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Abstract: Ant Colony Optimization (ACO) has been used successfully to
solve hard combinatorial optimization problems. This metaheuristics method
is inspired by the foraging behavior of ant colonies, which manage to estab-
lish the shortest routes between their colonies to feeding sources and back.
In this paper ACO algorithms are developed to provide near-optimal solutions
for Global Positioning System surveying problem (GSP). In designing Global
Positioning System (GPS) surveying network, a given set of earth points must
be observed consecutively (schedule). The cost of the schedule is the sum of
the time needed to go from one point to another. The problem is to search
for the best order in which this observation is executed, minimizing the cost
of the schedule. We apply InterCriteria Analysis (ICrA) on the achieved re-
sults. Based on ICrA we examine some relations between considered GSPs
and ACO algorithm performance.
Keywords and phrases: InterCriteria Analysis, Ant Colony Optimization,
GPS Surveying.
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1 Introduction

InterCriteria Analysis (ICrA) is a recently developed approach [2] aiming to go
beyond the nature of the criteria involved in a process of evaluation of multiple
objects against multiple criteria, and, on this basis, to discover any existing
correlations between the criteria themselves. Given in details in [2], ICrA has
been developed further in [11, 38].

Up to now ICrA has been applied in several problem fields, namely:

• for the purposes of temporal, threshold and trends analyses of an eco-
nomic case-study of European Union member states’ competitiveness
[8, 9, 10];

• Genetic Algorithms (GA) performance for a parameter identification
problem [1, 22, 28, 29, 31, 32];

• to establish the relations and dependencies of parameters referred to var-
ious metaheuristic algorithms, namely hybrid schemes using GA and
Ant Colony Optimization (ACO) [30];

• for evaluation of pollution indicators of rivers [23, 24];

• to universities ranking [12];

• in radar detection threshold analysis [17];

• for Neural Network preprocessing procedure [36]; etc.

In this paper ICrA is applied for analysis of an ACO algorithm used to pro-
vide near-optimal solutions for Global Positioning System surveying problem
(GSP).

Satellite navigation systems have an impact in geoscience, in particular on
surveying work in quick and effective determining positions and changes in
positions networks. The most widely known space systems are: the American
NAVSTAR global positioning system, the Russian GLObal Navigation Satel-
lite System (GLONASS), and the forthcoming European satellite navigation
system (GALILEO).

GPS satellites continuously transmit radio signals to the Earth while orbit-
ing it. A receiver, with unknown position on Earth, has to detect and converts
the signals received from all of the satellites into useful measurements. These
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measurements would allow a user to compute a three-dimensional coordinate
position: location of the receiver.

Solving such problems – GSPs – to optimality requires a very high com-
putational time. Therefore, metaheuristic methods are used to provide near-
optimal solutions for large networks within acceptable amount of computa-
tional effort [13, 14, 18, 19, 20, 21, 33, 34]. In this paper we implement Max-
Min Ant System (MMAS) [37].

2 Background

GPS has a strong impact on the art and practice of most forms of position-
ing and navigation. However, GPS has already had a tremendous impact on
surveying, initially as a technology for geodetic surveys [25]. The GPS nav-
igation supports the safe passage of a vessel, aircraft or vehicle from the de-
parture, while underway to its point of arrival; while GPS surveying is mostly
associated with the traditional functions of establishing geodetic control, sup-
porting engineering constructions, cadastral surveys and map making. Any
GPS observation is proven to have biases, hence, in order to survey an appro-
priate combination of measurement and processing strategies must be used to
minimize their effect on the positioning results. Differencing data collected si-
multaneously from two or more GPS receivers to several GPS satellites allows
to eliminate or significantly reduce most of the biases. All position results are
therefore expressed relative to datum stations. GPS relative technology can,
in practice, be employed for a wide range of activities and it is competitive
against conventional terrestrial technologies of surveying.

Some main uses of GPS surveying will be mentioned:

• Geodetic Surveys: GPS has already replaced other methods for estab-
lishing, maintaining and densifying geodetic networks. Over distances
of a few hundred kilometers, multi stations method gave relative posi-
tion accuracies of a few decimeters. Unlike it GPS can give accuracies
of 1ppm even over distances as short as a few kilometers. Furthermore,
GPS is much more faster [25].

• Scientific Survey: The measurement of crystal deformation is central to
our understanding of earthquake processes, plate motion, ruffing, moun-
tain building mechanism and the near-surface behavior of volcanoes. In
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this case are measured changes in position, displacement or strain with
time. Hence one seeks to repeat the measurements under as nearly an
identical set of circumstances and as high an accuracy as possible (few
centimeters) [25].

The GPS positioning technology is superior to the conventional and theodo-
lite procedures, and it can be used by users with no previous experience in
satellite surveying.

3 Problem Description

The GPS network can be defined as set of stations (a1,a2, . . .an), which are
co-ordinated by placing receivers (X1,X2, . . .) on them to determine sessions
(a1a2,a1a3,a2a3, . . .) among them. The problem is to search for the best order
in which these sessions can be organized to give the best schedule. Thus, the
schedule can be defined as a sequence of sessions to be observed consecutively.

The solution is represented by linear graph with weighted edges. The
nodes represent the stations and the edges represent the moving cost.

The objective function of the problem is the cost of the solution which is
the sum of the costs (time) to move from one point to another one:

C(V ) = ∑C(ai,a j),
where aia j is a session in solution V .

For example if the number of points (stations) is 4, a possible solution is
V = (a1,a3,a2,a4)

and it can be represented by linear graph
a1→ a3→ a2→ a4.
The moving costs are as follows:
C(a1,a3),C(a3,a2),C(a2,a4).
Thus the cost of the solution is
C(V ) =C(a1,a3)+C(a3,a2)+C(a2,a4).
In practice, determining how each GPS receiver should be moved between

stations to be surveyed in an efficient manner taking into account some impor-
tant factors such as time, cost etc. The problem is to search for the best order,
with respect to the time, in which these sessions can be observed to give the
cheapest schedule or to minimize C(V ). The initial data is a cost matrix, which
represents the cost of moving a receiver from one point to another. The cost
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could be evaluated purely upon the time or purely upon the distance; for more
details see Dare [14].

4 Ant Colony Optimization
for GPS Surveying Problem

Real ants foraging for food lay down quantities of pheromone (chemical cues)
marking the path that they follow. An isolated ant moves essentially at random
but an ant encountering a previously laid pheromone will detect it and decide to
follow it with high probability and thereby reinforce it with a further quantity
of pheromone. The repetition of the above mechanism represents the auto-
catalytic behavior of real ant colony where the more the ants follow a trail, the
more attractive that trail becomes.

The ACO algorithm uses a colony of artificial ants that behave as coop-
erative agents in a mathematics space were they are allowed to search and
reinforce pathways (solutions) in order to find the optimal ones [15]. The
problem is represented by graph and the ants walk on the graph to construct
solutions. The solution is represented by path in the graph. After initialization
of the pheromone trails, ants construct feasible solutions, starting from ran-
dom nodes, then the pheromone trails are updated. At each step ants compute
a set of feasible moves and select the best one (according to some probabilis-
tic rules) to carry out the rest of the tour. The structure of ACO algorithm is
shown in Fig. 1. The transition probability pi j, to chose the node j when the
current node is i, is based on the heuristic information ηi j and pheromone trail
level τi j of the move, where i, j = 1, . . . . ,n.

pi j =
τα

i jη
β

i j

∑k∈Unused τα

ikη
β

ik

. (1)

The higher value of the pheromone and the heuristic information, the more
profitable is to select this move and resume the search. In the beginning, the
initial pheromone level is set to a small positive constant value τ0 and then
ants update this value after completing the construction stage. ACO algorithms
adopt different criteria to update the pheromone level.

In our implementation we use MMAS [15, 37], which is ones of the best
ant approaches. In MMAS the main is using fixed upper bound τmax and
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Ant Colony Optimization

Initialize number of ants;
Initialize the ACO parameters;
while not end-condition do

for k=0 to number of ants
ant k starts from random node;
while solution is not constructed do

ant k selects the node with higher probability;
end while

end for
Local search procedure;
Update-pheromone-trails;

end while

Figure 1: Pseudocode for ACO

lower bound τmin of the pheromone trails. Thus accumulation of big amount of
pheromone by part of the possible movements and repetition of same solutions
is partially prevented. The main features of MMAS are:

• Strong exploration to the space search of the best found solution. This
can be achieved by only allowing one single ant to add pheromone after
each iteration, the best one.

• Wide exploration of the best solution. After the first iteration the pheromone
trails are reinitialized to τmax. In the next iteration only the movements
that belong to the best solution receive a pheromone, while other pheromone
values are only evaporated.

The aim of using only one solution is to make solution elements, which fre-
quently occur in the best found solutions, get large reinforcement. Pheromone
trail update rule is given by:

τi j← ρτi j +∆τi j, (2)

∆τi j =

{
1/C(Vbest), if (i, j) ∈ best solution
0, otherwise
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Where Vbest is the iteration best solution and i, j = 1, . . . ,n. To avoid stag-
nation of the search, the range of possible pheromone value on each movement
is limited to an interval [τmin,τmax]. τmax is an asymptotic maximum of τi j and
τmax = 1/(1−ρ)C(V ∗), while τmin = 0.087τmax. Where V ∗ is the optimal so-
lution, but it is unknown, therefore we use Vbest instead of V ∗.

When all ants have completed their solutions, the pheromone level is up-
dated by applying the global update rule. Only the pheromone corresponding
to the best found solution is increased by the similar to the MMAS way. The
global update rule is intended to provide a greater amount of pheromone on the
paths of the best solution. It is a kind of intensification of the search around
the best found solution.

We use heuristic information equals to one over the cost of the session.

5 Experimental Results

One of the main things in implementation of ACO algorithms is graph of the
problem. In our implementation the nodes of the graph correspond to the sta-
tions and the arcs correspond to the cost of the sessions. The ants deposit the
pheromone on the arcs.

To achieve good results we need carefully choose the ACO parameter set-
tings and to determine structural elements of the algorithms. In every iteration
ants start to construct their solution from random node of the graph, therefore
the number of the ants can be much less than the number of nodes (stations).
Thus we decrease needed computing resources like time and memory. Exper-
imentally we found that 10 ants are enough. Using more ants we increase the
computational time without improving achieved results, when the number of
iterations is the same. Tabu list is associated with each ant in order to prevent
it from visiting a node more than one.

The control parameters govern the workings of the algorithms and mainly
concerned with pheromone information and transition probability. The param-
eter α is the pheromone intensity parameter and β is heuristic control parame-
ter. When the value of α is high, the pheromone information is more important
when the ant choose next node to move to. When the β is high the heuristic
information is more important. After some tests we found that best values for
transition probability control parameters for GPS surveying problem are α = 1
and β = 2.
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Parameter ρ is used in pheromone update rules to diversify the search by
regulating the influence of the old pheromone. ρ ∈ (0,1), when ρ is close to
0 only the new added pheromone is important in the next iteration. When ρ

is close to 1, the influence of old pheromone (experience from previous itera-
tions) is great. We found that our algorithms achieve best results when ρ= 0.2.

The initial pheromone value τ0 has not influence in algorithm performance.
The important is τ0 to be less than ∆τi j. Therefore we choose initial pheromone
value to be τ0 = 0.005.

The number of iterations is equal to the number of the stations.
In this section we analyze the experimental results obtained using MMAS

algorithm described in previous section. Like a test problems we use real
data from Malta and Seychelles GPS networks. The Malta GPS network is
composed of 38 sessions and the Seychelles GPS network is composed of 71
sessions. We use 6 larger test problems from http://www.informatik.uni-
heidelberg.de/groups/comopt/software/TSLIB95/ATSP.html. The test
problems range from 100 to 443 sessions.

The results are obtained by performing 30 independent runs, for every ex-
periment.

Table 1: GSP results over 30 runs

Tests Sessions MMAS MMAS-best

Malta (GSP1) 38 899.5 895

Seychelles (GSP2) 71 922 865

rro124 (GSP3) 100 40910.6 39096

ftv170 (GSP4) 170 3341 3115

rgb323 (GSP5) 323 1665.9 1615

rgb358 (GSP6) 358 1692.6 1648

rgb403 (GSP7) 403 3428.5 3382

rgb443 (GSP8) 443 3765.8 3701

In Table 1 we show the achieved costs for every test problem. Lets com-
pare our results with results in [35]. Like tests they use only small examples of
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Malta and Seychelles and to improve the performance of their ACO algorithm
they combine it with local search procedure. They report only the best results
they found as follows: 895 for Malta and 865 for Seychelles by 200 iterations.
Thus we can conclude that our algorithm is better, because we achieve sim-
ilar best cost for the same test problems, but without local search and with
less number of iterations. Moreover we observe larger difference between the
algorithms in larger test problems.

6 InterCriteria Analysis

Following [2] and [6], an Intuitionistic Fuzzy Pair (IFP) [3] with the degrees
of “agreement” and “disagreement” between two criteria applied on different
objects is obtained. An IFP is an ordered pair of real non-negative numbers
〈a,b〉 such that: a+b≤ 1.

Let an Index Matrix (IM) (see [4, 5]) whose index sets consist of the names
of the criteria (for rows) and objects (for columns) be given. The elements
of this IM are further supposed to be real numbers. An IM with index sets
consisting of the names of the criteria (for rows and for columns) with elements
IFPs corresponding to the “agreement” and “disagreement” of the respective
criteria will be obtained. Two things are further assumed: (i) all criteria provide
an evaluation for all objects and all these evaluations are available; (ii) all the
evaluations of a given criteria can be compared amongst themselves.

The set of all objects being evaluated is denoted by O, and the set of values
assigned by a given criteria C to the objects by C(O), i.e.

O def
= {O1,O2, . . . ,On}, C(O)

def
= {C(O1),C(O2), . . . ,C(On)}.

Let C∗(O)
def
= {〈x,y〉| x 6= y & 〈x,y〉 ∈C(O)×C(O)}.

In order to compare two criteria, the vector of all internal comparisons of
each criteria which fulfill exactly one of three relations R, R and R̃ must be
constructed. It is required that for a fixed criterion C and any ordered pair
〈x,y〉 ∈C∗(O) it is true:

〈x,y〉 ∈ R⇔ 〈y,x〉 ∈ R, (3)

〈x,y〉 ∈ R̃⇔ 〈x,y〉 /∈ (R∪R), (4)

R∪R∪ R̃ =C∗(O). (5)
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From the above it is seen that only a subset of C(O)×C(O) has to be
considered for the effective calculation of the vector of internal comparisons
(denoted further by V (C)), since from (3), (4) and (5) it follows that if the
relation between x and y is known, the relation between y and x is known as
well. Thus, only lexicographically ordered pairs 〈x,y〉 are considered. Let,
for brevity, Ci, j = 〈C(Oi),C(O j)〉. Then, for a fixed criterion C the following
vector is constructed:

V (C) = {C1,2,C1,3, . . . ,C1,n,C2,3,C2,4, . . . ,C2,n,C3,4, . . . ,C3,n, . . . ,Cn−1,n}.

It can be easily seen that it has exactly n(n−1)
2 elements. Further, to simplify

our considerations, the vector V (C) is replaced with V̂ (C), where for each
1≤ k ≤ n(n−1)

2 for the k-th component it is true:

V̂k(C) =


1, iff Vk(C) ∈ R,
−1, iff Vk(C) ∈ R,

0, otherwise.

Then, when comparing two criteria, the degree of “agreement” between the
two is the number of matching components (divided by the length of the vector
for normalization purposes). The degree of “disagreement” is the number of
components of opposing signs in the two vectors (again normalized by the
length).

The above described algorithm for calculating the degrees of “agreement”
(µ) and degrees of “disagreement” (ν) between two criteria C and C′ is realized
in Matlab environment according to [26, 31].

7 ICrA Results

In Table 2 the results of every 30 runs for the eight GSPs are presented. The
average results of the first 5 runs (C1), first 10 runs (C2), first 15 runs (C3), etc,
and finally of all 30 runs (C6) are calculated and presented in Table 3. ICrA
has been applied on the results in Table 3.
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Table 2: Results of 30 runs
GSP1 GSP2 GSP3 GSP4 GSP5 GSP6 GSP7 GSP8

run1 905 897 41773 3333 1670 1711 3434 3786

run2 900 914 40486 3115 1636 1648 3412 3791

run3 900 934 41005 3279 1663 1668 3454 3731

run4 895 910 41311 3230 1652 1657 3416 3754

run5 895 927 42107 3267 1660 1684 3384 3729

run6 895 908 40089 3422 1641 1697 3397 3723

run7 900 963 41384 3299 1665 1699 3486 3723

run8 895 915 40894 3448 1679 1702 3454 3779

run9 900 865 40471 3314 1681 1688 3396 3769

run10 895 923 41004 3326 1661 1681 3474 3772

run11 900 911 40776 3450 1692 1695 3447 3776

run12 895 918 41299 3408 1615 1708 3484 3784

run13 900 959 40541 3265 1691 1689 3435 3720

run14 900 930 41046 3391 1661 1715 3382 3794

run15 900 963 40693 3358 1692 1719 3442 3750

run16 895 934 42219 3405 1679 1664 3364 3733

run17 900 918 40947 3290 1646 1690 3422 3717

run18 900 914 40602 3398 1654 1673 3395 3803

run19 895 930 40827 3630 1677 1684 3431 3827

run20 905 963 39244 3263 1684 1703 3428 3749

run21 920 916 41137 3341 1694 1726 3464 3701

run22 900 914 41773 3370 1659 1693 3430 3778

run23 900 916 39477 3291 1646 1675 3422 3754

run24 900 963 39096 3338 1678 1735 3446 3758

run25 895 913 40604 3409 1698 1652 3437 3819

run26 900 964 41147 3302 1642 1699 3393 3791

run27 900 865 40984 3286 1641 1692 3407 3785

run28 905 897 41311 3333 1657 1705 3472 3803

run29 895 928 41747 3335 1674 1705 3405 3796

run30 900 890 41324 3362 1689 1723 3444 3779
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Table 3: IM for ICrA
C1 C2 C3 C4 C5 C6

GSP1 899.00 898.00 898.33 898.50 899.40 899.50

GSP2 916.40 915.60 922.47 924.80 924.72 922.07

GSP3 41336.40 41052.40 40991.93 40935.90 40832.20 40910.60

GSP4 3244.80 3303.30 3327.00 3344.55 3345.60 3341.93

GSP5 1656.20 1660.80 1663.93 1664.95 1666.96 1665.90

GSP6 1673.60 1683.50 1690.73 1688.75 1690.24 1692.67

GSP7 3420.00 3430.70 3433.13 3426.85 3429.44 3428.57

GSP8 3758.20 3755.70 3758.73 3760.50 3760.80 3765.80

Resulting degrees of “agreement” (µC,C′) are as follows:

IM1 =

GSP1 GSP2 GSP3 GSP4 GSP5 GSP6 GSP7 GSP8

GSP1 1 0.60 0.27 0.67 0.73 0.67 0.33 0.87
GSP2 0.60 1 0.27 0.80 0.73 0.53 0.47 0.73
GSP3 0.27 0.27 1 0.07 0 0.20 0.40 0.13
GSP4 0.67 0.80 0.07 1 0.93 0.73 0.53 0.80
GSP5 0.73 0.73 0 0.93 1 0.80 0.60 0.87
GSP6 0.67 0.53 0.20 0.73 0.80 1 0.67 0.80
GSP7 0.33 0.47 0.40 0.53 0.60 0.67 1 0.47
GSP8 0.87 0.73 0.13 0.80 0.87 0.80 0.47 1

Resulting degrees of “disagreement” (νC,C′) are as follows:

IM2 =

GSP1 GSP2 GSP3 GSP4 GSP5 GSP6 GSP7 GSP8

GSP1 0 0.40 0.73 0.33 0.27 0.33 0.67 0.13
GSP2 0.40 0 0.73 0.20 0.27 0.47 0.53 0.27
GSP3 0.73 0.73 0 0.93 1 0.80 0.60 0.87
GSP4 0.33 0.20 0.93 0 0.07 0.27 0.47 0.20
GSP5 0.27 0.27 1 0.07 0 0.20 0.40 0.13
GSP6 0.33 0.47 0.80 0.27 0.20 0 0.33 0.20
GSP7 0.67 0.53 0.60 0.47 0.40 0.33 0 0.53
GSP8 0.13 0.27 0.87 0.20 0.13 0.20 0.53 0
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Regarding ICrA we observed that the ACO algorithm performs in simi-
lar way for the GSP2, GSP4, GSP5 and GSP8. They are GPS networks with
different number of sessions, but may be these networks have similar struc-
ture, therefore the value of “agreement” is high. For other networks we can
conclude that they have very different structure.

The GSP that are in positive consonance are shown in Fig. 2. For these
GSP ACO obtains close and similar results, i.e. algorithm performance is
identical solving the given tasks. In Fig. 3 are shown these couples of GSP
for which ACO does not have identical performance, i.e. these GSP are in dis-
sonance. Finally, in Fig. 4 are presented couples of GSP which are in negative
consonance.

The definition of the positive/negative consonance and dissonance are ac-
cording [7].
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Figure 2: GSPs relation in positive consonance scale
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Figure 3: GSPs relation in dissonance scale
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Figure 4: GSPs relation in negative consonance scale

8 Conclusions

The GPS surveying problem and InterCriteria Analysis are addressed in this
paper. Instances containing from 38 to 443 sessions have been solved using
MMAS algorithm. A comparison of the performance of the both ACO algo-
rithms applied on various GPS networks is reported. The obtained results are
encouraging and the ability of the developed techniques to generate rapidly
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high-quality solutions for observing GPS networks can be seen. The problem
is important because it arises in wireless communications like GPS and mobile
phone and can improve the services in the networks. Thus the problem has an
economical importance.

ICrA has been applied on the obtained results. By InterCriteria Analysis
we can find some relations and dependences between the considered 8 GSPs
and MMAX algorithm performance.
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