], R. Islam et al. [22], Ahmad et al. [6], Ali et al. [7, 8], Ramadan et al. [33], Immaculate 

et al. [21], Mahbub et al. [27–30] and N. X. Tan et al. [39] subsequently developed the study of 

intuitionistic fuzzy topological spaces by using intuitionistic fuzzy sets. In this paper, we define 

two new notions of (r, s)-connectedness and total (r, s)-connectedness in intuitionistic fuzzy 

topological space and some of their features.  

2 Notations and preliminaries 

Through this paper, 𝑋 will be a nonempty set, 𝑇 is a topology, 𝑡 is a fuzzy topology, 𝒯 is an 

intuitionistic topology and 𝜏  is an intuitionistic fuzzy topology. 𝜆  and 𝜇  are fuzzy sets,  

𝐴 = (𝜇𝐴, 𝜈𝐴) is intuitionistic fuzzy set. Particularly, we denote by 0 and 1 the constant fuzzy 

sets taking values 0 and 1, respectively.  

Definition 2.1 ([13]). Let 𝑋 be a nonempty set. A family 𝑡 of fuzzy sets in 𝑋 is called a fuzzy 

topology on 𝑋 if the following conditions hold.  

(1) 0 , 1 ∈ 𝑡,  

(2) 𝜆 ∩ 𝜇 ∈ 𝑡 for all 𝜆, 𝜇 ∈ 𝑡,  

(3) ∪ 𝜆𝑗 ∈ 𝑡 for any arbitrary family {𝜆𝑗  ∈ 𝑡 , 𝑗 ∈  𝐽}.  

Definition 2.2 ([14]). Suppose 𝑋 is a nonempty set. An intuitionistic fuzzy set 𝐴 on 𝑋 is an object 

having the form 𝐴 = (𝑋, 𝐴1, 𝐴2), where 𝐴1 and 𝐴2 are subsets of 𝑋 satisfying 𝐴1 ∩ 𝐴2 = ∅. The 

set 𝐴1 is called the set of member of 𝐴 while 𝐴2 is called the set of non-member of 𝐴.  

In this paper, we use the simpler notation 𝐴 = (𝐴1, 𝐴2) instead of 𝐴 = (𝑋, 𝐴1, 𝐴2) for an 

intuitionistic fuzzy set.  

Definition 2.3 ([9]). Let 𝑋 be a nonempty set. An intuitionistic fuzzy set 𝐴 (IFS, in short) in 𝑋 is 

an object having the form 𝐴 = {(𝑥, 𝜇𝐴(𝑥), 𝜈𝐴(𝑥)) ∶ 𝑥 ∈ 𝑋}, where 𝜇𝐴 and 𝜈𝐴 are fuzzy sets in 𝑋, 

denoting the degree of membership and the degree of non-membership, respectively, subject to 

the condition 𝜇𝐴(𝑥) + 𝜈𝐴(𝑥) ≤ 1.  

Throughout this paper, we use the simpler notation 𝐴 = (𝜇𝐴, 𝜈𝐴)  instead of 𝐴 =

{(𝑥, 𝜇𝐴(𝑥), 𝜈𝐴(𝑥)) ∶ 𝑥 ∈ 𝑋} for IFSs.  

Definition 2.4 ([9]). Let 𝑋 be a nonempty set and IFSs 𝐴, 𝐵 in 𝑋 be given by 𝐴 = (𝜇𝐴, 𝜈𝐴) and 

𝐵 = (𝜇𝐵, 𝜈𝐵), respectively, then: 

(a) 𝐴 ⊆ 𝐵 if 𝜇𝐴(𝑥)  ≤ 𝜇𝐵(𝑥) and 𝜈𝐴(𝑥)  ≥ 𝜈𝐵(𝑥) for all 𝑥 ∈ 𝑋,  

(b) 𝐴 = 𝐵 if 𝐴 ⊆ 𝐵 and 𝐵 ⊆ 𝐴, 

(c) 𝐴̅  =  (𝜈𝐴, 𝜇𝐴), 

(d) 𝐴 ∩ 𝐵 =  (𝜇𝐴 ∩ 𝜇𝐵, 𝜈𝐴 ∪ 𝜈𝐵), 

(e) 𝐴 ∪ 𝐵 =  (𝜇𝐴 ∪ 𝜇𝐵, 𝜈𝐴 ∩ 𝜈𝐵). 
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Definition 2.5 ([9]). Let {𝐴𝑗 = (𝜇𝐴𝑗
, 𝜈𝐴𝑗

) , 𝑗 ∈ 𝐽} be an arbitrary family of IFSs in 𝑋. Then 

(a) ∩ 𝐴𝑗 = (∩ 𝜇𝐴𝑗
, ∪ 𝜈𝐴𝑗

 ),  

(b) ∪ 𝐴𝑗 = (∪ 𝜇𝐴𝑗
, ∩ 𝜈𝐴𝑗

 ),  

(c) 0∼ = (0, 1), 1∼ = (1, 0).  

Definition 2.6 ([14]). An intuitionistic fuzzy topology (IFT, in short) on a nonempty set 𝑋 is a 

family 𝜏 of IFSs in 𝑋 satisfying the following axioms: 

(1) 0∼, 1∼ ∈ 𝜏,  

(2) 𝐴 ∩ 𝐵 ∈ 𝜏, for all 𝐴, 𝐵 ∈ 𝜏,  

(3) ∪ 𝐴𝑗 ∈ 𝜏 for any arbitrary family {𝐴𝑗 ∈ 𝜏, 𝑗 ∈ 𝐽}.  

The pair (𝑋, 𝜏) is called an intuitionistic fuzzy topological space (IFTS, in short), members of 𝜏 

are called intuitionistic fuzzy open sets (IFOS, in short).  

Definition 2.7 ([35]). Let 𝐴 = (𝜇𝐴, 𝜈𝐴) be a IFS in 𝑋 and 𝑈 be a nonempty subset of 𝑋. The 

restriction of 𝐴 to 𝑈 is a IFS in 𝑈, denoted by 𝐴|𝑈 and defined by 𝐴|𝑈 = (𝜇𝐴|𝑈, 𝜈𝐴|𝑈).  

Definition 2.8 ([23]). Let (𝑋, 𝜏) be an intuitionistic fuzzy topological space and 𝑈 is a nonempty 

subset of 𝑋 then 𝜏𝑈 = {𝐴|𝑈: 𝐴 ∈ 𝜏} is an intuitionistic fuzzy topology on 𝑈 and (𝑈, 𝜏𝑈) is called 

subspace of (𝑋, 𝜏).  

Definition 2.9 ([35]). Let 𝛼, 𝛽 ∈ (0, 1) and 𝛼 + 𝛽 ≤ 1. An intuitionistic fuzzy point (IFP, for 

short) 𝑝(𝛼,𝛽)
𝑥  of 𝑋 defined by 𝑝(𝛼,𝛽)

𝑥 = 〈𝑥, 𝜇𝑝, 𝜈𝑝〉,  

for 𝑦 ∈ 𝑋 

𝜇𝑝(𝑦) = {
𝛼, 𝑖𝑓 𝑦 = 𝑥
0, 𝑖𝑓 𝑦 ≠ 𝑥

  , 

 and   

𝜈𝑝(𝑦) = {
𝛽, 𝑖𝑓 𝑦 = 𝑥
1, 𝑖𝑓 𝑦 ≠ 𝑥

 . 

In this case, 𝑥  is called the support of 𝑝(𝛼,𝛽)
𝑥 . An IFP 𝑝(𝛼,𝛽)

𝑥  is said to belong to an IFS 

𝐴 = 〈𝑥, 𝜇𝐴, 𝜈𝐴〉 of 𝑋, denoted by 𝑝(𝛼,𝛽)
𝑥 ∈ 𝐴, if 𝛼 ≤ 𝜇𝐴(𝑥) and 𝛽 ≥ 𝜈𝐴(𝑥).  

Proposition 2.1 ([3]). An IFS 𝐴 in 𝑋 is the union of all IFP belonging to 𝐴.  

Definition 2.10 ([10]). Let 𝐴 = (𝑥, 𝜇𝐴, 𝜈𝐴) and 𝐵 = (𝑦, 𝜇𝐵, 𝜈𝐵) be IFSs in 𝑋 and 𝑌, respectively. 

Then the product of IFSs 𝐴  and 𝐵  denoted by 𝐴 × 𝐵  is defined by 𝐴 × 𝐵 =

{(𝑥, 𝑦), 𝜇𝐴
×
.

𝜇𝐵, 𝜈𝐴

.
×𝜈𝐵)}  where (𝜇𝐴

×
.

𝜇𝐵) (𝑥, 𝑦) = min(𝜇𝐴(𝑥), 𝜇𝐵(𝑦))  and (𝜈𝐴

.
×𝜈𝐵)(𝑥, 𝑦) =

max(𝜈𝐴(𝑥), 𝜈𝐵(𝑦))  for all (𝑥, 𝑦) ∈ 𝑋 × 𝑌 . Obviously, 0 ≤ (𝜇𝐴
×
.

𝜇𝐵) + (𝜈𝐴

.
×𝜈𝐵) ≤ 1 . This 

definition can be extended to an arbitrary family of IFSs.  

Definition 2.11 ([37]). Two disjoint non-empty intuitionistic fuzzy subsets 𝐴 = (𝜇𝐴, 𝜈𝐴) and 

𝐵 = (𝜇𝐵, 𝜈𝐵) of an IFTS (𝑋, 𝜏) are said to be separated if there exist 𝑈𝑖 ∈ 𝜏 (𝑖 = 1, 2) such that 

𝑈1 ⊇ 𝐴, 𝑈2 ⊇ 𝐵 and 𝑈1 ∩ 𝐴 = 𝑈2 ∩ 𝐵 = 0~.  
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Definition 2.12 ([37]). Let (𝑋, 𝜏) be an IFTS and 𝐴 be an IFS in 𝑋 which is strictly positive, i.e., 

𝐴(𝑥) ≫ 0~ (i.e., 𝜇𝐴(𝑥) > 0, 𝜈𝐴(𝑥) < 1, ∀𝑥 ∈ 𝑋). A pair 𝑈1, 𝑈2 ∈ 𝜏 is called (𝐶1)-separation of 

𝐴 if 𝑈1 ≠ 𝐴, 𝑈2 ≠ 𝐴, 𝑈1 ∪ 𝑈2 = 𝐴 and 𝑈1 ∩ 𝑈2 = 0~.  

Definition 2.13 ([34]). A fuzzy topological space 𝑋 is said to be disconnected if 𝑋 = 𝐴 ∪ 𝐵, 

where 𝐴  and 𝐵  are non-empty open fuzzy sets in 𝑋  such that 𝐴 ∩ 𝐵 = ∅ . Hence a fuzzy 

topological space 𝑋 cannot be represented as the union of two non-empty, disjoint open fuzzy 

sets on  𝑋.  

Definition 2.14 ([27]). Let (𝑋, 𝜏)  be an intuitionistic fuzzy topological space. A family 

{(𝜇𝐺𝑖
, 𝜈𝐺𝑖

): 𝑖 ∈ 𝐽} of IFOS in 𝑋 is called open cover of 𝑋 if ∪ 𝜇𝐺𝑖
= 1 and ∩ 𝜈𝐺𝑖

= 0. If every 

open cover of 𝑋  has a finite subcover, then 𝑋  is said to be intuitionistic fuzzy compact 

(IF-compact, in short).  

Definition 2.15 ([27]). A family {(𝜇𝐺𝑖
, 𝜈𝐺𝑖

): 𝑖 ∈ 𝐽} of IFOS in 𝑋 is called (𝛼, 𝛽)-level open cover 

of 𝑋 if ∪ 𝜇𝐺𝑖
≥ 𝛼 and ∩ 𝜈𝐺𝑖

≤ 𝛽 with 𝛼 + 𝛽 ≤ 1. If every (𝛼, 𝛽)-level open cover of 𝑋 has a 

finite subcover, then 𝑋 is said to be (𝛼, 𝛽)-level IF-compact.  

Definition 2.16 ([30]). An intuitionistic fuzzy subsets 𝐴 = (𝜇𝐴, 𝜈𝐴) of an IFTS 𝑋 is disconnected 

if there exists an open intuitionistic fuzzy subsets 𝐺 = (𝜇𝐺 , 𝜈𝐺) and 𝐻 = (𝜇𝐻, 𝜈𝐻) of 𝑋 such that 

(𝐴 ∩ 𝐺) ∪ (𝐴 ∩ 𝐻) = (1, 0) and (𝐴 ∩ 𝐺) ∩ (𝐴 ∩ 𝐻) = (0, 1). In this case, 𝐺 ∪ 𝐻  is called a 

disconnection.  

Definition 2.17 ([30]). An IFTS (𝑋, 𝜏)  is 𝑇1 -space if ∀  IF-singleton 𝑥𝛼,𝛽 , 𝑦𝑚,𝑛 ∈ 𝑋  with 

𝑥𝛼,𝛽 ≠ 𝑦𝑚,𝑛, then ∃𝐴 = (𝜇𝐴, 𝜈𝐴), 𝐵 = (𝜇𝐵, 𝜈𝐵) ∈ 𝜏 such that 𝑥𝛼,𝛽 ∈ 𝐴, 𝑦𝑚,𝑛 ∉ 𝐴 and 𝑥𝛼,𝛽 ∉ 𝐵, 

𝑦𝑚,𝑛 ∈ 𝐵.  

3  (r, s)-connectedness in intuitionistic fuzzy topological space 

In this section, we have introduced (r, s)-connectedness in intuitionistic fuzzy topological spaces. 

Furthermore, we have established some theorems and examples of (r, s)-connectedness  

in intuitionistic fuzzy topological spaces and discussed different characterizations of (r, s)-

connectedness.  

Definition 3.1. An IFTS (𝑋, 𝜏) is said to be (𝑟, 𝑠)-disconnected for 𝑟 ∈ 𝐼0, 𝑠 ∈ 𝐼1 if there exist 

non-empty open IFSs 𝐴 = (𝜇𝐴, 𝜈𝐴) and 𝐵 = (𝜇𝐵, 𝜈𝐵) in 𝑋  such that (𝐴 ∪ 𝐵)(𝑥) > (𝑠, 𝑟) and 

(𝐴 ∩ 𝐵)(𝑥) < (𝑟, 𝑠), ∀𝑥 ∈ 𝑋.  

Theorem 3.2. Let (𝑋, 𝜏) is an IFTS. If (𝑋, 𝜏) is IF-connected, then (𝑋, 𝜏) is IF-(r, s)-connected. 

But converse of the above theorem is not true in general.  

Proof. Let (𝑋, 𝜏) is not IF-connected then there exist non-empty open IFSs 𝐴 = (𝜇𝐴, 𝜈𝐴) and 

𝐵 = (𝜇𝐵, 𝜈𝐵) in 𝑋 such that 𝐴 ∪ 𝐵 = (1, 0) and 𝐴 ∩ 𝐵 = (0, 1).  

Now, 𝐴 ∪ 𝐵 = (1, 0), i.e., ( 𝜇𝐴, 𝜈𝐴) ∪ (𝜇𝐵, 𝜈𝐵) = (1, 0) 

⇒ 𝜇𝐴 ∪ 𝜇𝐵 = 1,   𝜈𝐴 ∩ 𝜈𝐵 = 0  

⇒ 𝜇𝐴 ∪ 𝜇𝐵 > 𝑠,   𝜈𝐴 ∩ 𝜈𝐵 < 𝑟,  
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as 𝑟 ∈ 𝐼0 = (0, 1], 𝑠 ∈ 𝐼1 = [0, 1)  

⇒ 𝐴 ∪ 𝐵 > (𝑠, 𝑟)  

Again, 𝐴 ∩ 𝐵 = (0, 1), i.e.,  

 ( 𝜇𝐴, 𝜈𝐴) ∩ (𝜇𝐵, 𝜈𝐵) = (0, 1) 

⇒ 𝜇𝐴 ∩ 𝜇𝐵 = 0,   𝜈𝐴 ∪ 𝜈𝐵 = 1  

⇒ 𝜇𝐴 ∩ 𝜇𝐵 < 𝑟,   𝜈𝐴 ∪ 𝜈𝐵 > 𝑠,  

as 𝑟 ∈ 𝐼0 = (0, 1], 𝑠 ∈ 𝐼1 = [0, 1)  

⇒ 𝐴 ∩ 𝐵 < (𝑟, 𝑠)  

So, (𝑋, 𝜏) is IF-(r, s)-disconnected. Hence if (𝑋, 𝜏) is IF-connected, then (𝑋, 𝜏) is IF-(r, s)-

connected.  

The second part of the theorem can be prove by an example.  

Let 𝜏 be an IFT and 𝐴 and 𝐵 are two IFS on 𝑋, where 𝐴 = {〈𝑥, (0. 8, 0. 5), (0. 5, 0. 3〉 ∶ 𝑥 ∈ 𝑋} 

and 𝐵 = {〈𝑥, (0. 4, 0. 2), (0. 3, 0. 5)〉 ∶ 𝑥 ∈ 𝑋} , then 𝐴 ∪ 𝐵 = {〈𝑥, (0. 8, 0. 2), (0. 5, 0. 3)〉 ∶ 𝑥 ∈

𝑋} > (𝑠, 𝑟)  and 𝐴 ∩ 𝐵 = {〈𝑥, (0. 4, 0. 5), (0. 3, 0. 5)〉; 𝑥 ∈ 𝑋} < (𝑟, 𝑠)  where 𝑟 = 0. 8, 𝑠 = 0. 3 . 

So, (𝑋, 𝜏) is (r, s)-disconnected. But 𝐴 ∪ 𝐵 = {〈𝑥, (0. 8, 0. 2), (0. 5, 0. 3)〉 ∶ 𝑥 ∈ 𝑋} ≠ (1, 0) and 

𝐴 ∩ 𝐵 = {〈𝑥, (0. 4, 0. 5), (0. 3, 0. 5)〉 ∶ 𝑥 ∈ 𝑋} ≠ (0, 1), so (𝑋, 𝜏) is not IF-disconnected.    

Theorem 3.3. An IFTS (𝑋, 𝜏) is IF-(r, s)-connected if and only if there exists no non-empty IFOS 

𝐴 and 𝐵 in X such that 𝐴 = 𝐵𝐶.  

The proof of the above theorem is obvious.  

Theorem 3.4. The continuous image of an IF-(𝑟, 𝑠)-connected space 𝑋 is IF-(r, s)-connected.  

Proof. Let 𝑓: (𝑋, 𝜏) → (𝑌, 𝛿) be a continuous function from an IFTS (𝑋, 𝜏) to (𝑌, 𝛿). Consider 

(𝑋, 𝜏)  is IF-(r, s)-connected, we shall prove that (𝑌, 𝛿)  is also IF-(r, s)-connected. Suppose 

(𝑌, 𝛿) is not IF-(r, s)-connected, i.e., (𝑌, 𝛿) has an (r, s)-disconnection. Let this be 𝐺 = (𝜇𝐺 , 𝜈𝐺) 

and 𝐻 = (𝜇𝐻, 𝜈𝐻) be two IFS on 𝑋, then 𝐺 ∪ 𝐻 > (𝑠, 𝑟), i.e., 𝜇𝐺 ∪ 𝜇𝐻 > 𝑠 and 𝜈𝐺 ∩ 𝜈𝐻 < 𝑟. 

Again, 𝐺 ∩ 𝐻 < (𝑟, 𝑠), i.e., 𝜇𝐺 ∩ 𝜇𝐻 < 𝑟 and 𝜈𝐺 ∪ 𝜈𝐻 > 𝑠. 

Now, 𝑓−1(𝐺) = (𝑓−1(𝜇𝐺), 𝑓−1(𝜈𝐺)) and 𝑓−1(𝐻) = (𝑓−1(𝜇𝐻), 𝑓−1(𝜈𝐻)).  

So,   𝑓−1(𝐺) ∪ 𝑓−1(𝐻) = (max(𝑓−1(𝜇𝐺), 𝑓−1(𝜇𝐻))(𝑥) , min (𝑓−1(𝜈𝐺), 𝑓−1(𝜈𝐻))(𝑥))  

 = (max(𝑓−1(𝜇𝐺)(𝑥), 𝑓−1(𝜇𝐻)(𝑥)), min(𝑓−1(𝜈𝐺)(𝑥), 𝑓−1(𝜈𝐻)(𝑥))) 

 = (max (𝜇𝐺(𝑓(𝑥), 𝜇𝐻(𝑓(𝑥))), min(𝜈𝐺(𝑓(𝑥), 𝜈𝐻(𝑓(𝑥))) 

 = ((𝜇𝐺 ∪ 𝜇𝐻)(𝑓(𝑥)), (𝜈𝐺 ∩ 𝜈𝐻)(𝑓(𝑥))) 

 = (𝑓−1(𝜇𝐺 ∪ 𝜇𝐻)(𝑥), 𝑓−1(𝜈𝐺 ∩ 𝜈𝐻)(𝑥)) 

 > (𝑠, 𝑟) 

Again, 𝑓−1(𝐺) ∩ 𝑓−1(𝐻)  = (min(𝑓−1(𝜇𝐺), 𝑓−1(𝜇𝐻))(𝑥) , max (𝑓−1(𝜈𝐺), 𝑓−1(𝜈𝐻))(𝑥))  

 = (min(𝑓−1(𝜇𝐺)(𝑥), 𝑓−1(𝜇𝐻)(𝑥)), max(𝑓−1(𝜈𝐺)(𝑥), 𝑓−1(𝜈𝐻)(𝑥))) 

 = (min (𝜇𝐺(𝑓(𝑥), 𝜇𝐻(𝑓(𝑥))), max(𝜈𝐺(𝑓(𝑥), 𝜈𝐻(𝑓(𝑥))) 

 = ((𝜇𝐺 ∩ 𝜇𝐻)(𝑓(𝑥)), (𝜈𝐺 ∪ 𝜈𝐻)(𝑓(𝑥))) 

 = (𝑓−1(𝜇𝐺 ∩ 𝜇𝐻)(𝑥), 𝑓−1(𝜈𝐺 ∪ 𝜈𝐻)(𝑥)) 

 < (𝑟, 𝑠) 

Hence , 𝑓−1(𝐺) and 𝑓−1(𝐻) give a (𝑟, 𝑠)-disconnection for 𝑋, which gives the proof.  
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Theorem 3.5. Let {(𝑋𝑖, 𝜏𝑋𝑖
), 𝑖 ∈ 𝐽}  be a family of subspaces of an IFTS (𝑋, 𝜏)  such that 

∩ 𝑋𝑖 ≠ ∅, if (𝑋𝑖, 𝜏𝑋𝑖
) is IF-(r, s)-connected, then (∪ 𝑋𝑖, 𝜏∪𝑋𝑖

) is also IF-(r, s)-connected.  

Proof. Suppose that (∪ 𝑋𝑖, 𝜏∪𝑋𝑖
)  is not IF-(r, s)-connected, so there exist 𝐴 = (𝜇𝐴, 𝜈𝐴), 𝐵 =

(𝜇𝐵, 𝜈𝐵) ∈ 𝜏∪𝑋𝑖
 such that 𝐴 ∪ 𝐵 > (𝑠, 𝑟) and 𝐴 ∩ 𝐵 < (𝑟, 𝑠).  

Now, 𝐴 ∪ 𝐵 > (𝑠, 𝑟)  

⟹ (𝐴 ∪ 𝐵)|𝑋𝑖 > (𝑠, 𝑟), ∀𝑋𝑖 ⊆ ⋃𝑋𝑖  

⟹ (( 𝜇𝐴, 𝜈𝐴) ∪ (𝜇𝐵, 𝜈𝐵))|𝑋𝑖 > (𝑠, 𝑟) 

⟹ ( 𝜇𝐴 ∪ 𝜇𝐵, 𝜈𝐴 ∩ 𝜈𝐵)|𝑋𝑖 > (𝑠, 𝑟), 

which gives, (𝜇𝐴 ∪ 𝜇𝐵)|𝑋𝑖 > 𝑠 and  (𝜈𝐴 ∩ 𝜈𝐵)|𝑋𝑖 < 𝑟  

From (𝜇𝐴 ∪ 𝜇𝐵)|𝑋𝑖 < 𝑠, we get (𝜇𝐴𝑖
|𝑋𝑖) ∪ (𝜇𝐵𝑖

|𝑋𝑖) > 𝑠 and from (𝜈𝐴 ∩ 𝜈𝐵)|𝑋𝑖 < 𝑟 we get 

(𝜈𝐴𝑖
|𝑋𝑖) ∩ (𝜈𝐵𝑖

|𝑋𝑖) < 𝑟,  where (𝜇𝐴𝑖
|𝑋𝑖, 𝜈𝐴𝑖

|𝑋𝑖), (𝜇𝐵𝑖
|𝑋𝑖, 𝜈𝐵𝑖

|𝑋𝑖) ∈ 𝜏𝑋𝑖
.  

Again from 𝐴 ∩ 𝐵 < (𝑟, 𝑠) 

⟹ (𝐴 ∩ 𝐵)|𝑋𝑖 < (𝑟, 𝑠), ∀𝑋𝑖 ⊆ ⋃𝑋𝑖  

⟹ (( 𝜇𝐴, 𝜈𝐴) ∩ (𝜇𝐵, 𝜈𝐵))|𝑋𝑖 < (𝑟, 𝑠) 

⟹ ( 𝜇𝐴 ∩ 𝜇𝐵, 𝜈𝐴 ∪ 𝜈𝐵)|𝑋𝑖 < (𝑟, 𝑠),  

which gives, (𝜇𝐴 ∩ 𝜇𝐵)|𝑋𝑖 < 𝑟 and (𝜈𝐴 ∪ 𝜈𝐵)|𝑋𝑖 > 𝑠. Therefore, (𝜇𝐴𝑖
|𝑋𝑖) ∩ (𝜇𝐵𝑖

|𝑋𝑖) < 𝑟 and 

(𝜈𝐴𝑖
|𝑋𝑖) ∪ (𝜈𝐵𝑖

|𝑋𝑖) > 𝑠.  

Hence, (𝑋𝑖, 𝜏𝑋𝑖
) is not IF-(r, s)-connected.  

Theorem 3.6. Let (𝑋, 𝑇) be a topological space and (𝑋, 𝜏) be its corresponding IFTS, where 

𝜏 = {(1𝐴, 1𝐴𝐶): 𝐴 ∈ 𝑇}. If (𝑋, 𝑇) is connected, then (𝑋, 𝜏) is IF-(r, s)-connected.  

Proof. Suppose that (𝑋, 𝑇) is disconnected, so there exist two nonempty subsets 𝐴, 𝐵 of 𝑋 such 

that 𝐴 ∪ 𝐵 = 𝑋, 𝐴 ∩ 𝐵 = ∅. Since 𝐴, 𝐵 ∈ 𝑇, then 1𝐴 = (1𝐴, 1𝐴𝐶) ∈ 𝜏 and 1𝐵 = (1𝐵, 1𝐵𝐶) ∈ 𝜏. 

Now,  

1𝐴 ∪ 1𝐵 = (1𝐴, 1𝐴𝐶) ∪ (1𝐵, 1𝐵𝐶) 

             = (1𝐴 ∪ 1𝐵, 1𝐴𝐶 ∩ 1𝐵𝐶) 

= (1𝐴∪𝐵, 1𝐴𝐶∩𝐵𝐶) = (1𝐴∪𝐵, 1(𝐴∪𝐵)𝐶)  

= (1𝑋 , 1∅) = (1, 0) 

> (𝑠, 𝑟),  

as 𝑟 ∈ 𝐼0 = (0, 1], 𝑠 ∈ 𝐼1 = [0, 1).  

Again, 

1𝐴 ∩ 1𝐵 = (1𝐴, 1𝐴𝐶) ∩ (1𝐵, 1𝐵𝐶) 

              = (1𝐴 ∩ 1𝐵, 1𝐴𝐶 ∪ 1𝐵𝐶) 

 = (1𝐴∩𝐵, 1𝐴𝐶∪𝐵𝐶) = (1𝐴∩𝐵, 1(𝐴∩𝐵)𝐶) 

= (1∅, 1𝑋) = (0, 1) 

< (𝑟, 𝑠),  

as 𝑟 ∈ 𝐼0 = (0, 1], 𝑠 ∈ 𝐼1 = [0, 1).  

So, (𝑋, 𝜏) is IF-(r, s)-disconnected.  

Hence if (𝑋, 𝑇) is connected, then (𝑋, 𝜏) is IF-(r, s)-connected.        
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Theorem 3.7. Let (𝑋, 𝒯) be an intuitionistic topological space and (𝑋, 𝜏) be its corresponding 

IFTS, where 𝜏 = {(1𝐴1
, 1𝐴2

) ∶ 𝐴 = (𝐴1, 𝐴2) ∈ 𝒯}. If (𝑋, 𝒯) is connected then (𝑋, 𝜏) is IF-(r, s)-

connected.  

Proof. Suppose (𝑋, 𝒯) is disconnected, so there exist two nonempty subsets 𝐴, 𝐵 of 𝑋 such that 

𝐴 ∪ 𝐵 = (𝑋, ∅), 𝐴 ∩ 𝐵 = (∅, 𝑋). Since 𝐴, 𝐵 ∈ 𝒯, then 1𝐴 = (1𝐴1
, 1𝐴2

) ∈ 𝜏 and 1𝐵 = (1𝐵1
, 1𝐵2

)  

∈ 𝜏. 

Here, 𝐴 ∪ 𝐵 = (𝑋, ∅) 

 ⇒ (𝐴1, 𝐴2) ∪ (𝐵1, 𝐵2) = (𝑋, ∅) 

 ⇒ (𝐴1 ∪ 𝐵1, 𝐴2 ∩ 𝐵2) = (𝑋, ∅) 

 ⇒ 𝐴1 ∪ 𝐵1 = 𝑋, 𝐴2 ∩ 𝐵2 = ∅.  

Again, 𝐴 ∩ 𝐵 = (∅, 𝑋) 

 ⇒ (𝐴1, 𝐴2) ∩ (𝐵1, 𝐵2) = (∅, 𝑋) 

 ⇒ (𝐴1 ∩ 𝐵1, 𝐴2 ∪ 𝐵2) = (∅, 𝑋) 

⇒ 𝐴1 ∩ 𝐵1 = ∅, 𝐴2 ∪ 𝐵2 = 𝑋 

Now, 

1𝐴 ∪ 1𝐵 = (1𝐴1
, 1𝐴2

) ∪ (1𝐵1
, 1𝐵2

) 

  = (1𝐴1
∪ 1𝐵1

, 1𝐴2
∩ 1𝐵2

) 

  = (1𝐴1∪𝐵1
, 1𝐴2∩𝐵2

) = (1𝑋 , 1∅) 

  = (1, 0) 

> (𝑠, 𝑟),  

as 𝑟 ∈ 𝐼0 = (0, 1], 𝑠 ∈ 𝐼1 = [0, 1).  

Again, 

1𝐴 ∩ 1𝐵 = (1𝐴1
, 1𝐴2

) ∩ (1𝐵1
, 1𝐵2

) 

  = (1𝐴1
∩ 1𝐵1

, 1𝐴2
∪ 1𝐵2

) 

= (1𝐴1∩𝐵1
, 1𝐴2∪𝐵2

) = (1∅, 1𝑋)  

  = (0,1) 

> (𝑟, 𝑠),  

as 𝑟 ∈ 𝐼0 = (0, 1], 𝑠 ∈ 𝐼1 = [0, 1).  

So, (𝑋, 𝜏) is IF-(r, s)-disconnected.  

Hence if (𝑋, 𝒯) is connected then (𝑋, 𝜏) is IF-(r, s)-connected.  

Theorem 3.9. If (𝑋, 𝜏)  and (𝑌, 𝛿)  are IF-(r, s)-connected space, then (𝑋 × 𝑌, 𝜏 × 𝛿) is also 

IF-(𝑟, 𝑠)-connected.  

Proof. Consider (𝑋 × 𝑌, 𝜏 × 𝛿)  is not IF-(r, s)-connected, then ∃𝐴, 𝐵 ∈ 𝜏 × 𝛿  such that 

𝐴 ∪ 𝐵 > (𝑠, 𝑟) and 𝐴 ∩ 𝐵 < (𝑟, 𝑠). Since 𝐴, 𝐵 ∈ 𝜏 × 𝛿 then 𝐴 = 𝐶 × 𝐷 and 𝐵 = 𝐸 × 𝐹 where  

𝐶 = (𝜇𝐶 , 𝜈𝐶), 𝐸 = (𝜇𝐸 , 𝜈𝐸) ∈ 𝜏, and  𝐷 = (𝜇𝐷 , 𝜈𝐷), 𝐹 = (𝜇𝐹, 𝜈𝐹) ∈ 𝛿.  

Now 𝐶 × 𝐷 = (𝜇𝐶
×
.

𝜇𝐷 , 𝜈𝐶

.
×𝜈𝐷) , where (𝜇𝐶

×
.

𝜇𝐷) (𝑥, 𝑦) = min (𝜇𝐶(𝑥), 𝜇𝐷(𝑦))  and 

(𝜈𝐶

.
×𝜈𝐷)(𝑥, 𝑦) = max(𝜈𝐶(𝑥), 𝜈𝐷(𝑦)) , ∀(𝑥, 𝑦) ∈ 𝜏 × 𝛿.  

Similarly, 𝐸 × 𝐹 = (𝜇𝐸
×
.

𝜇𝐹, 𝜈𝐸

.
×𝜈𝐹).  

Now, 𝐴 ∪ 𝐵 > (𝑠, 𝑟)  

 ⇒ (𝐶 × 𝐷) ∪ (𝐸 × 𝐹) > (𝑠, 𝑟) 
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 ⇒ (𝜇𝐶
×
.

𝜇𝐷 , 𝜈𝐶

.
×𝜈𝐷) ∪ (𝜇𝐸

×
.

𝜇𝐹, 𝜈𝐸

.
×𝜈𝐹) > (𝑠, 𝑟) 

 ⇒ (min(𝜇𝐶(𝑥), 𝜇𝐷(𝑦)) ∪ min(𝜇𝐸(𝑥), 𝜇𝐹(𝑦)) , max(𝜈𝐶(𝑥), 𝜈𝐷(𝑦)) ∩

max(𝜈𝐸(𝑥), 𝜈𝐹(𝑦))) > (𝑠, 𝑟) 

i.e., min(𝜇𝐶(𝑥), 𝜇𝐷(𝑦)) ∪ min(𝜇𝐸(𝑥), 𝜇𝐹(𝑦)) > 𝑠 

⇒ Either, min(𝜇𝐶(𝑥), 𝜇𝐷(𝑦)) > 𝑠 or, min(𝜇𝐸(𝑥), 𝜇𝐹(𝑦)) > 𝑠 

⇒ Either 𝜇𝐶(𝑥) > 𝑠, 𝜇𝐷(𝑦) > 𝑠 or, 𝜇𝐸(𝑥) > 𝑠, 𝜇𝐹(𝑦) > 𝑠 

For, max(𝜈𝐶(𝑥), 𝜈𝐷(𝑦)) ∩ max(𝜈𝐸(𝑥), 𝜈𝐹(𝑦)) < 𝑟 

⇒ max(𝜈𝐶(𝑥), 𝜈𝐷(𝑦)) < 𝑟 and max(𝜈𝐸(𝑥), 𝜈𝐹(𝑦)) < 𝑟  

⇒ 𝜈𝐶(𝑥) < 𝑟, 𝜈𝐷(𝑦) < 𝑟, 𝜈𝐸(𝑥) < 𝑟, 𝜈𝐹(𝑦) < 𝑟.  

Case I: Suppose 𝜇𝐶(𝑥) > 𝑠, 𝜇𝐷(𝑦) > 𝑠.  

Then 𝐶 ∪ 𝐸 = (𝜇𝐶 , 𝜈𝐶) ∪ (𝜇𝐸 , 𝜈𝐸) = (𝜇𝐶 ∪ 𝜇𝐸 , 𝜈𝐶 ∩ 𝜈𝐸) > (𝑠, 𝑟) as 𝜇𝐶(𝑥) > 𝑠.  

Case II: Suppose 𝜇𝐸(𝑥) > 𝑠, 𝜇𝐹(𝑦) > 𝑠.  

Then 𝐷 ∪ 𝐹 = (𝜇𝐷 , 𝜈𝐷) ∪ (𝜇𝐹 , 𝜈𝐹) = (𝜇𝐷 ∪ 𝜇𝐹 , 𝜈𝐷 ∩ 𝜈𝐹) > (𝑠, 𝑟) as 𝜇𝐹(𝑦) > 𝑠.  

Again, 𝐴 ∩ 𝐵 < (𝑟, 𝑠)  

⇒ (𝐶 × 𝐷) ∩ (𝐸 × 𝐹) < (𝑟, 𝑠) 

     ⇒ (𝜇𝐶
×
.

𝜇𝐷 , 𝜈𝐶

.
×𝜈𝐷) ∩ (𝜇𝐸

×
.

𝜇𝐹, 𝜈𝐸

.
×𝜈𝐹) < (𝑟, 𝑠)  

⇒ (min(𝜇𝐶(𝑥), 𝜇𝐷(𝑦)) ∩ min(𝜇𝐸(𝑥), 𝜇𝐹(𝑦)) , max(𝜈𝐶(𝑥), 𝜈𝐷(𝑦)) ∪

max(𝜈𝐸(𝑥), 𝜈𝐹(𝑦))) < (𝑟, 𝑠),  

i.e., min(𝜇𝐶(𝑥), 𝜇𝐷(𝑦)) ∩ min(𝜇𝐸(𝑥), 𝜇𝐹(𝑦)) < 𝑟 

⇒ min(𝜇𝐶(𝑥), 𝜇𝐷(𝑦)) < 𝑟 and min(𝜇𝐸(𝑥), 𝜇𝐹(𝑦)) < 𝑟 

⇒ Either 𝜇𝐶(𝑥) < 𝑟, or 𝜇𝐷(𝑦) < 𝑟 and either 𝜇𝐸(𝑥) < 𝑟 or 𝜇𝐹(𝑦) < 𝑟.  

Again, for, max(𝜈𝐶(𝑥), 𝜈𝐷(𝑦)) ∪ max(𝜈𝐸(𝑥), 𝜈𝐹(𝑦)) > 𝑠 

⇒ Either max(𝜈𝐶(𝑥), 𝜈𝐷(𝑦)) > 𝑠 or, max(𝜈𝐸(𝑥), 𝜈𝐹(𝑦)) > 𝑠  

⇒ Either 𝜈𝐶(𝑥) > 𝑠 or 𝜈𝐷(𝑦) > 𝑠, or, either 𝜈𝐸(𝑥) > 𝑠 or 𝜈𝐹(𝑦) > 𝑠.  

Case III: Suppose 𝜇𝐶(𝑥) < 𝑟, or 𝜇𝐷(𝑦) < 𝑟 and 𝜈𝐶(𝑥) > 𝑠.  

Then 𝐶 ∩ 𝐸 = (𝜇𝐶 , 𝜈𝐶) ∩ (𝜇𝐸 , 𝜈𝐸) = (𝜇𝐶 ∩ 𝜇𝐸 , 𝜈𝐶 ∪ 𝜈𝐸) < (𝑟, 𝑠).  

Case IV: Suppose 𝜇𝐸(𝑥) < 𝑟 or 𝜇𝐹(𝑦) < 𝑟 and 𝜈𝐹(𝑦) > 𝑠.  

Then 𝐷 ∩ 𝐹 = (𝜇𝐷 , 𝜈𝐷) ∩ (𝜇𝐹, 𝜈𝐹) = (𝜇𝐷 ∩ 𝜇𝐹, 𝜈𝐷 ∪ 𝜈𝐹) < (𝑟, 𝑠).  

So, (𝑋, 𝜏)  and (𝑌, 𝛿)  are not (r, s)-connected, hence if (𝑋, 𝜏)  and (𝑌, 𝛿)  are IF-(r, s)-

connected, then (𝑋 × 𝑌, 𝜏 × 𝛿) is IF-(r, s)-connected.   



31 

Theorem 3.10. The product of IF-(r, s)-connected spaces is IF-(r, s)-connected.  

Proof. Let (𝑋𝑖, 𝜏𝑖) be a collection of IF-(r, s)-connected spaces. Also let (𝑋, 𝜏) = (Π𝑖𝑋𝑖, Π𝑖𝜏𝑖) 

be the product space. Consider (Π𝑖𝑋𝑖, Π𝑖 , 𝜏𝑖)  are not IF-(r, s)-connected, then there exist 

𝐴, 𝐵 ∈ 𝜏1 × 𝜏2 × 𝜏3 × … such that 𝐴 ∪ 𝐵 > (𝑠, 𝑟) and 𝐴 ∩ 𝐵 < (𝑟, 𝑠) . Since 𝐴, 𝐵 ∈ 𝜏1 × 𝜏2 ×

𝜏3 × … , then 𝐴 = 𝐴1 × 𝐴2 × 𝐴3 × …  and 𝐵 = 𝐵1 × 𝐵2 × 𝐵3 × … , where 𝐴𝑖 = (𝜇𝐴𝑖
, 𝜈𝐴𝑖

) ∈ 𝜏 

and 𝐵𝑖 = (𝜇𝐵𝑖
, 𝜈𝐵𝑖

) ∈ 𝜏.  

Now, 𝐴 ∪ 𝐵 > (𝑠, 𝑟)  

 ⇒ (𝐴1 × 𝐴2 × 𝐴3 × … ) ∪ (𝐵1 × 𝐵2 × 𝐵3 × … ) > (𝑠, 𝑟) 

 ⇒ ((𝜇𝐴1
, 𝜈𝐴1

) × (𝜇𝐴2
, 𝜈𝐴2

) × (𝜇𝐴3
, 𝜈𝐴3

) × … ) ∪ 

((𝜇𝐵1
, 𝜈𝐵1

) × (𝜇𝐵2
, 𝜈𝐵2

) × (𝜇𝐵3
, 𝜈𝐵3

) × … ) > (𝑠, 𝑟) 

 ⇒ (inf(𝜇𝐴1
(𝑥1), 𝜇𝐴2

(𝑥2), 𝜇𝐴3
(𝑥3), … ) ∪ inf(𝜇𝐵1

(𝑥1), 𝜇𝐵2
(𝑥2), 𝜇𝐵3

(𝑥3), … ),  

sup(𝜈𝐴1
(𝑥1), 𝜈𝐴2

(𝑥2), 𝜈𝐴3
(𝑥3), … ) ∩ sup(𝜈𝐵1

(𝑥1), 𝜈𝐵2
(𝑥2), 𝜈𝐵3

(𝑥3), … )) > (𝑠, 𝑟), 

where (𝑥1, 𝑥2, 𝑥3, … ) ∈ Π𝑖𝑋𝑖 , i.e., inf(𝜇𝐴1
(𝑥1), 𝜇𝐴2

(𝑥2), 𝜇𝐴3
(𝑥3), … ) ∪

inf(𝜇𝐵1
(𝑥1), 𝜇𝐵2

(𝑥2), 𝜇𝐵3
(𝑥3), … ) > 𝑠.  

⇒ Either, inf(𝜇𝐴1
(𝑥1), 𝜇𝐴2

(𝑥2), 𝜇𝐴3
(𝑥3), … ) > 𝑠  

or, inf(𝜇𝐵1
(𝑥1), 𝜇𝐵2

(𝑥2), 𝜇𝐵3
(𝑥3), … ) > 𝑠 

⇒ Either 𝜇𝐴1
(𝑥1) > 𝑠, 𝜇𝐴2

(𝑥2) > 𝑠, 𝜇𝐴3
(𝑥3) > 𝑠, …  

or, 𝜇𝐵1
(𝑥1) > 𝑠, 𝜇𝐵2

(𝑥2) > 𝑠, 𝜇𝐵3
(𝑥3) > 𝑠, … 

Again, sup(𝜈𝐴1
(𝑥1), 𝜈𝐴2

(𝑥2), 𝜈𝐴3
(𝑥3), … ) ∩ sup(𝜈𝐵1

(𝑥1), 𝜈𝐵2
(𝑥2), 𝜈𝐵3

(𝑥3), … ) < 𝑟 

⇒ sup(𝜈𝐴1
(𝑥1), 𝜈𝐴2

(𝑥2), 𝜈𝐴3
(𝑥3), … ) < 𝑟 and sup(𝜈𝐵1

(𝑥1), 𝜈𝐵2
(𝑥2), 𝜈𝐵3

(𝑥3), … ) < 𝑟  

⇒ 𝜈𝐴1
(𝑥1) < 𝑟, 𝜈𝐴2

(𝑥2) < 𝑟, 𝜈𝐴3
(𝑥3) < 𝑟, … , 𝜈𝐵1

(𝑥1) < 𝑟, 𝜈𝐵2
(𝑥2) < 𝑟, 𝜈𝐵3

(𝑥3) < 𝑟, …  

Case I: Suppose 𝜇𝐴1
(𝑥1) > 𝑠, 𝜇𝐵𝑖

(𝑥𝑖) > 𝑠, 𝜈𝐴1
(𝑥1) < 𝑟, 𝜈𝐵𝑖

(𝑥𝑖) < 𝑟.  

Then A1∪Bi=(μA1
, νA1

)∪(μBi
, νBi

)=(μA1
∪μBi

, νA1
∩νBi

)>(s, r), for any (𝜇𝐵𝑖
, 𝜈𝐵𝑖

) ∈ 𝜏𝑖.  

Again, 𝐴 ∩ 𝐵 < (𝑟, 𝑠)  

⇒ (𝐴1 × 𝐴2 × 𝐴3 × … ) ∩ (𝐵1 × 𝐵2 × 𝐵3 × … ) < (𝑟, 𝑠)  

 ⇒ ((𝜇𝐴1
, 𝜈𝐴1

) × (𝜇𝐴2
, 𝜈𝐴2

) × (𝜇𝐴3
, 𝜈𝐴3

) × … ) ∩ 

((𝜇𝐵1
, 𝜈𝐵1

) × (𝜇𝐵2
, 𝜈𝐵2

) × (𝜇𝐵3
, 𝜈𝐵3

) × … ) < (𝑟, 𝑠) 

 ⇒ (inf(𝜇𝐴1
(𝑥1), 𝜇𝐴2

(𝑥2), 𝜇𝐴3
(𝑥3), … ) ∩ inf(𝜇𝐵1

(𝑥1), 𝜇𝐵2
(𝑥2), 𝜇𝐵3

(𝑥3), … ),  

 sup(𝜈𝐴1
(𝑥1), 𝜈𝐴2

(𝑥2), 𝜈𝐴3
(𝑥3), … ) ∪ sup(𝜈𝐵1

(𝑥1), 𝜈𝐵2
(𝑥2), 𝜈𝐵3

(𝑥3), … )) < (𝑟, 𝑠), 

i.e., inf(𝜇𝐴1
(𝑥1), 𝜇𝐴2

(𝑥2), 𝜇𝐴3
(𝑥3), … ) ∩ inf(𝜇𝐵1

(𝑥1), 𝜇𝐵2
(𝑥2), 𝜇𝐵3

(𝑥3), … ) < 𝑟.  

⇒ inf(𝜇𝐴1
(𝑥1), 𝜇𝐴2

(𝑥2), 𝜇𝐴3
(𝑥3), … ) < 𝑟 and inf(𝜇𝐵1

(𝑥1), 𝜇𝐵2
(𝑥2), 𝜇𝐵3

(𝑥3), … ) < 𝑟.  
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For, sup(𝜈𝐴1
(𝑥1), 𝜈𝐴2

(𝑥2), 𝜈𝐴3
(𝑥3), … ) ∪ sup(𝜈𝐵1

(𝑥1), 𝜈𝐵2
(𝑥2), 𝜈𝐵3

(𝑥3), … ) > 𝑠 

⇒ Either sup(𝜈𝐴1
(𝑥1), 𝜈𝐴2

(𝑥2), 𝜈𝐴3
(𝑥3), … ) > 𝑠  

or, sup(𝜈𝐵1
(𝑥1), 𝜈𝐵2

(𝑥2), 𝜈𝐵3
(𝑥3), … ) > 𝑠.  

Case II: Suppose inf(μB1
(x1), μB2

(x2), μB3
(x3), …) <r, sup(νB1

(x1), νB2
(x2), νB3

(x3), …) > s. 

Then, 𝐴1 ∩ 𝐵𝑖 = (𝜇𝐴1
, 𝜈𝐴1

) ∩ (𝜇𝐵𝑖
, 𝜈𝐵𝑖

) = (𝜇𝐴1
∩ 𝜇𝐵𝑖

, 𝜈𝐴1
∪ 𝜈𝐵𝑖

) < (𝑟, 𝑠).  

Since 𝐴1 ∈ 𝜏1  and 𝐵𝑖 ∈ 𝜏𝑖 gives 𝐴1 ∪ 𝐵𝑖 > (𝑠, 𝑟)  and 𝐴1 ∩ 𝐵𝑖 < (𝑟, 𝑠) , then 𝐴1 ∪ 𝐵1  is an 

(r, s)-disconnection of 𝜏1. Thus, every coordinate space of 𝜏𝑖 is IF-(r, s)-disconnected. Hence, 

(𝑋𝑖, 𝜏𝑖) is a collection of IF-(r, s)-disconnected spaces, which is a contradiction. So, the product 

of IF-(r, s)-connected space is IF-(r, s)-connected.    

Definition 3.11. An IFTS (𝑋, 𝜏) is said to be totally IF-(𝑟, 𝑠)-disconnected for 𝑟 ∈ 𝐼0, 𝑠 ∈ 𝐼1 if 

for each pair of IFP 𝑝𝛼,𝛽 , 𝑞𝜌,𝜃 ∈ 𝑋, there exists a (𝑟, 𝑠)-disconnection 𝐺 ∪ 𝐻 of 𝑋 with 𝑝𝛼,𝛽 ∈ 𝐺 

and 𝑞𝜌,𝜃 ∈ 𝐻, i.e., 𝐺 ∪ 𝐻 > (𝑠, 𝑟) and 𝐺 ∩ 𝐻 < (𝑟, 𝑠).  

Theorem 3.12. The continuous image of a totally IF-(r, s)-disconnected space is totally  

IF-(r, s)-disconnected.  

Proof. Let 𝑓: (𝑋, 𝜏) → (𝑌, 𝛿) be a continuous function from an IFTS (𝑋, 𝜏) to (𝑌, 𝛿). Consider 

𝑥𝛼,𝛽 , 𝑦𝑟,𝑠 be two IFP in 𝑌 = 𝑓(𝑋). Since 𝑓 is continuous 𝑓−1(𝑥𝛼,𝛽) and 𝑓−1(𝑦𝑟,𝑠) are IFP in 𝑋. 

If (𝑋, 𝜏) is totally IF-(r, s)-disconnected, then there exists an (r, s)-disconnection 𝐺 ∪ 𝐻 of 𝑋 

where 𝑓−1(𝑥𝛼,𝛽) ∈ 𝐺 = (𝜇𝐺 , 𝜈𝐺)  and 𝑓−1(𝑦𝑟,𝑠) ∈ 𝐻 = (𝜇𝐻, 𝜈𝐻) . Since 𝑓−1(𝑥𝛼,𝛽) ∈ 𝐺 ⇒

𝑥𝛼,𝛽 ∈ 𝑓(𝐺)  and 𝑓−1(𝑦𝑟,𝑠) ∈ 𝐻 ⇒ 𝑦𝑟,𝑠 ∈ 𝑓(𝐻) . Again 𝐺 ∪ 𝐻  is an (r, s)-disconnection of 𝑋 

such that 𝐺 ∪ 𝐻 > (𝑠, 𝑟) and 𝐺 ∩ 𝐻 < (𝑟, 𝑠).  

Here, 𝐺 ∪ 𝐻 > (𝑠, 𝑟) ⇒ (𝜇𝐺 , 𝜈𝐺) ∪ (𝜇𝐻, 𝜈𝐻) > (𝑠, 𝑟) 

⇒ (𝜇𝐺 ∪ 𝜇𝐻, 𝜈𝐺 ∩ 𝜈𝐻) > (𝑠, 𝑟)  

and   𝐺 ∩ 𝐻 < (𝑟, 𝑠) ⇒ (𝜇𝐺 , 𝜈𝐺) ∩ (𝜇𝐻, 𝜈𝐻) < (𝑟, 𝑠) 

⇒ (𝜇𝐺 ∩ 𝜇𝐻, 𝜈𝐺 ∪ 𝜈𝐻) < (𝑟, 𝑠).  

So, 𝑓(𝐺) = (𝑓(𝜇𝐺), 𝑓(𝜈𝐺)) and 𝑓(𝐻) = (𝑓(𝜇𝐻), 𝑓(𝜈𝐻)) gives  

  𝑓(𝐺) ∪ 𝑓(𝐻) = (𝑓(𝜇𝐺), 𝑓(𝜈𝐺)) ∪ (𝑓(𝜇𝐻), 𝑓(𝜈𝐻)) 

= (𝑓(𝜇𝐺) ∪ 𝑓(𝜇𝐻), 𝑓(𝜈𝐺) ∩ 𝑓(𝜈𝐻)) 

 = ((𝜇𝐺 ∪ 𝜇𝐻)(𝑓−1(𝑥)), ( 𝜈𝐺 ∩ 𝜈𝐻)(𝑓−1(𝑥))) 

 > (𝑠, 𝑟) 

and  𝑓(𝐺) ∩ 𝑓(𝐻) = (𝑓(𝜇𝐺), 𝑓(𝜈𝐺)) ∩ (𝑓(𝜇𝐻), 𝑓(𝜈𝐻))  

 = (𝑓(𝜇𝐺) ∩ 𝑓(𝜇𝐻), 𝑓(𝜈𝐺) ∪ 𝑓(𝜈𝐻)) 

 = ((𝜇𝐺 ∩ 𝜇𝐻)(𝑓−1(𝑥)), ( 𝜈𝐺 ∪ 𝜈𝐻)(𝑓−1(𝑥))) 

 < (𝑟, 𝑠).  

So, 𝑌 = 𝑓(𝑋) is totally IF-(r, s)-disconnected.    
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Theorem 3.13. Every IF- 𝑇1 space is a totally IF-(r, s)-disconnected space.  

Proof. Let (𝑋, 𝜏) be an IFTS and also an IF- 𝑇1 space. Consider 𝑥𝛼,𝛽 , 𝑦𝑚,𝑛 ∈ 𝑋 with 𝑥𝛼,𝛽 ≠ 𝑦𝑚,𝑛 , 

then ∃𝐴 = (𝜇𝐴, 𝜈𝐴), 𝐵 = (𝜇𝐵, 𝜈𝐵) ∈ 𝜏 such that 𝑥𝛼,𝛽 ∈ 𝐴, 𝑦𝑚,𝑛 ∉ 𝐴 and 𝑥𝛼,𝛽 ∉ 𝐵, 𝑦𝑚,𝑛 ∈ 𝐵.  

Now, 

𝑥𝛼,𝛽 ∈ 𝐴 = (𝜇𝐴, 𝜈𝐴) ⇒ 𝜇𝐴(𝑥) ≥ 𝛼, 𝜈𝐴(𝑥) ≤ 𝛽 

𝑥𝛼,𝛽 ∉ 𝐵 = (𝜇𝐵, 𝜈𝐵) ⇒ 𝜇𝐵(𝑥) < 𝛼, 𝜈𝐵(𝑥) > 𝛽 

𝑦𝑚,𝑛 ∉ 𝐴 = (𝜇𝐴, 𝜈𝐴) ⇒ 𝜇𝐴(𝑦) < 𝑚, 𝜈𝐴(𝑦) > 𝑛 

𝑦𝑚,𝑛 ∈ 𝐵 = (𝜇𝐵, 𝜈𝐵) ⇒ 𝜇𝐵(𝑦) ≥ 𝑚, 𝜈𝐵(𝑦) ≤ 𝑛. 

So, 

(𝐴 ∪ 𝐵)(𝑥) = ((𝜇𝐴 ∪ 𝜇𝐵)(𝑥), (𝜈𝐴 ∩ 𝜈𝐵)(𝑥)) > (𝛼, 𝛽),  

(𝐴 ∩ 𝐵)(𝑥) = ((𝜇𝐴 ∩ 𝜇𝐵)(𝑥), (𝜈𝐴 ∪ 𝜈𝐵)(𝑥)) < (𝛼, 𝛽) 

and 

(𝐴 ∪ 𝐵)(𝑦) = ((𝜇𝐴 ∪ 𝜇𝐵)(𝑦), (𝜈𝐴 ∩ 𝜈𝐵)(𝑦)) > (𝑚, 𝑛),  

(𝐴 ∩ 𝐵)(𝑦) = ((𝜇𝐴 ∩ 𝜇𝐵)(𝑦), (𝜈𝐴 ∪ 𝜈𝐵)(𝑦)) < (𝑚, 𝑛). 

This result is true for any 𝑥𝛼,𝛽 , 𝑦𝑚,𝑛 ∈ 𝑋 with 𝑥𝛼,𝛽 ≠ 𝑦𝑚,𝑛. Hence, it is clear that 𝐴 ∪ 𝐵 is an 

IF-(r, s)-disconnection of 𝑋, so (𝑋, 𝜏) is totally IF-(r, s)-disconnected.    

Theorem 3.14. Every IF- 𝑇2 space is a totally IF-(r, s)-disconnected space.  

Proof. Let (𝑋, 𝜏) be an IFTS and also an IF- 𝑇2  space. Consider 𝑥𝛼,𝛽 , 𝑦𝑚,𝑛 ∈ 𝑋  with 𝑥𝛼,𝛽 ≠

𝑦𝑚,𝑛 , then ∃𝐴 = (𝜇𝐴, 𝜈𝐴), 𝐵 = (𝜇𝐵, 𝜈𝐵) ∈ 𝜏 with 𝜇𝐴( 𝑥𝛼,𝛽) = 1, 𝜈𝐴( 𝑥𝛼,𝛽) = 0, 𝜇𝐵(𝑦𝑚,𝑛) = 1,  

𝜈𝐵(𝑦𝑚,𝑛) = 0 and 𝐴 ∩ 𝐵 = (0, 1).  

Now, 

𝑥𝛼,𝛽 ∈ 𝐴 = (𝜇𝐴, 𝜈𝐴) ⇒ 𝜇𝐴(𝑥𝛼,𝛽) = 1, 𝜈𝐴(𝑥𝛼,𝛽) = 0,  

𝑥𝛼,𝛽 ∉ 𝐵 = (𝜇𝐵, 𝜈𝐵) ⇒ 𝜇𝐵(𝑥𝛼,𝛽) = 0, 𝜈𝐵(𝑥𝛼,𝛽) = 1, 

𝑦𝑚,𝑛 ∉ 𝐴 = (𝜇𝐴, 𝜈𝐴) ⇒ 𝜇𝐴(𝑦𝑚,𝑛) = 0, 𝜈𝐴(𝑦𝑚,𝑛) = 1. 

𝑦𝑚,𝑛 ∈ 𝐵 = (𝜇𝐵, 𝜈𝐵) ⇒ 𝜇𝐵(𝑦𝑚,𝑛) = 1, 𝜈𝐵(𝑦𝑚,𝑛) = 0. 

So, 

(𝐴 ∪ 𝐵)(𝑥𝛼,𝛽) = ((𝜇𝐴 ∪ 𝜇𝐵)(𝑥𝛼,𝛽), (𝜈𝐴 ∩ 𝜈𝐵)(𝑥𝛼,𝛽)) = (1, 0) > (𝑠, 𝑟), 

(𝐴 ∩ 𝐵)(𝑥𝛼,𝛽) = ((𝜇𝐴 ∩ 𝜇𝐵)(𝑥𝛼,𝛽), (𝜈𝐴 ∪ 𝜈𝐵)(𝑥𝛼,𝛽)) = (0, 1) < (𝑟, 𝑠) 

as 𝑟 ∈ 𝐼0 = (0, 1], 𝑠 ∈ 𝐼1 = [0, 1), and  

(𝐴 ∪ 𝐵)(𝑦𝑚,𝑛) = ((𝜇𝐴 ∪ 𝜇𝐵)(𝑦𝑚,𝑛), (𝜈𝐴 ∩ 𝜈𝐵)(𝑦𝑚,𝑛)) = (1, 0) > (𝑠, 𝑟),  

(𝐴 ∩ 𝐵)(𝑦𝑚,𝑛) = ((𝜇𝐴 ∩ 𝜇𝐵)(𝑦𝑚,𝑛), (𝜈𝐴 ∪ 𝜈𝐵)(𝑦𝑚,𝑛)) = (0, 1) < (𝑟, 𝑠) 

as 𝑟 ∈ 𝐼0 = (0, 1], 𝑠 ∈ 𝐼1 = [0, 1).   
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4 Conclusion 

The results presented in this paper indicate that many of the basic concepts in general topology 

can readily to extend to intuitionistic fuzzy topological spaces. Although the theory of 

intuitionistic fuzzy set is still in embryonic stage, it shows promise of having wide applications.  
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