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1 Introduction

The paper is a continuation of our previous research [5]. Initially, we give some necessary defini-
tions.



Let a set E be fixed. The Intuitionistic Fuzzy Set (IFS) A in E is defined by (see, e.g., [1]):

A= {(z, pa(z), va(z))|z € E},

where functions p14 : £ — [0,1] and v4 : E — [0, 1] define the degree of membership and the
degree of non-membership of the element x € E, respectively, and for every x € E:

0 < palz)+rva(z) <1

In [5] we studied some properties of two operators over Intuitionistic Fuzzy Sets (IFSs), in-
troduced in [4]. Here, we continue this research, studying the relations between these operations
and extended modal and level operators, defined over IFSs.

Different relations and operations have been introduced over the IFSs. Some of them (see,
e.g. [1,2]) are the following

AC, B iff (Vo€ E)(uale) < pp(x)),

ACy B iff (Vo € E)(va(z) > vs(z))

ACB  iff (Vo€ E)(ua(r) < pp(e) & valz) > vp(z)) iff AcC, B& Acy B,
A=B iff (Vo€ B)(pa(r) = pp(e) & valz) = vp(x)) iff AC B& B C A

In [1,2], series of extended modal and local operators are introduced. Two of the most notable
of them are F, s(A) and G, z(A).
Let o, 5 € [0, 1] and let:

Fop(A) = {{z, pa(z) + ama(z), va(x) + B.ma(x))|r € E}, wherea+ <1
Gas(A) = { (&, aupia(a), Bva(a))]z € E}.
In [4], the first author introduced the following two operations:

A@ B = {(r,min(l, pa(x) + pp(x)), max(0,va(z) + vp(z) — 1))|x € E},
Ao B = {(r,max(0,us(z) + pp(x) —1),min(1,vs(z) + vp(x)))|z € E},

The same operations have been discussed in [3].
In this paper we continue to study some of the basic properties of these operations.
2 Main results

Theorem 1. For every two IFSs A, B and for every two real numbers «, 5 € [0, 1]:
(a) Faﬁ(A) @Faﬁ(B) Cg Faﬁ(AEBB), (1)

(b) Fos(A® B) Co Fup(A) © F, 5(B). (2)



Proof. (a) Let A, B be two IFSs and «, 5 € [0, 1] such that « + 3 < 1. Then
F.p3(A@® B)

= Fop({(z, min(1, pa(z) + ps(x)), max(0, va(z) + vp(z) — 1)z € E})
= {{, min(L, j1a(x) + (@) + (1 — min(1, ga(x) + pp(x))
+vp(z) — 1)), max(0, va(z) + vp(z) — 1)
+5.(1 — min(1, pa(x )+uB( )) — max(0,va(x) + vg(z) — 1)))|z € E}.
a8(A) & Fop(B)
= {(z, pa(z) + ama(z), va(z) + f.wa(z))|z € £}
&{(z, up(x) + amp(z), vp(z) + f.mp(x))|x € £}
= {(z, min(1, pa(z) + o.ma(z) + pp(x) + a.mp(z)),
max(0,va(x) + B.ma(x) + vp(x) + B.rp(x) — 1))z € E}.

Now, we check the values of the following two expressions.

—max(0, v4(x)

X = min(L, pa(e) + up(e)) + (1 - min(L, pa(e) + ()

—max(0,va(x) + vp(r) — 1)) — min(1, pa(z) + ama(z) + pp(z) + a.mp(x)).
Let pa(x) + pp(x) > 1. Then

va(@) +vp(x) =1 <2 — (pa(x) + pp(x)) =1 =1— (pa(z) + pp(r)) <0
and
X =1+ a.(1 —min(1, pa(x) + pp(x)) —0) — min(1, pa(z) + a.ma(z) + pp(z) + amp(x))

X=14a(1-1)—min(l, pa(z) + a.ms(z) + pp(x) + a.rp(z))
X =1—min(1, pa(x) + a.ma(x) + pp(x) + a.mp(x)) > 0.
Let pua(x) 4+ pp(z) < 1. Then

X = pa(@) + pp(r) + (1 = pa(z) — pp(r))

— max(0, v () 4 v (2) — 1)) —min(L, pa () + 5 (2)+ . 2 (@) — i () —va(2) —v(2))).
Let v4(z) + vg(z) > 1. Then

X = pa(@) + pp(x) + (1 = pa(z) — pp(2)

—val(x) —vp(r) +1) —min(1, pa(@) + pp(r) + @.(2 = pa(@) = pp(r) —va(r) —vp(z))) 2 0.
Let va(x) + vg(z) < 1. Then

X = pa(x) + pp(@) + o.(1 — pa@) — pp(x)) - 0
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—min(L, () + pp(x) + 0.2 — pale) — psle) - va(x) — vp(x))
= pa(@) + pp(@) + a.(1 — pa(r) — pp(z)) = 0
—min(1, pa(x) + pp(r) + a.(l = pa(r) = pp()) — a.(va(z) + vp(r) — 1))
2 pa(@) + pp(@) + o.(l — palz) — pp(x)) — 0
—min(L, pa(e) + pp(e) + ol - pale) - pp(e)) > 0.
Therefore, always X > 0, i.e., (1) is valid.
It is interesting to comment why in (1) there is not relation C. The reason is the following.

Let
Y = max(0,va(z) + B.wa(z) + vp(x) + B.rp(x) — 1)

—max(0,va(x) +vp(r) — 1) — f.(1 —min(1, pa(x) + pp(r)) — max(0,va(z) + vg(x) — 1)).
Let v4(z) + vg(x) > 1. Then
pa(r) + pp(x) <1—wva(x)+1—vp(x) <1

and
Y =va(z) + B.malx) + vp(x) + Bap(z) — 1

~(ale) () 1) = 501~ (uala) + () — vala) — vp(a) + 1)
= Bma(x) + Brp(r) = 5.2 = pale) — pp(2)) —valz) —vp(z)) = 0.
Let va(x) + vp(z) < 1. Then
Y = max(0,va(x)+ S.ma(z) +vp(x)+ B.rp(x) —1) —0— F.(1 —min(1, pa(z) + pp(x)) —0)
= max(0,va(x) + B.7a(x) + vp(x) + fap(x) — 1) — B.(1 — min(1, pa(z) + pp(x))).
If pa(x) + pp(x) > 1, then
Y = max(0,va(x) + B.ma(x) +vp(x) + frp(x) —1) — (1 —1) > 0.
If pa(z) + pp(z) < 1, then
Y = max(0,va(z) + B.wa(z) + vp(x) + frp(x) — 1) — B.(1 — pa(x) — up(x)).
Let va(z) + B.ma(z) + vp(x) + B.7mp(z) > 1. Then
YV =va(@)+8.(1-pa(z) —va(e)) +ve(@)+68.(1—-pp(r) —vs(r) 1= F.(1-pa(z) — ps(z))
=va(z) +vp(z) + (2 — valz) —vp(z)) — B
= (8—-1).(1 —va(z) —vp(x)) <0

for § < 1, because 1 — v4(z) — vp(x) > 0.
If va(x) + B.ma(x) + vp(x) + B.rp(x) < 1. Then

Y =0-p.(1-pa(z) — pa(x)) <0

for 5 > 0, because 1 — va(z) — vp(z) > 0.
Therefore, Y can be either a positive, or a negative number. By the same reason, there is also
not a relation from the type of C.

(b) is proved analogously. ]



Theorem 2. For every two IFSs A, B and for every two real numbers «, 5 € [0, 1]:
(@) Gag(A® B) C Gup(A) @& Gap(B), (3)
(b) Gop(A) & Gap(B) C Gop(A® B), (4)
Proof. (a) Let A, B be two IFSs and «, 5 € [0, 1]. Then

Gop(A@® B)

= Gap({(z, min(L, pa(z) + pp(r)), max(0, va(z) + vp(z) - 1))lx € E})
= {(x, . min(1, pa(z) + pp(x)), f. max(0,vs(z) + vp(z) — 1))|z € E}.

Gas(A) © Gap(B)
={(z,a.pas(x), Bva)|x € E} @ {{z,a.up(x), B.vg(z))|x € E}
= {(z,min(1, a.pa(x) + a.pup(z)), max(0, B.va(x) + B.vg(zr) — 1))z € E}.

Then, we check that
min(1, a.pa(z) + a.pp(x)) — . min(1, pa(x) + pp(z))

=min(1, a.pa(z) + a.pp(z)) — min(a, a.pa(z) + a.pp(x)) > 0.

and
B.max(0,v4(z) + vp(x) — 1) — 5. max(0,va(x) + vp(z) — 1)

= max(0, f.va(z) + B.vp(x) — B) — B.max(0, va(x) + vp(x) — 1) > 0.
Therefore, (3) is valid.
(b) is proved analogously. ]

3 Conclusion

In the next part of our research, we will study the relations between the operations & and ® with
the other extended modal operators (see [1, 2]), with the level operators (see [1]), and with the
second type of the modal operators (see [2]).
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