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1 Introduction

In this short remark a comparison between two of the extensions of the Zadeh's fuzzy sets
[1, 2] is given. The first extension of the concept of a fuzzy set is the L-fuzzy set [3] of J.
Goguen. Some years later Z. Pawlak introduced the concept of rough set [4]. The next two ex-
tensions are interval type-2 fuzzy sets [5, 6] and intuitionistic fuzzy sets[7,8]. The first two au-
thors work intensively on the first of the later concepts (see, e.g. [9,10]), while the second two
— on the second one of these fuzzy set extensions (see [11,12,13]). The present remark is the
first attempt to discuss both conceptsin parallel.
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2 Main resaults

First, following [B4], we mention that if for a type-1 membership function, as in Fig. 1, we
blur it to the left and to the right, asillustrated in Fig. 2, then a type-2 membership function is
obtained. In this case, for a specific value x', the membership function (u"), takes on different
values, which are not al weighted the same, so we can assign an amplitude distribution to all
of those points.
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Figure 2. Blurred type-1 membership function

A type-2 fuzzy set A, is characterized by the membership function [15, 16]:

A= {((X,U),/JA(X, u))|xe X,ued, c [0,1]} (2)



inwhich 0< z;(x,u) <1. Another expression for A is
A:J.xex ued, 'UA(X’ U) /(X; U) (2)

for J, [0, 1], where H denotes the union over al admissible input variables x and u. For

discrete universes of discourse J' isreplaced by Z [17].
In the same case, the intuitionistic fuzzy set A, is characterized by the membership and
non-membership function and has the form:
A={((xu), (6 ),v5(x0)) | xe X,ue J, <[0,1]} 3)

in which 0< g;(x,u) <1, 0<v;(x,u) <1, 0< ;(XU)+v;(x,u)<1. The analogous of the

second expression (2), now is:
A:-[XEX ueJ ,UA(X,U)XVA(X,U)/(X’u) (4)

for J, [0, 1], where, as above, ” denotes the union over al admissible input variables x
and u. For discrete universes of discourse j IS replaced byz.

Let X beauniverse, g: X —[0, 1] beaninterval functionand X, = U Xx g(X).

xe X

Let us consider the IFS
A, ={{(zu;@).v @)z X }.
Then any type-2 fuzzy set A can be represented by IFS A" with asuitable choice of g.

Infact J, [0, 1] represents the primary membership of x, and x;(x,u) is atype-1 fuzzy

set known as the secondary set. Hence, atype-2 membership grade can be any subset in [0, 1],
i.e. the primary membership. Corresponding to each primary membership, there is a secondary
membership (which can also bein [0, 1]) that defines the possibilities for the primary member-
ship. Uncertainty is represented by aregion, which is called the footprint of uncertainty (FOU).

When u;(x,u) =1, forevery ueJ, c|[0, 1] wehaveaninterval type-2 membership func-

tion, as shown in Figure 3. The uniform shading for the FOU represents the entire interval
type-2 fuzzy set and it can be described in terms of an upper membership function 5 (x) and a

lower membership function x;(X) .
Let usconsider IFS
A ={(X, 1, (%), V(X)) [ x€ X},
where 1, (X) = 2, (X) and v, (X) =1-1;(X).

Then the thickness of interval type-2 membership function the second axis in each point x
will be described by the function

7A(X) =1= 1 (X) = v, (%) .



If u,and v, are Riemann integrable functions on [a, b], where supp(iz;) =[a,b], then the
b
area of the thickness of interval type-2 membership function is equal to I;z A(X)dx.

In the general case when we have a monotonously measurable space (X, F,m) and 7,(X)

is measurable, then the nearest picture of the area of the thickness of interval type-2 member-
ship function is given by Choquet integral

(C) j 7, dm.
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Figure 3. Interval type-2 membership function
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Figure 4. Intuitionistic fuzzy interpretation
In IFS theory there are different geometrical interpretations (see, e.g. [11, 12]). Another one
is shown on Fig. 4, where the interval type-2 membership function from Fig. 3 now has an essen-

tidly different form. If we like to observe the development of the process of constructing the val-
ues of interval type-2 membership function in time, we can use atemporal IFS (see, e.g., [12]).
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In conclusion, we mention that in future a detail comparison between both concepts will be
prepared and relationships between the operations, relations and especially the operators will
be compared.

References

[1] Zadeh, L. A., The concept of alinguistic variable and its application to approximate rea
soning, Part 1, Information Sciences, Vol. 8, 1975, 199-249.

[2] Zadeh, L. A., Toward ageneralized theory of uncertainty (GTU)- an outline, Information
Sciences, Vol. 172, 2005 1-40.

[3] Goguen, J., L-fuzzy sets, Journal of Mathematical Analysis and Applications, 1967, Val.
18, No. 1, 145-174.

[4] Pawlak, Z., Rough functions, ICS, PAS Report 467, 1981.

[5] Menddl, J. M., Computing Derivatives in Interval Type-2 Fuzzy Logic Systems, |IEEE
Transactions on Fuzzy Systemsvol. 12, 2004, 84-98.

[6] Mizumoto, M. and K. Tanaka, Some properties of fuzzy sets of type-2, Information and
Control, Vol. 31, 1976, 312-340.

[7] Atanassov, K., Intuitionistic fuzzy sets, Proc. of VIl ITKR' s Session, Sofia (deposed June
1983, in Bulgarian),

[8] Atanassov, K., Intuitionistic Fuzzy Sets, Fuzzy Sets and Systems, Vol 20, 1986, No. 1,
87-96.

[9] MédinP. and O. Castillo, A New Method for Adaptive Control of Non-Linear Plants us-
ing Type-2 Fuzzy Logic and Neural Networks, International J. of General Systems, vol.
33, 2004, 289-304.

[10] Cadtillo O. and P. Méelin, A New Approach for Plant Monitoring using Type-2 Fuzzy
Logic and Fractal Theory, International J. of General Systems, vol. 33, 305-319, 2004.

[11] Atanassov, K., Intuitionistic Fuzzy Sets, Springer, Heidelberg, 1999.
[12] Atanassov, K., On Intuitionistic Fuzzy Sets Theory, Springer, Berlin, 2012.

[13] Atanassov, K., P. Vassilev, R. Tsvetkov, Intuitionistic Fuzzy Sets, Measures and Inte-
grals. “Prof. Marin Drinov” Academic Publishing House, Sofia, 2013.
[14] Castillo, O., P. Médlin, A. Alanis, O. Montiel, R. Sepulveda, Optimization of interval type

2 fuzzy logic controllers using evolutionary algorithms, Journal of Soft Computing,
15(6) 2011, 1145-1160.

[15] Mendél, J. M., Uncertain Rule-Based Fuzzy Logic Systems: Introduction and new direc-
tions, Prentice Hall, New Jersey, 2001.

[16] Menddl, J. M., G. C. Mouzouris, Type-2 fuzzy logic systems, IEEE Transactions on
Fuzzy Systems, Vol. 7, 1999, 643-658.

[17] Mendel, J. M. and R. I. Bob John, Type-2 Fuzzy Sets Made Simple, IEEE Transactions
on Fuzzy Systems, Vol. 10, 2002, 117-127.

5



