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Abstract: Intuitionistic Fuzzy Modal Operator was defined by Atanassov, he and several authors
defined some modal operators. These operators classified by naming with one type and two type
modal operators on intuitionistic fuzzy sets. Indeed, Atanassov’s two operatorsXa,b,c,d,}α,β,γ,δ,ε,ζ
are both one and two type modal operators. In this paper, we defined four operators which are
both one and two type modal operators as Atanassov’s above operators and called them uni-type
modal operators.
Keywords: Diagram of modal operators, Intuitionistic fuzzy operators, Uni-type modal opera-
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1 Introduction

The concept of fuzzy sets were defined by Zadeh in [10] as an extension of crisp sets, the usual
two-valued sets in ordinary set theory, by expanding the truth value set to the real unit inter-
val [0, 1]. In fuzzy set theory, if the membership degree of an element x is µ(x) then the non-
membership degree is 1− µ(x) and thus is fixed.

Intuitionistic fuzzy sets were introduced by Atanassov in [1] and were formed an extension of
fuzzy sets.

In this paper we will use I instead of [0, 1] .

Definition 1. [1] An intuitionistic fuzzy set (IFS) on a set X is an object of the form

A = {〈x, µA (x) , νA (x)〉 : x ∈ X}
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where µA (x) , (µA : X → I) is called the “degree of membership of x in A”, νA(x), (νA : X → I)

is called the “degree of non-membership of x in A”, and where µA and νA satisfy the following
condition:

µA (x) + νA (x) ≤ 1, for all x ∈ X.

Although the sum of the degrees of membership and not being a member of an element in FS
theory is 1. But, in IFS theory, this sum is less than 1. Besides this, if A ∈ IFS(X) then µ,
ν ∈ FS(X) and 1− µ ≤ ν and 1− ν ≤ µ.

An IFS A is said to be contained in an IFS B (notation A v B) if and only if for all x ∈ X :

µA(x) ≤ µB(x) and νA(x) ≥ νB(x).It is clear that A = B if and only if A v B and B v A.

One type intuitionistic fuzzy modal operators were defined by several authors;

Definition 2. Let X be a set and A = {< x, µA(x), νA(x) >: x ∈ X} ∈ IFS(X), α, β, γ, ω, θ ∈
[0, 1].

1. �A = {< x, µA(x)
2
, νA(x)+1

2
>: x ∈ X}, [2]

2. �A = {< x, µA(x)+1
2

, νA(x)
2

>: x ∈ X}, [2]

3. �αA = {< x, αµA(x), ανA(x) + 1− α >: x ∈ X}, [3]

4. �αA = {< x, αµA(x) + 1− α, ανA(x) >: x ∈ X}, [3]

5. �α,βA = {< x, αµA(x), ανA(x) + β >: x ∈ X}where α + β ∈ [0, 1], [9]

6. �α,βA = {< x, αµA(x) + β, ανA(x) >: x ∈ X} where α + β ∈ [0, 1], [9]

7. �α,β,γ(A) = {< x, αµA(x), βνA(x) + γ >: x ∈ X}where maks{α, β}+ γ 6 1, [4]

8. �α,β,γ(A) = {< x, αµA(x) + γ, βνA(x) >: x ∈ X}where maks{α, β}+ γ 6 1, [4]

9. Eα,β(A) = {< x, β(αµA(x) + 1− α), α(βνA(x) + 1− β) >: x ∈ X}, [7]

10. Zω
α,β(A) = {< x, β(αµA(x) + ω − ω.α), α(βνA(x) + ω − ω.β) >: x ∈ X}, [8]

11. Zω,θ
α,β(A) = {< x, β(αµA(x) + ω − ω.α), α(βνA(x) + θ − θ.β) >: x ∈ X}, [8]

12. Xα,β,γ,δ(A) = {< x, αµA(x)+γ, βνA(x)+δ >: x ∈ X} such that max(α, β)+γ+δ 6 1,

[5]

13. }α,β,γ,δ,ε,ζ(A) = {< x, αµA(x)− ενA(x) + γ, βνA(x)− ζµA(x) + δ >: x ∈ X} such that
max(α− ζ, β − ε) + γ + δ 6 1 and min(α− ζ, β − ε) + γ + δ ≥ 0, [6]

Diagram formed by these operators are as follows;
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⊚α,β,γ,δ,ε,ζ Xa,b,c,d,e,f

⊡α,β,γ,δ

⊞α,β,γ

Zω,θ
α,β

Zω
α,β

⊠α,β,γ

⊞α,β ⊠α,β

⊠α

⊠

⊞α

Eα,β

⊞

Second type intuitionistic fuzzy modal operators were defined by Atanassov, [1]:

Definition 3. Let X be universal and A ∈ IFS(X), α, β ∈ [0, 1] then

1. Dα(A) = {< x, µA(x) + απA(x), νA(x) + (1− α)πA(x) >: x ∈ X}

2. Fα,β(A) = {< x, µA(x) + απA(x), νA(x) + βπA(x) >: x ∈ X} where α + β ≤ 1

3. Gα,β(A) = {< x, αµA(x), βνA(x) >: x ∈ X}

4. Hα,β(A) = {< x, αµA(x), νA(x) + βπA(x) >: x ∈ X}

5. H∗
α,β(A) = {< x, αµA(x), νA(x) + β(1− αµA(x)− νA(x)) >: x ∈ X}

6. Jα,β(A) = {< x, µA(x) + απA(x), βνA(x) >: x ∈ X}

7. J∗
α,β(A) = {< x, µA(x) + α(1− µA(x)− βνA(x)), βνA(x) >: x ∈ X}

8. �(A) = {< x, µA(x), 1− µA(x) >: x ∈ X}

9. ♦(A) = {< x, 1− νA(x), νA(x) >: x ∈ X}

In the same paper, the author introduces the diagram of these operators,
⊚α,β,γ,δ,ε,ζ Xa,b,c,d,e,f

Gα,β Fα,βHα,β H∗
α,βJα,β J∗

α,β

Dα

♢ □
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2 Uni-type modal operators

In this section, we will define new operators which are thinking both one type and two type modal
operators on intuitionistic fuzzy sets because of their diagram properties.

Definition 4. Let X be a universal, A ∈ IFS(X) and α, β, ω ∈ [0, 1]. We define the following
operator:

1. �ωα,β(A) = {〈x, β(µA(x) + (1− α)νA(x)), α(βνA(x) + ω − ωβ)〉 : x ∈ X}

2. �ωα,β(A) = {〈x, β(αµA(x) + ω − ωα), α((1− β)µA(x) + νA(x))〉 : x ∈ X}

3. Bα,β(A) = {〈x, β(µA(x) + (1− α)νA(x)), α((1− β)µA(x) + νA(x))〉 : x ∈ X}

4. �α,β(A) = {〈x, β(µA(x) + (1− β)νA(x)), α((1− α)µA(x) + νA(x))〉 : x ∈ X}

5. Eω,θ
α,β(A) = {〈x, β((1− (1− α)(1− θ))µA(x) + (1− α)θνA(x) + (1− α)(1− θ)ω),

α((1− β)θµA(x) + (1− (1− β)(1− θ))νA(x) + (1− β)(1− θ)ω)〉 : x ∈ X}

It is clear that: �ωα,β(A), �ωα,β(A), Bα,β(A),�α,β(A) ∈ IFS(X).

Some fundamental properties of these operators are following;

Theorem 1. Let X be a set, A ∈ IFS(X) and α, β ∈ [0, 1].

Bα,α(A) = �α,α(A)

Proof. It is clear from definition.

⊚α,β,γ,δ,ε,ζ Xa,b,c,d,e,f

⊞ω
α,β Eω,θ

α,β
⊠ω

α,β

Bα,β

⊟α,β

Proposition 1. Let X be a universal, A ∈ IFS(X) and α, β ∈ [0, 1) then

1. �
β

1−α
1,α (A) = �α,β(A)

2. �
β

1−α
α,1 (A) = �α,β(A)

Proof. It is clear from definition.

Proposition 2. Let X be a set and A ∈ IFS(X), α, β, ω ∈ [0, 1] then
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1. Eω,0
α,β(A) = Zω

α,β(A)

2. Eω,1
α,β(A) = Bα,β(A)

3. E0,0
α,β(A) = Gαβ,αβ(A)

4. E1,0
α,β(A) = Eα,β(A)

5. E0,0
1,0(A) = ∅

6. E0,0
0,1(A) = X

Proposition 3. Let X be a set and A ∈ IFS(X), α, β, ω ∈ [0, 1] then

1. E1,0
α,1(A) = �α(A)

2. Eω,0
α,1(A) = �α,ω(1−α)(A)

3. Eω,0
1,β (A) = �β,ω(1−β)(A)

4. Eω,θ
1,1 (A) = A

5. E1,0
1,β(A) = �β(A)

6. Eω,1
α,1(A) = Bα,1(A)

7. E1,1
1,β(A) = B1,β(A)

From the above properties, it is easily shown that the operators �ωα,β,�
ω
α,β, E

ω,θ
α,β, Bα,β and

�α,β belong to the diagrams of both one type and two type operators. At that time, Atanassov’s
operators Xa,b,c,d, }α,β,γ,δ,ε,ζ have same properties. Therefore, we have to differently naming
from the others. So, we can give the following definition:

Definition 5. Let X be a set and Υ be a modal operator of Intuitionistic Fuzzy Set on X . If
Υ is both one type and two type modal operator then it is called uni-type modal operator of
Intuitionistic Fuzzy Set on X .

From that fundemental properties we get the last diagram of all (one/two/uni-type) modal
operators on Intuitionistic Fuzzy Sets as following;

⊚α,β,γ,δ,ε,ζ

⊡α,β,γ,δ

⊞α,β,γ

Zω,θ
α,β

Zω
α,β

⊠α,β,γ

⊞α,β ⊠α,β

⊠α

⊠

⊞α

Eα,β

⊞

Xa,b,c,d,e,f

Eα,β
ω,θ

⊟ω
α,β ⊠ω

α,β Gα,β Fα,β Hα,β H∗
α,β Jα,β J∗

α,β

Bα,β Dα

⊟α, β ♢ □
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