17" Int. Conf. on IFSs, Sofia, 1-2 Nov. 2013
Notes on Intuitionistic Fuzzy Sets
Vol. 19, 2013, No. 3, 1-13

On intuitionistic fuzzy pairs
Krassimir Atanassov!, Eulalia Szmidt> and Janusz Kacprzyk®

! Dept. of Bioinformatics and Mathematical Modelling
Institute of Biophysics and Biomedical Engineering, Bulgarian Academy of Sciences
105 Acad. G. Bonchev Str., 1113 Sofia, Bulgaria
e-mail: krat@bas.bg

2 Systems Research Institute, Polish Academy of Sciences
6 Newelska Str., 01-447 Warsaw, Poland
e-mails: {szmidt, kacprzyk}@ibspan.waw.pl

Abstract: The concept of an intuitionistic fuzzy pair is introduced and described formally. Rela-
tions, operations and operators over these pairs are defined.

Keywords: Intuitionistic fuzzy pair, intuitionistic fuzzy set.

AMS Classification: 03E72.

1 Introduction

The first researches, related to Intuitionistic Fuzzy Sets (IFSs), started in 1983 and from the
beginning, the concept of Intuitionistic Fuzzy Pair (IFP) has been in use. The authors of the
present paper and a lot of other researchers working in the area of intuitionistic fuzziness, have
used this concept without a special definition in a plethora of publications, under various terms:
intuitionistic fuzzy pair, intuitionistic fuzzy couple, intuitionistic fuzzy value, and others. With the
present paper, we propose to the researchers in the area to stick to only one term for that concept.
After a long discussion we decided to offer the term intuitionistic fuzzy pair.

Here, we give a formal definition of IFP and collect definitions of all operations, relations and
operators, defined oved IFPs during the last already 30 years, using our books [1, 2, 10].

2 Definition and geometrical interpretations of an IFP

The Intuitionistic Fuzzy Pair (IFP) is an object with the form (a, b), where a,b € [0, 1] and
a + b < 1, that is used as an evaluation of some object or process and which components (a
and b) are interpreted as degrees of membership and non-membership, or degrees of validity and
non-validity, or degree of correctness and non-correctness, etc. The geometrical interpretations
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of the IFPs are the same as of the IFSs. Two of them are shown on Fig. 1-4. The first one (which
is analogous to the standard fuzzy set interpretation) is shown on Fig. 1.
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Therefore, we can map to every proposition p € S a unit segment of the form:

}b

For the needs of the discussion below, we define the notion of Intuitionistic Fuzzy Tautological
Pair (IFTP) by:
x is an IFTP if and only if a > b,

while p is a Tautological Pair (TP) iff a = 1 and b = 0.
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3 Relations over IFPs

Let us have two IFPs = = (a,b) and y = (c, d). We define the relations

x<Dy iff a<c
r <oy iff b>d
r<y iff a<candb>d
ISDy iff a<c
r <oy iff b>d
r<y iff a<candb>d
x>Dy iff a>c
T >ey Aff b<d
x>y iff a>candb<d
xzmy iff a>c
x>y Aff b<d
x>y iff a>candb<d
T=_Y iff a=c
r =y Iff b=d

r=y iff a=candb=d



4 Operations over IFPs

In some definitions below, we use the functions sg and sg, as defined by,

1 ifz>0
sg(z) = >

0 ifz<0

0 ifx>0
sg(z) =

1 ifz <0

Let us have two IFPs x = (a,b) and y = (¢, d).
First, we define analogues of operations “conjunction” and “disjunction”:

x&1y = z Ny = (min(a, ¢), max(b, d))
zViy=xUy = (max(a,c)), min(b, d))
x&oy =2 +y = (a+c—a.cbd)
xVoy =2y = (a.c,b+d— b.d).

Second, we define analogues of operations “implication” and “negation”. In Table 1 the
results of implications  — y are given. Implications —;39, ..., —>149 are given in [3, 4, 5] and
—1504 ---, —152 —1n [7, 8, 9], all other are described in [2].

Table 1

— (max(b, min(a, ¢)), min(a, d))
—9 (sg(a —c),d.sg(a —c))
—3 (1—(1—2c)sgla—rc)),dsgla—c))
—4 (max(b, ¢), min(a, d))
—5 (min(1,b + ¢),max(0,a +d — 1))
—6 (b+ ac, ad)
—7 (min(max(b, ¢), max(a, b), max(c, d)), max(min(a, d), min(a, b), min(c, d)))
—8 (1 = (1 — min(b,c)).sg(a — ¢), max(a,d).sg(a — c),sg(d — b))
—5g (b + a’c,ab + a’d)
10 {e3g(1 - a) +5g(1 — a).(5g(1 — ¢) + b.sg(l - ¢)),

d.sg(l —a)+a.sg(l —a).sg(l —c))
—11 (1 —(1—c).sgla—rc),dsg(a—c).sg(d—Db))
—19 (max(b, c), 1 — max(b, c))
—13 (b+c—b.c,ad)
—14 (1 —(1—c).sgla—c)—dsgla—-c).sg(d—10),d.sg(d— b))
—15 (1 — (1 — min(b, ¢)).sg(a — ¢).sg(d — b) — min(b, ¢).sg(a — ¢).sg(d — b),

1 — (1 —max(a,d)).sg(sg(a — ¢) +5g(d — b)) — max(a, d).sg(a — c).sg(d — b))
16 (max(sg(a), ¢), min(sg(a), d))
—17 (max(b, c¢), min(a.b + a?, d))




—1s (max(b, ¢), min(1 — b, d))

o | (max(1— sg(se(a) + sg(1 — b)), o), min(sg(1 — 8), )

—20 (max(5g(a), sg(c)), min(sg(a), 5g(c)))

—91 (max(b, c.(c +d)), min(a.(a + b),d.(c* + d + c.d)))

—99 (max(b,1 —d),1 — max(b,1 — d))

—r93 (1 —min(sg(1 —b),sg(1 — d)), min(sg(1 — b),s5g(1 — d)))

2 (52(a — ¢).5g(d — b), sg(a — ¢).sg(d — b))

—95 (max(b,sg(a).sg(1 —b),c.5g(d).5g(1 — ¢)), min(a, d))

—r96 (max(5g(1 —b),c), min(sg(a), d))

—ro7 (max(sg(1 — b), sg(c)), min(sg(a), 5g(1 — d)))

—ro8 (max(sg(1 —b), c), min(a, d))

—29 (max(sg(1 —b),5g(1 — ¢)), min(a,sg(1l — d)))

—30 (max(1 — a,min(a, 1 — d)), min(a, d))

—r31 (sgla+d—1),dsgla+d—1))

—r32 (1 —dsgla+d—1),dsgla+d—1))

—33 (1 — min(a, d), min(a, d))

—r34 (min(1,2 — a — d), max(0,a + d — 1))

—r35 (1 —a.d,a.d)

—36 (min(1 — min(a, d), max(a,1 — a), max(1l — d, d)),
max(min(a, d), min(a, 1 — a), min(1 — d, d)))

—r37 (1 — max(a,d).sg(a +d — 1), max(a,d).sg(a + d — 1))

—38 (1—a+(a*>.(1—-d)),a.(1 —a)+da*d)

—r39 (1 —d)5g(1 —a)+sg(l —a)(58(d) + (1 —a).sg(d)),
d.sg(l —a) + a.sg(l —a).sg(d))

Do | (—sgle+d—1),1—sgla+d—1)

— 11 (max(sg(a), 1 — d), min(sg(a), d))

Do | (max(sg(a), se(1 — ), min(sg(a), 521 — D))

—43 (max(sg(a), 1 — d), min(sg(a), d))

—44 (max(sg(a), 1 — d), min(a, d))

a5 (max(sg(a), 5g(d)), min(a, 5g(1 — d)))

—46 (max(b, min(1 — b,¢)), 1 — max(b, c))

a7 gl —b—c¢),(1—c)sg(l —b—c))

—48 (I1-(1—=c¢)sg(l—=b—c),(1—c)sg(l—b—c))

— 49 (min(1,b + ¢), max(0,1 — b —¢))

—50 (b+c—b.c,1—b—c+b.c)

—51 (min(max(b, ¢), max(1 — b,b), max(c, 1 — ¢)),
max(1 — max(b, ¢), min(1 — b,b), min(c, 1 — ¢)))

—r50 (1 — (1 —min(b,c)).sg(l —b—c),1 —min(b,c).sg(l1 —b—c))

—53 (b+(1—=0)2c,(1=0).b+ (1 —-0)%(1 —¢))

Do | {c52(0) + s2() (a2l — ) + bse(1 — ),
(

1—c)5g(b) + (1 - b).sg(b)-sg(1 — ¢))
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—55 (1—sg(l—b—c),1—5g(1—=>b-c))
— 56 (max(5g(1 —b),¢), min(sg(l —b), (1 —¢)))
—57 (max(sg(1 — b), sg(c)), min(sg(1 — b),5g(c)))
—r58 (max(5g(1 —b),5g(1 — ¢)), 1 — max(b, c))
—59 (max(sg(1 —b),c), (1 —max(b,c)))
Do | (max(e(1 — b), 581 — ), min((1 - b), D)}
—61 (max(c, min(b, d)), min(a, d))
Se | (Eld—b)asgd—b)
—63 (1 —(1—0b).sg(d—b),asg(d—D))
—64 (c+b.d,a.d)
—65 (1 — (1 — min(b, ¢)).sg(d — b), max(a, d).sg(d — b).sg(a — ¢))
—66 (c+d*b,b.d+ d*.a)
—67 (bsg(1 —d) +sg(1 — d).(5g(1 — ) + c.sg(1 = b)),
a.sg(l —d) +d.sg(l —d).sg(1 — b))
—68 (1 —(1—10).sg(d—10),a.sg(d—b).sg(a — c))
—60 (1—(1—10).sg(d—10b) —a5g(d—"b).sgla — c),a.sg(a — c))
—70 (max(sg(d), b), min(sg(d), a))
—71 (max(b, ¢), min(c.d + d?, a))
—79 (max(b, ¢), min(1 — ¢, a))
—73 (max(1 — max(sg(d),sg(1l — ¢)),b), min(sg(1 — ¢), a))
Sr | (max(se(9), 52(d)), min(5g(0), se(d)))
—75 (max(c,b.(a + b)), min(d.(c + d), a.(b* + a) + a.b))
—76 (max(c,1 —a),min(1 — ¢, a))
—77 ((1 — min(sg(1 — a),sg(1 — ¢))), min(sg(1 — a), sg(1 — ¢)))
Srs | (max(se(l — o), b), min(sg(d), 0))
—79 (max(sg(1 — ¢), sg(b)), min(sg(d), 5g(1 - a)))
—80 (max(sg(1 —¢),b), min(d, a))
—rs1 (max(sg(1 —b),5g(1 — ¢)), min(d,sg(1 — a)))
—r82 (max(1 — d,min(d, 1 — a)), min(d, a))
—s3 (sgla+d—1),asgla+d—1))
—rg4 (1—asgla+d+1),asg(a+d+1))
—85 1—d+d*(1—a),d(1—d)+d*)
—r86 (1 —a)sg(l —d) +sg(1 - d)5g(a + min(l — d, sg(a))),
a-5g(1 —d) + d.sg(1 — d).sg(a))
—rg7 (max(sg(d), 1 — a), min(sg(d), a))
—sg (max(sg(d), sg(1 — a)), mm(Sg(d) sg(l —a)))
—89 (max(sg(d), 1 — a), min(d, a))
Do | (max(sg(a),52(d), min(d, 51 — @)
—91 (max(c, min(1 — ¢, b)), 1 — max(b, c))
—r92 (sg(1 —b—c),min(1 — b,sg(1 —b—c)))
—93 ((1 —min(1 —b,sg(l —b—c¢)),min(1 — b,sg(1 —b—c)))
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—o4 (c+(1—=0c)2b,(1—c)ct+ (1 —c)%(1—10))
—95 (min(b,5g(c)) + sg(c).(5g(1 — b) + min(c, sg(1 — b)),
(min(1 — b,58(0)) + min(1 — ¢, sg(c), se(1 — )
—96 (max(5g(1 —¢),b), min(sg(1 —b),1 —¢))
—ro7 (max(sg(1 — ¢), sg(b)), min(sg(1 — ¢),5g(h)))
—ro8 (max(sg(1 —¢),b),1 — max(b, c))
—99 (max(sg(1 — ¢),sg(1 — b)), min(1 — ¢,sg(b)))
—100 (max(min(b, sg(a)), ¢), min(a, sg(b), d))
—101 (max(min(b, sg(a)), min(c, sg(d))), min(a, sg(b), sg(c), d))
—102 (max (b, min(c, sg(d))), min(a, sg(c), d))
—103 (max(min(1 — a,sg(a)),1 — d), min(a, sg(1 — a),d))
—104 (max(min(1 — a,sg(a)), min(1 — d, sg(d)))
min(a, sg(1 —a),d,sg(1 — d)))
—105 (max(1 — a,min(1 — d,sg(d))), min(a, d,sg(1 — d)))
—106 (max(min(b,sg(1 — b)), ¢), min(1 — b,sg(b),1 — ¢))
—107 (max(min(b, sg(1 — b)), min(c, sg(1 — ¢))),
min(1 — b,sg(b), 1 — ¢,sg(c)))
—108 (max (b, min(c,sg(1 — ¢))), min(1 — b, 1 — ¢, sg(c)))
—109 (b + min(sg(1 — a),c),a.b +min(sg(l — a),d)))
—110 (max(b, ¢), min(a.b +5g(1 — a),d))
—111 (max(b, c.d +35g(1 — ¢)),min(a.b +5g(1 — a),d.(c.d +5g(1 — ¢)) +35g(1 — d)))
—112 (b+c—b.c,ab+53g(1 —a).d)
—113 (b+cd—b.(cd+3sg(l—7c)),
(b +52(1 — 0)).(d(c.d + 5(1 — ) + 551 — D))
—114 (1 —a+min(sg(l —a),1 —d),a.(1 —a) + min(sg(1l — a), d))
—115 (1 —min(a,d), min(a.(1 — a) +5g(1 — a),d))
— 116 (max(1 —a, (1 —d).d +sg(d)),
min(a.(1 —a) +8g(1 —a),d.((1 — d).d +5g(d)) +5g(1 — d)))
—117 (1—a—d+ad,(a.(1—a)+3g(1—a)).d)
—118 (1—a+(1—d).d—(1—-a).((1—-d).d+5g(d)),
(a.(1 —a) +5g(1 —a)).d.((1 —d).d+5g(d)) +5g(1 — d))
— 119 (b + min(sg(b), ¢), (1 — b).b 4+ min(sg(b), 1 — ¢))
—190 (max(b, ¢), min((1 — b).b+35g(b),1 — ¢))
—121 (max(b,c.(1 —c¢) +5g(1 —¢)),
min((1 — b).b+ 5g(0), (1 — o).(e.(1 — ¢) + 58(1 — ) + 58(¢)
—122 (b+c—b.c,((1 —c).b+5g(b)).(1—-c))
=g | (b+e(l=¢) = (b(e(l =) +58(1 = 0))),
(1 —0).b+5g(b))-(((A = ¢).(c.(1 = ¢) +58(1 — ¢)) +52(c)))
—124 (¢ + min(sg(1 —d),b), c.d + min(sg(1 — d), a))
—125 (max(b, ¢), min(c.d +35g(1 — d), a))
—196 (max(c,a.b+3g(1 — b)), min(c.d +5g(1 — d), a.(a.b +5g(1 — b)) +5g(1 — a)))
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—127 (b+c—bc, (c.d+35g(1—d)).a)
—3 198 (c+ab—c.(ab+sg(l—0)),
(cd+52(1 — d)).(a.(ab+ 5(1 — ) + 55(1 — 0)))
—7129 (1 —d+ min(sg(l —d),1 — a),d.(1 — d) + min(sg(1 — d), a))
—130 (1— mm(d a),min(d.(1 — d) +5g(1 — d), a))
—131 (max(1 —d, (1 —a).a +5g(a)),
min(d.(1 — d) +5g(1 — d), a.((1 — a).a + 5g(a)) +5g(1 — a)))

—132 1—a. d (d (1 — d) + Sg( d)) CL>

—133 l—d+(1-a)a—-(1-d).((1-a)a+5ga)),

d.(1—d)+3g(1 —d)).(a.((1 —a).a+3g(a)) +5g(1 —a)

)

—135 max(b, ¢), min((1 — ¢).c +5g(c),1 — b))

{
(
(
—$ 134 (¢ +min(sg(c),b), (1 — ¢).c + min(3g(c), (1 — b)))
(
(

—136 max(c, (b.(1 —b) +5g(1 —10))),

(b))

)
min((1 — ¢).c +5g(c), (1 = b).(b.(1 —b) +5g(1 — b)) + 5¢
)-

—>137 (b+c—b.c,((1—c)c+3g(c).(1-10))
—138 (c+0b.(1=0)—c.(b.(1 —0b)+5g(1—0)),
(1 —¢).c+5g(c))-((1 = b).(b.(1 — b) +5g(1 — b)) +58(b)))
—139 <b , a+d>
o (ot ermed))
oim <b+c+max ) a+d+m1n(a d)>
o == max(a P) a+d+n;ax(a Gy
o (= a+c+m1n(1 ac)7 Fa—o— n;ln(l &y
o (= d+m1nb1 SUREE b+d+1§m(b,1—d)>
i <b+c+m1n bc) ¢ 3m1n(b Bl
i (T mln(a Y a+d+rr;1n(a 2y
i (= a+c+n;ax(1 a.0) Fra—c n;ax(l a0)
i (T d+max bI=d] 27b+d7rr:;ax(b,1fd)>
i <b+c+max (ba) 3= bfcf:;max(b,c)
Crison | (BEEEAL a+d2—i;\/\ I where A > 1
— 151 (b;fl'y, % where v > 1
1520, | (Pretet L where a > 1,6 € [0, a
1536 | (@, min(l, max(pup(x), va(x) +¢)), max(0, min(vg(z), pa(x) —n)))

In Table 2 the results of negations —x are given. Implications —s;s, ...,
and —y9, ..., 745 —1in [7, 8, 9], all other are described in [2].

—41 are given in [3, 4, 5]

Table 2
- (x,b,a)
2 (r,5g(a), sg(a))
3 (x,b,a.b+ a?)
4 <3§' b 1-— b>




5 (z,5g(1 - b),sg(1 — b))

6 (z,58(1 = b),sg(a))

-7 (z,5g(1 —b), a)

g (r,1—a,a)

9 (r,5g(a), a)

10 (r,5¢(1 = b),1-b)

! (z,sg(b),sg(b))

12 (2,b.(b+ a),min(1, a.(b* + a + b.a)))

13 (z,sg(1 —a),sg(l —a))

14 (z,sg(b),sg(1 — a))

15 (z,5g(1 —b),5g(1 —a))

—16 (r,5g(a),5g(1 — a))

-7 (z,5g(1 — b),5g(b))

s (z,b.5g(a), a-sg(b))

—1g (z,b.5g(a), 0)

=90 (x,b,0)

-1 (x,min(1 — a,sg(a)), min(a, sg(1 — a)))

—199 (x,min(1 — a,sg(a)),0)

—193 (x,1—a,0)

4 (x,min(b,sg(1 — b)), min(1 — b,sg(b)))

—05 (x, min(b,sg(1 —b)),0)

96 (x b,a.b+735g(l —a))

97 (,1—a,a.(1 —a)+3g(1l —a))

o (z, (1 —b).b+5g(b))

=9 (x,max(0,b.a +35g(1 — b)), min(1,a.(b.a +5g(1 — b)) +5g(1 — a)))
130 (r,a.b,a.(a.b +3g(1 — b)) +35g(1 —a))

731 {z, max(0, (1 — a).a +5g(a)), min(1, a.((1 — a).a + 5g(a)) + 5g(1 — a)))
732 (r,(1—a).a,a((1—a).a+5g(a)) +5¢(1 —a))
s b (=) +5e(1—b), (1= b).(h(1—b) + 5g(1 — ) + 520))
—34 {,0.(1 =), (1 —0).(b.(1 - b) +5g(1 - b)) +5g(b))
35 (3. 5)

36 (3, %5%)

g7 <2§b 2a3 >

| (5% 5]

39 (3 °5")

10 (e Tim)

4 <2§b E )

42 (ML 2 where A > 1

T3y <27J:/1 2?31 where 7 > 1

“id0p (bZiﬁl Zig where o > 1,3 € [0, o]

Tasen | (in(l,va(z) + ¢), max(0, pa(z) — 1))




The relations between the implications and negations are shown in Table 3.

Table 3

- 71, 74, 775, 765 77 ~7105 ~713; T761;, T763, 764, 7665 7675
—768, 769, 7705 771 772, 773, T778, 780, 7124, 7125, ~ 7127

12 —72, =73, 778, ~711; ~7165 ~720, 731, ~732, ~737, ~740, ~741, ~742

3 —9, 717, —721

4 712, 7718, 722, ~ 7465 ~ 749, ~ 750, 751, 753, ~ 754, ~ 791, 793,
—794, 795, ~796, ~798; ~7134, 7135, ~ 7137

-5 714, 715, 7195 7235 747, ~748, ~752, ~ 755, 7565 757

6 —724, 7726, ~727, ~ 765

-7 —725; ~728, ~729, ~ 762

-8 —230, 733, ~734; ~735; ~736; ~738; ~739, 776, 782, ~784; 785,
—786, 787, 789, 7129, ~ 7130, 7132

9 —743; ~744, —745, 783

10 —758, 759, 7605 792

11 774, 797

12 75

13 77, 788

14 79

15 —781

16 —790

17 —799

18 —7100

19 —7101

120 —102; —7108

21 —7103

122 —7104

123 —7105

24 —7106

725 —7107

126 —7109; —7110, 7111, 7112, 7113

27 114, ~7115, —7116; —7117; 7118

28 —2119, —7120; —7121, ~7122; —7123

129 —7126

130 —7128

131 —131

732 —7133

33 —7136

T34 —7138

735 —7139

136 —7140
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37 —141
38 —7142, —7143
7139 —7144, ~7145
140 —7146, ~7147
41 —7148, —7149
42 —7149
43 —7150
44 —151
45 —7152

5 Operators over IFPs

There are three types of opertors over IFPs. The first of them is of modal type.
Let as above, x = (a,b) be an IFP and let o, 5 € [0, 1]. Then the modal type of operators
defined over x have the forms:

Oz = (a,1 —a)
Sz =(1—-0b,b)
Dy(z)=(a+a.(l—a—-b),b+ (1 —-a).(l—a—10))
Foiolz)=(a+a(l—a—0b),b+[.(1 —a—>)), wherea+ 5 <1
Gop(z) = (a.a, B.D)
H slx) =(ava,b+p.(1 —a—0b))
wp(r) =(aa,b+ B.(1 - a.a—"0))
( )={(a+a.(l—a—0),p.b)
ap() ={a+a.(l—a—p.0),6.b)
Xaprsen(®) =(va+pB.(1—a—~.b),0b+c.(1 —na—Db))
do(z)=(b+a.(l—a—0b),a+ (1 —a).(1 —a—Db))
fo1- a(:c):(b—i—a(1—a—b),a—|—ﬁ.(1—a—b)>, where o + < 1

( <
jaﬁ(x) (a+a.(1—pF.a—0),p.a)
Toprysen(®) = (@b+ (1 —b—7.a),0a+¢e(l —nb—a))

The second type of operators is from another (similar to modal) type. Let «, 5,7,0,¢,( €
[0, 1].

Bz = (5, %)

Ma = (%, 3)

Hor = (.a,ab+ 1 — a)

o = {(.a+1—a,a.b)

Hapr = (a.a,a.b+ 3), wherea + 5 <1
Xy st = (a.a+ B, a.b), wherea + [ < 1
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Has,2 = (oua, 8.0+ ), where max(«, 8) +v <1

Mo g7 = (.a+, B.b), where max(a, 5) +v <1

@4 500 = (@.a+ 7, 8.0+ ), where max(a, f) +v+ 9 <1

E.pr = (f(aca+1—a),a(B.b+1—p))(see[6])

Olagrsect = (aa—eb+v,6.b—Ca+6), wheremax(a —(,f—¢)+v+d<1
and min(a =, —¢)+v+6 >0

The third type of operators is from level type. They are two operators of this type, namely:

P, sz = (max(«, a), min(5, b))
Qo pr = (min(a, a), max(8,b)),

fora, 5 €[0,1]and v+ 5 < 1.

6 IF values

The authors’ opinion is that concept of IF value must be used for results of estimation of IF-
objects. For example, when we have a variable R and estimation function V/, the result of applying
of V over P will be the IF-value (or IF-estimation) (u(P), v(P)), where (P) and v(P) are the
degrees of validity and of non-validity of P.

7 Conclusion

In the present paper, we transform the definitions of the basic relations, operations and operators
to the concept of IFP. In future, we will give definitions new operations and operators over IFPs.
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