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The continuvation of the results from [1,2) are introduced here.
Both the results from [1,2), and the following ones are related to
the Intuitionistic Fuzzy Sets (IFSs}) ({[3], and to the Intuitionis-
tic Fuzzy FPropositional Calculus (IFPC) [4)] and Intuitionistic Fu-
z2y Modal Logic (IFHL)} [8] as well. Here, for brevity we shall
show +the results related to the IFHL, but their modification for
the case of IFSs is trivial.

Let S be the set of propositiconal forms (c.f., [6): each propo-
sition is a propositional form; if A is a propositional {form then
7A is a propositional form; if A and B are propositional forms,
then A & B, A ¥ B, A > B are propositional forms) and let V: S ->
fC, 1} x [0, 1}, be defined for every p € S as V(p) = <p(p),7(P}>,
where p(p} and 7(p) are the degrees of validity and non-validity -
of p, respectively, and let p(p) + 7(p) < 1 (see [4]}). The evalua-
tion of +the negation 11p of the proposition p will be defined
through: V(ip) = <7(p}, ui(p)>. wWhen the values V(p) and V{(qg)} of
the propositions p and g are Known, the evaluation function V can
be extended also for the operations "&", "x* and "5" +through the
definition:

Vip & q) = <min(p(p), p(q))}, max(r(p), 7(g9}}>,
Vip ¥ q) = <max{p({p), p(q}}, min{r(p), 7r{(q}}>,

Vip 2 q) = <max(v(p), p(q)), min(p(p}, 7(gq})>.
By analogy with the operations over IFSs it will be convenient

to define for the propositions p, q € S:
wv(p) = V{(Ip),

Vip} » V{(q) vVip & q),

V(p) v V(q) Vip > q)},

Vi{p) =3 V(q) = V{(p D2 q}.

Let everywhere below p = q iff V(p}] = V(g).

In [5] the basic definitions of the Intuitionistic Fuzzy Hodal
Logic (IFHL) are introcduced. There, the following seven intuitio-
nistic fuzzy logic operators are defined for a fixed propositional
form A and for fizxed a, B ¢ € [0, 1}:

V(DG(A)) = ¢a + a.{ft - a - Db}, b+ (f - a).(1 - a - b)>,

1

V(F0 B(A)) = <a + ao.{f1 - a - b}, b+ B.( - a - b}> *For atB < 1,

V(GG'B(A)) : <a.a, B.b>,

V(H {A}) = <ao.a, b + B. (1 - a - b}>,
a, B

v(B" (A})) - <o.a, b + B. {4 - a.a - b}>,
a, B

V(JG.B(A)) = <a + a. {1 - a - b}, B b,
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*
V(JG,B(A)) <a + a. (1 - a - 8.D>b}), B. Db,

V(Pu B(A}) = <max{a, a}, min{(B, Db}>, for a + B < 4%,
V(Qq B(A)) = <min(a, a}, max{f, db)>, for a + B < 1,
Vivz A{(x}}) = <min p (X}, max v (xX}>,
X€S A X€S A
V(3x A{x})}) = <max p (x), min v (x}>.
X€ES A X€ES A
Obvuiously, DG(A) = F0 i_u(A) and thus we will not use the cpe-

rator Da' On the other hand, the modal operators "necessity" and
"possibility" satisfy the equalities pA - DO(A) and QA - Dj(A).

Following [1}, we shall call the preopositional form A a pseudo-
fixed point if V({(A) = V{(Y(A}), where Y is a some IF-operator. A
theorem related to IFS case is proved in {1}, which in the case of

IFBL can be formualated as follows, where V{(A} = <a, b> and ¢ ¢ a,

b ¢ .

THEOREM 1 [1}: For all a, B € [0, 1] the pseudo-fixed point(s}) of

{a} o, 0, Dq, Fa 8 are all elements A € S for which a + b = {1, and
a + B < 1

{b} Gu 8 are all elements A € S for which a - b = O,

{c} Hu,B' HG.B are the elements A € S for which a - ¢ and b = 1,
{4} Ju'B' J;.B are the elements A € S for which a = § and b = O,
{e) PG.B are all elements A ¢ S for which a ¢ a < § and 0 < b < B,
(£} @ 8 are all elements A € S for which ¢ ¢ a s aand 8 $ b < 1§,

(g} 3 are all elements A ¢ S for which a = 1 and b = Q,
(h} v are all elements A € S for which a = ¢ and b - 1%,
Therefore, the theorem shows all solutions of the expression
V(Y A = V(A 1
(0.8‘” (A}, (1)

where a and 8 have the above sense or ¢of the expression

YG,B‘A) = A,

An expression with the form of (1} will be called an Intuitio-
nistic Fuzzy Equation (IFE). The focllowing theorem gives other si-
milar examples,

THEOREM 2 [2): For every two propositional forms A, B € 8 there
exists an operator Y from the above type and there exist real num-
bers a, B € [0, 1] such that

V{A) = V‘YQ.B(B”' (2)

Obviocusly, Theorem 2 (resp. (2)) is a generalization of Theorem
1 (resp. (1}). In both cases in one of the sizes there is a con-
stant (right in (1) and left in (2})}. The next four simple examp-
les are interesting as illustrations of other possible constructi-
ons for IFEs. Let a, b, o, B, f, 8 € [C, 1], a + b < 1, a + B8 < 1,
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f + 8 < 4. Then the solutions of

DA - P (A} (3}
a, B
are obtained as follows. (1) is equivalent to the expression
<, 1 - uy = <max(a, u}, min(B, v}
where u, v € {0, 1}, V{(A}) - <u, v> and n and v are unknown quanti-

ties. Therefore the following egquations must hold:
u = max{a, uj
1 - u = min(B, v)
Their solutions are the following: <u, v> = <p, 1 - P>, for every
p € {a, 11, i£f B 2 1 - p. 1 B < 1 - p, then (3} does not have any
soclutions.
The second example is the following:

V{G F A = <a, b> 4

( 0‘.‘3( r.a‘ }) 1 (4)

i1t is solved similarly. The basic difference between (2) and (4)
is in the number ¢f the coperators applied over A. {4} illustrates

the possibility to apply more than one operator. We can complicate
(4}, e.g., to the form

®

(GG,B(F{.G(A)) & Hu,a(A D PB.f 8. a

Obviocusly, the solution of this expression will be more complex

than the above solutions. All these examples are related to expre-

ssions having degrees of validity and non-validity as unknown gu-

antities, The second possidbility is the one, when the unknown gu-
antities are operator parameters. The next IFE illustrates this:

V{H {(A}} = <c, d>, {5}
a, B

where V(A) = <a, b> and a, b, ¢, 4 € [0, 1] and a + b < 1§, c + 4
¢ 1. Here the unknown guantities are the operator parameters a and
8. In this case we obtain

<a.a, b + B.(2 - a - b}> = <c, 4r.
If a < ¢ (particularly, if a = 0 and ¢ ¢ ¢), then (%) does not ha-

(A}}) v Da(A) = J {1A).

c
ve any solutions. If ¢ < a < &, then a - ;. If b = 1 -a and b # 4,

or it b > 4, then (5) does not have any scolutions; if b =4d =1 -
a, then all real numbers 8 € [0, 1] are solutions of (%5} if b ¢
4 - a
1t - a-bp
I1f in some of the above 1IFEs we change the sign ":" with one of
the signs "2>" or "<", we shall obtain an Intuitionistic Fuzzy Ine-
gquality (IFI}). The solutions of the IFls are obtained similarly to
the solutions of the IFEs.
Every system with the form

1 - a, then 8 =

Yi(xi' xe.. A xs) '1 Zj(xi, xe,..., xs)
Yy tx , x,..., X % Z_{x_, c o o e X
2%y X, st %2 ZalEy X, v X
Ys(xj. xa,..., zs) ‘s Zs(xj, xa,..., xs)
where n,. *2""' as € t=, <, 2} is called a system of 1IFEs (if

all = are “=*%; 1 ¢ i a2); or a aystem of IFIa, otherwiaze. We
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shall call these systems "systems of an argument type", if the
unknow gquantities are in the degrees of the arguments, and "sys-
tems of a parameter type", if the unknow quantities are operator
parameters. We can construct a third type of systems "heterogeneo-
s systems", if the unknown quantities are of both types simulta-
neously. In this case the system must have the form
Y (= X ,... b4 . Z (X X ,..., X
1‘:' 2 ' s) 1 5(1' 2 s)
Ya(xi, xe,..., xs) '2 Za(xi, xa,..,, xs)
Y (2., x ,... b4 x Z (x b4 e b4
r( 1 2 ! s) r r( 1" Ta ! s)
where r© = 8 + t and s and t are numbers of the IFIs (in particu-

lar - IFEs) of the {first and of the second types.
wWhen some of the relations ‘i {1 < 1 < r} are "<" (or ":x"}, the

solutions can be elements of some sets (e.g., parts of the triang-

le, which determines the geometrical representation of S; see
{711}, It is suitable to introduce the following definitions for
ever X, X _,... S I a o . a see
>4 ] a . xs € and for g Bj. at 82. voO Bt {
above): <xj, xe,..., xs> is a maximal (minimal} s-tuple of argu-
ments iff for every yj, ya,..., Ys € S it is valiqg. V(xi) 2 V(yi)
v v i 1 i p < . v a
£ (Xi) £ (Yi)) for every i { € 1 £ 8} 01. Bj 02. 82' ' ¢!

Bt> is a maximal (minimal) 2. t-tuple of operators parameters 1if
the differences about the norn o3 of their left and right parts

for every one of the members of the system of IFIs

V(Yj(xi. xa,.... xs)) *1 V(Zj(xj, xe,. oy xs))

V(Ya(x’, xa,..., xs)) la V(Za(xi, 12,..., xs))

V(Yr(xj. PV xs)) . V(Zr(xi. e xs))
obtain their maximal (minimal} values. Therefore, <01, Bj, 02' Be,

- at. Bt> iz a maximal {(minimal) 2. t-tuple of operators parame-
ters 1f the numbers
oa(Yi(xi‘ xal"‘l xS)) - 03‘21‘11’ xai"‘l xs)):
ey - e e, X .
OB(YE(xi' xe. xs)) 03(22(x1; xa ' S))
03(Yr‘31' xat“'l xS)) - oa(zr(xi' 121'-'1 zs))l

obtain their maximal (minimal} values.
By 03 we denote the norm which juxtaposes to A € S the number
1 ¢« plA) - T(A)
> .

03(A) =

{see [81}.
If in the result of solving of a given system of IFIs we obtain
that for every i {1 < 1 < r}): V(xj) € Ti' where Ti are the parts
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of the above mentioned triangle, then we can formmlate the follo-

wing problem: to determine the maximal (minimal) s-tuple <11, 12'

. xs>. The procedure of determining this s-tuple <x1, xe,..

xs> we shall call an Intuitionistic Fuzzy Optimization (IFQ} about

the arguments. Analogically, we can define the concept IFO about
the c¢perators parameters.

The ways for solving of the IFEs and I1F1s and the ways for im-
plementing of the two types of 1FQO are open problems, and will be
promising a direction for further research.

An alternative IFQO problem can be based on the extension of
Bellman-Zadeh’s principle (see, e.g. [9]) in the sense of P. Ange-
lov's research [1C, 11].

Another possible continuation o¢f +the above ideas can be the
focllowing. It is related to the concept of an Intuitionistic Fuzzy
relation (1FR} [12-16] and its Index HMatrix (IM) [17] representa-

tion. For example, if we have +the observations {alternatives,
etc.} X and the criteria Y, where X = ixi. xa...., xm] and Y -
!yl. ya. . ynl are fixed {finite sets (universes), we can con-
struct the following IM
¥, Y, .o Y,

11 <p(xiaY1). 7(31.Y1)> <P(3‘.Yé)a 7(111Y2)> o e e <P(11.Yn)n T(XI.YD)>

%, <U(XE.Y1). 1(XE.Y1)> <U(!2.Yé). T(xa.Yé)> .o <v(xa.¥n). V(Xa.Yn)>

xm <U(xm« Yj). "(Xm| Y1)> <P(Xm. Ya). T(xm' Y2)> e <N(1m. Yn). "(Xm. Yn)>

where <pj. TJ) is the estimation of the okbservation xi on the cri-
terion yJ.

On the basis of this IM (which is an IFR on the universe X x Y}
we can determine different interesting interior connections. For
example, we cancalculate the couples:

<p°pt 1opt> = <Ip 3@ X inanoy >
it T Te3en Pi, gt Peden il
(an optimistic evaluation},
pes pes

< > = £ i D x 7 >
Py o+ 7 Peden Vi, 50 PeFeh TiL
{a pessimistic evaluation),
ave ave
< > = < k] n>
AR (8w, e (B
{an average evaluation), or generally (cf. [13-161),

S T
<pin "i) = <S(|J:‘ pzl 21"
where S and T are two mappings, S, T: {0,411 x [C, 1] -> {0, 1],
which satisfy the properties:

i} Boundary conditions, T(x, 1) - =X, T(xX, O} = 0, S{x, 1) - 1

and S(x, C) = x for every x € [C, 11};

s ey pn)c T("jx 7 ‘ot "n)>| (6)
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ii) Monotonicity, T{(x, y) < T(z, t) and S{x, ¥} < S{z, t) iff =x
< zand y < t, where x, v, 2, t € [0Q, 11
iii}) Commutativeness, T({x, ¥)= T{y, =x) and S(x, vy} - S{y, x) for
every x, ¥y € [0, 1%];
iv) Associativeness, T(T(X, yY), 2} = T(x, T{y, z)) and S{S(x, ¥).
2z} = S{xX, S{y, 2z)) {for every X, Yy, 2z € [0, 11
v} Connection, S{(x, y) + T(z, t}) ¢ 1 for every x,v,2,t € [0, 1],
such that x + 2z ¢ 1 and y +«+ t < 1.
Analogically, we can determine similar values for the columns.
For example, we can calculate the couples:

<Y . ¥ > - mazx <y . >,
J J $1gism i, j i, J
where for a, b, ¢, 4d € [0, 1] and a + b < 1, ¢ + 4 ¢ 1:
<a, b> 2 <c, d» iff a 2 ¢ and b ¢ 4.
I1{f there are incomparable couples, they can be compared on the ba-
sis of their oa—norm values (see {8}), if their p-components are

1/2, or on the basis of their p-components, if they are ¢ 1/2
{these questions are discussed in [18] more detaill}.

Another couple can be juxtaposed to the elements of the i-th 1M
row:
<pl_, 11_>:Fp - (...(Fp - (Fp v (...(Fp v ‘q‘i,k' 11.1()) {7}

in i,n i K-1 i, K1 i ket i Kb it i1

where K is the number of the best couple in the above sense.

we can modify the latter one and other similar constructions,
using the above ideas, into optimization problems. For example, we

can search these (pi j'vi J)—values of an unclear (uncorrect}, ob-
] )

servation which can give the best final <pj,1i>—va]ue for (7}. We

can serach these forms of S and T for which (6) obtains the opti-
mal form,

Below, we shall unite some of the above ideas with the ideas
from [19, 20}.

Let the order of the criteria be not linear order {see [20}).
Therefore, we can construct a standard graph or an Intuitionistic
Fuzzy Graph (1FG) {seef19,21]) which corresponds to this order.
Following [19] we shall introduce some definitions.

Let us note the fact that the directed arc {(the condition that
the arc is an directed is not essential) has a beginning A and an
end B by A - B. 1If for the vertices A and B there are vertices vj.

v vs, such that A » vj r V_ - ... vs + B, we shall write

2'" ! 2

also A F' B.

How, we can introduce the following definitions, too.
Let for a fizxed vertex v € V, where V 1is a set of the graph
vertices:
Pred (v)
C

{vl,

fiw / w+ vl

1}

Predj(v)
Predj*j(v) = fw / (Fu € V) (w € Predj(u) & u € Predi(v))l.

for every i > 1&.
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Let for every i > 1
ci{v, 1) = card(Predi(v))

{therefore c({V, 06} = 1}, where card(X) is the cardinality of the
set X.
1f the graph has two fixed vertices - the maximal vertex T and
the minimal vertex F, for which for every vertex v holds:
Frvye-T
Therefore c(T, i} is the number of all vertices in the i-th le-
vel, numberedfrom T to F and

@ 1({F)
card{v) = b3 c{T, 1) = h) c{T, 1},
i=0 i=0
where l1(v) is the number of levels, numbered from T to F (therefo-
re, 1{(F} is the total number of the levels}).

For a given set of observations !01, (¢} .y Om] and a given

at

set of criteria tC C ‘e Cn] we can construct an IM A with

- A
elements aj j {1 ¢ i <m % £ jJ £ nl for which

a ~ {1. if the object Oi satisfies the criterion CJ
i3

G, otherwise
Therefore, we can construct the IN B with the same index-sets

and with elements <b ¢ € > for which
i g i,
T a
i, s
1(C } VvV €Pred (C )
J s kK J
b = X
i, J k-0 c(T, Kk}
I(C )} c{(T, K) - c(C , K)
J J
' z ¥
i, ] K=0 c(T, K}
From the fact that 0 ¢ aj ¢ 1 it follows that
s
t
X a. £ ¢c{C , K}
i, s J
v €Pred (C }
s kK 3]
and therefore, 0 ¢ bj i 4+ ci 3 < 1, i,e., the so0 constructed graph
1 %

is an IFG.

In this way we can determine the degrees of validity and of
non-validity with which the different objects {ocbservations) sa-
tisfy the criteria. This is another approach correcponding to the
0. AsparocuKhov's approach described in [18]. ‘

For this approach it is possible to formulate some optimization
problems. They are related:

- to the graph structure (to found optimal paths in the graph (the

IFG} ) ;
- to the relations between the criteria (are the criteria suitab-
le; can they change with other ones which will generate ancther

graph (an IFG}) with better structure);
- to the objects {observations) (to found optimal ai J—parameters)

etc. !



24

Moreover, we can search other ways for constructing the a

i, 3

parameters, e.g., as a function of the level, of the weights toi
the IFG-arcs and other. ,
All these guestions will be objects of further researches.
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