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1 Introduction

One of the remarkable generalizations of the fuzzy sets [14] is the intuitionistic fuzzy sets which
was introduced by Atanassov [1, 2]. Biswas was the first one to introduce the intuitionistic fuzzi-
fication of the algebraic structure and developed the concept of intuitionistic fuzzy subgroup of
a group in [5]. Later on Hur and others in [7] and [6] defined and studied intuitionistic fuzzy
subrings and ideals of a ring. With a different approach Banerjee and Basnet in [4] also studied
intuitionistic fuzzy subrings and ideals of a ring. Jun and other in [8] introduced and study the
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notion of intuitionistic nil radicals of intuitionistic fuzzy ideals and Euclidean intuitionistic fuzzy
ideals in rings. Translate of intuitionistic fuzzy subring and ideal was studied by Sharma in [12].
Meena and Thomas in [11] studied the concept of intuitionistic fuzzy subring to lattice setting and
introduced the notion of intuitionistic L-fuzzy subring. The concept of Characteristic intuitionis-
tic fuzzy subrings of an intuitionistic fuzzy ring was introduced by Meena in [10]. The present
authors [13] introduced the notion of an intuitionistic fuzzy polynomial ideal A, of a polynomial
ring R[z] induced by an intuitionistic fuzzy ideal A of a ring R and obtained an isomorphism
theorem of a ring of an intuitionistic fuzzy cosets of A,. It was shown that an intuitionistic fuzzy
ideal A of a ring is an intuitionistic fuzzy prime if and only if A, is an intuitionistic fuzzy prime
ideal of R[z]. Moreover, it was shown that if A, is an intuitionistic fuzzy maximal ideal of R[z],
then A is an intuitionistic fuzzy ideal of R'.

In this paper, we investigate the radical structure of intuitionistic fuzzy polynomial ideal in-
duced by an intuitionistic fuzzy ideal of a ring and study its properties.

2 Preliminaries

Definition 2.1. ([1]) Let X be a non-empty fixed set. An intuitionistic fuzzy set (IFS)
A in X is an object having the form A = {(z, ua(x),va(z)) | * € X}, where the functions
pa: X —[0,1] and v4 : X — |0, 1] denote the degree of membership (namely /14(x)) and the
degree of non-membership (namely v4(z)) of each element = € X to the set A respectively and
pa(z) +va(z) <1foreachz € X.

Remark 2.2. (i) When j4(z) + va(x) = 1,Vx € X. Then A is called a fuzzy set.
(ii) We denote the IFS A = {(z, ua(z),va(x)) |z € X} by A = (jua,va).

Definition 2.3. ([2, 11]) Let A = {(x, pa(z),va(z)) |z € X} and B = {(z, up(z),vp(x)) |z €
X} be any two IFSs of X, then

(i) A C Bifandonly if pua(x) < up(x) and v4(z) > vp(z) forall z € X

(i) A = Bifand only if ua(z) = pp(z) and va(z) = vg(x) forallz € X

(iii) A° = {(z, pac(x),vac(z)) | © € X}, where pac(x) = va(x) and vac(x) = pa(z) for all
reX

(iv) ANB = {(z, ppans (), vans()) | r € X}, where pianp(z) = pa(x)Aup(x) and vanp(x) =
va(z) Vvg(zr)

(V) AUB = {{z, paup(z), vaup(z)) | € X}, where paup(x) = pa(x)Vug(z) and vaup(z) =
va(z) ANvg(z).

Definition 2.4. ([3, 4, 6, 11]) Let R be a ring. An IFS A = (u4,v4) of R is said to be an
intuitionistic fuzzy ideal (IFI) of R if

(i) pa(z —y) = pa(@) A paly) and va(z —y) < valz) Vva(y);

(ii) pa(zy) = pa(x) V paly) and va(zy) < va(z) Avaly), Vo,y € R.
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If A is an intuitionistic fuzzy ideal of R, then
(@) a(0) > pa(z) > pa(l) and v4(0) < va(x) < wva(l),Vz € R.
(b) pra(z —y) = pa(0) and va(x — y) = va(0) & pa(z) = pa(y) and va(z) = va(y).
(c) The (a, B)-cut set of A, i.e., the set C(o 5 (A) = {z € R | pa(z) > aand va(z) < B}is an
ideal of R, where «, 5 € [0, 1] such that « + 5 < 1.
(d) If A and B are two IFIs of the ring R, then sum A + B and the product AB are defined as:
pasrB(T) = Vayr{pa(y) A pp(2)} and vaip(®) = Aaeyio{va(y) V vp(2)}, Vo € R and
B (@) = VaryeA1a(y) A ()} and vag(e) = Aumydvaly) V vs()} Ve € .

Definition 2.5. ([3, 4]) Let f : R — S be a homomorphism of rings and B be an IFS of S. We
define an IFS f~!(B) of Rby f~'(B)(x) := B(f(x)),Vz € R.

Definition 2.6. ([3, 4]) Let f : R — S be a homomorphism of rings and A be an IFS of k. We
define an IFS f(A) of Sby f(A)(y) = (pra)(y), vra)(y)), where Vy € S,

(Apa(@) [z € 7 Wh Mral) e € F7H )Y, 77y #¢

(0,1), otherwise

F(A)y) =

Definition 2.7. ([8]) Let R and S be any sets and let f : R — S be a function. An IFS A of R
is called an f-invariant if f(x) = f(y) = pa(z) = pa(y) and va(z) = va(y), where z,y € R.
If Ais any f-invariant IFS of R, then f~*(f(A)) = A.

Definition 2.8. ([9]) Let f : R — R be a homomorphism of rings. A map f, : R[] — R'[z]
defined by

n n

=0

is obviously a ring homomorphism, and we call f, an induced homomorphism by f.

Theorem 2.9. ([13]) Let A = (j14,va4) be an IFI of a ring R and let f(z) = Y ja;x" € R[x].
Define an IFS A, = (pa,,va,) on R[x] by

pa, (f(2)) = mini{pa(a;)} and v, (f(2)) = maxi{va(a;)}.
Then A, is an IFI of R|x].

The intuitionistic fuzzy ideal A, is called the intuitionistic fuzzy polynomial ideal of R[z]
induced by an intuitionistic fuzzy ideal A of R.

Proposition 2.10. ([13]) Let f : R — R’ be a homomorphism of rings and let f, : R[z] — R'[x]
be an induced homomorphism of f. If A is an IFI of the ring R and A, be its the intuitionistic
fuzzy polynomial ideal of R|x], then A is f -invariant if and only if A, is f.-invariant.

Proposition 2.11. ([13]) Let A be an IFI of the ring R. Then the set
S ={/(z) € Rlz] | pa,(f(x)) = pa,(0) and va, (f(x)) = va,(0)} is a subring of Rlz].
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Remark 2.12. ([11]) Let A be an IFS of a ring R. We denote a level cut set A, by
A, ={r € R| pa(z) = pa(0) and va(z) = v4(0)}.
It is proved in [11] that if A is an IFI of ring R, then A, is an ideal of ring R. Note that if A is an
IFI of a ring R, then p14(0) > pa(z) and v4(0) < va(z) forall x € R.
We denote A, [z] = {f(z) =Y. ,aix' € Rlz] | a; € A, Vi=1,2,...,n}.
Theorem 2.13. ([13]) Let A be an IFI of a ring R, then (A,). = A,[x].

Theorem 2.14. ([13]) If A and B are two IFls of a ring R, then
(i) (AN B), = A, N B,.

(ii) (AUB), 2 A, UB,.

(iii) Ay + B, C (A + B),.

(iv) A, B, C (AB),.

Theorem 2.15. ([13]) Let f : R — R’ be a homomorphism from R onto R and let f, be an
induced homomorphism of f. If A is an f-invariant IFIs of R, then (f(A)), = fo(As).

Theorem 2.16. ([13]) Let A be an IFI of a ring R. Then A is an intuitionistic fuzzy prime ideal
of R if and only if A, is an intuitionistic fuzzy prime ideal of R[z|.

3 Radical of the intuitionistic fuzzy polynomial
induced by an intuitionistic fuzzy ideal

In this section, we study some relations between the radical of the intuitionistic fuzzy polynomial
ideal R[z| induced by an intuitionistic fuzzy ideal of a ring R and the radical of an intuitionistic
fuzzy ideal of the ring.

Definition 3.1. ([8]) Let A = (ua,v4) be an intuitionistic fuzzy ideal of R. Then the intu-
itionistic fuzzy nil radical of A is defined to be an IFS A = (u Vi V) defined by pa(z) =
V{pa(z") | n > 0} and va(z) = V{ra(z™) | n > 0},Vx € R and for some n € N.

Proposition 3.2. ([8]) For any intuitionistic fuzzy ideals A and B of R, we have
(i) AC VA

(i) If A C B then VA C VB

(iii) V/VA = VA

Proof. Straightforward. []

Theorem 3.3. For any intuitionistic fuzzy ideals A of R, /A is an intuitionistic fuzzy ideal of R.

Proof. Letx,y € R. Then
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pya@) Apgaly) = (V{pa(@™) [m >0} A (V{paly") [ n > 0})
= VA(V{pa(e™) A paly") | n > 0}) [ m > 0}.

Thus,
pyz(®) A pyz(y) = V{(V{pa(@™) A pa(y™) | n > 0}) | m > 0} (3.1)
Similarly,

vV v () = M(Aa(a™) V valy™) | n > 0}) [ m > 0}, (32)

Let m and n be any positive integers. Since R is commutative, we know that each term in the
binomial expansion of (z + y)™*" contains either ™ or y™ as a factor. Hence there exist r,t € R
such that (x + y)™*" = ra™ + ty™. Thus

pa(x™) A pa(y”) (pa(z™) V pa(r)) A (pa(y™) V pa(t))
pa(rz™) A pa(ty”)

pa(ra™ + ty™)

pa((x +y)™™)
V{pa((z+9)*) [ k> 0}

(T +y).

ININ DA

IN

Thus,

pa(a™) A pa(y®) < pyz(z +y). (3.3)
Similarly,

va(z™) Vva(y") = vya(z +y). (3.4)

) A pay) € palr +y) > pa(z) A pa(y) and va(e —y) <

Notice that p(x — ) (x
< wva(x) Vra(y), respectively. Next, we have

> A
va(z) Vva(y) & valz +vy)

pya@)Vopyay) = (Vipaa”) [n>0}) Vv (V{pay") [ n>0})
= V{(V{ra(@") V pa(y") | n > 0}.

Thus,
tya(@) Vopya(y) = V{(V{pa(@") vV pa(y™)}) [ n > 0} (3.5)
Similarly,
vya(@) Avyz(y) = AM(valz™) Ava(y™)) | n > 0} (3.6)
Since

pa(@) Apaly”) < palz"y")
pa((zy)")
V{pa((zy)®) | k> 0}
1ya(zy).

IN I
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Thus,

pa(r”) A pa(y”) < pyz(zy). (3.7)
From (3.5) and (3.6) we get pu 4 (2y) > pz(x) A py4(y) and vz (2y) < v z(2) Vv ().
Hence /A is an intuitionistic fuzzy ideal of R. [

Theorem 3.4. If A and B are intuitionistic fuzzy ideals of R, then
(i) VANB=+vVANVB

(i) VAUB = VAUVB

(iii) VA+ VB C VAT B.

(iv) VAVB C VAB.

Proof. (i) Since ANB C Aand ANB C B. Therefore, by Proposition (3.2)(i) we get VAN B C
VAand VAN B C vBandso, VAN B CvVAN+B.

For another inclusion, let x € R be any element. Then

pyanve(E) = pya(@) A pyp()
= (V{pa(@™) | m > 0}) A (Vips(y") | n > 0})
= V{V{pa(z™) A ps(y") | n >0} [ m > 0}.

Similarly, we can show v ;- /5(7) = AM{A{va(@™) VvV vp(y") | n > 0} | m > 0}.
Now, let m and n be any positive integers. Then,

pa(@™) App(y") < pal@™) A ps(y™)
= panp(c™)
< V{panp(e®) [ k> 0}
= Wyanp(@)-
Thus, pa(2™) A pp(y") < pyang(z). Therefore, i 44 /5() < pz75(7) Similarly, we can

show that v4(z™) V vp(y") > v z75(2) and so, vz 5(2) > v 775(x). Hence VAN VB C
v/A N B. This completes the proof of (i).

(i1) The proof follows similar to the proof of part (i).

(ii1) The proof follows from the definition of sum of IFIs.

(iv) The proof follows from the definition of product of IFIs. [

If A is an intuitionistic fuzzy ideal of a ring R, then A, is an intuitionsitic fuzzy ideal of a
polynomial ring R[z] by Theorem 2.9, the IFS /A, is the intuitionistic fuzzy nil radical of A,.
The following theorem gives that the two intuitionistic fuzzy nil radicals have the same value.

Theorem 3.5. If A is an intuitionistic fuzzy ideal of R, then (v/Ay), = (VA)..

Proof. Let f(z) = Y " a;x" € R[x] be any element of R[z|. Then by Theorem 2.9, we have

Ag(a}) = (pa,(a}),va,(a})), where
HA, (a;‘b) = ,uAm(a;.‘—i-Ox—i-OmQ—i-...—i-Omm) = min{,uA(a?), MA(O)v cee nuA(O)} = ,uA(a;l>
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and
va,(a}) = va,(a} + 0z + 02> 4 ... 4 02™) = max{va(a}),va(0),...,va(0)} = va(al).

Since v/ A, is an intuitionistic fuzzy ideal of R[z], we obtain

(VA (f (@) = (v, (f (@), vy, (f (2)), where

tvay, (f(@) = rﬁg{ﬂ sa(a)}
= mn;n{v{m (@) | n > 0}}
= mln{V{uA( N> 0V pa, (@) = pa(a?)]
- l}ﬂgl{ﬂm(az‘)}
= hva,(f(@)).

Similarly, we can show that v ;). (f(2)) = vz, (f(2)).
This proves that (v/A,), = (VA),. O

Theorem 3.6. If A and B are intuitionistic fuzzy ideals of R, then

() VAN B), = (VA). N (VB),

(ii) (VA); U (VB), € (VAUB),

(iii) (VA): + (VB). € (VA+ B),

(v) (VAB), C (VA)o(VB)..

Proof. Let A be an intuitionistic fuzzy ideal of R, then A, and B, are intuitionistic fuzzy poly-

nomial ideals of R[x] by Theorem 2.9.
For (i), we have

(VAmB):c =

S
O
sy

)z)= [Theorem 3.5]
)z [Theorem 2.14 (i)]
N v/B,), [Lemma 3.1 (i)]
)2 N (v/By). [Theorem 2.14 (i)]
» N (VB), [Theorem 3.5].

Aq

D)
Sy

EE

(
(
= (
= (
(

N

For (ii), we have

(VA),U(VB), = (V/A)aU(V/B,)s [Theorem 3.5]
VA, U \/_ [Theorem 2.14 (ii)]

(
(
(v Az UB,), [Lemma 3.4 (ii)]
(
(

N

N

(AU B) [Theorem 2.14 (ii)]
VAU B), [Theorem 3.5].
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For (ii1), we have

(VA), + (VB).

Ap)z + (\/ Bz). [Theorem 3.5]

(

(VA, + \/_ [Theorem 2.14 (iii)]
(v A; + B,), [Lemma 3.4 (iii)]
(
(

N

N

V(A + B),), [Theorem 2.14 (iii)]
VA + B), [Theorem 3.5].

For (iv), we have

(VAL (VB)y = (VAs)a(\/Bz)s [Theorem 3.5]
D (\/A_x \/_ [Theorem 2.14 (iv)]
= (VA.B.), [Lemma 3.4 (iv)]
2 (V(AB),), [Theorem 2.14 (iv)]
— (VAB), [Theorem 3.5].
This completes the proof. O

Theorem 3.7. Let B be an intuitionistic fuzzy ideal of R and let f : R — R be a homomorphism
of rings. If f, is the induced homomorphism of f, i.e., f,(> . aix’) = Y1, f(a;)x’, then
[(VB)] = (VI H(B))a

Proof. Given a polynomial g(z) = > /" bz’ € R[x], we have

( f_1<B))x(g(‘r)):(/“L( f—1(B))z(g(x))7V(\/fT(B))z(g<‘T>>)’Where

M. 9@) = Hgn{u\/ﬁl—B(bi)}

= min{V{ug 1) (8) | n > 0}}
= v{min? {1 (0)} | 0 > 0}
= V{min {up(f(7)} | n > 0}
— V{min{us(f(b)")} [ n > 0}
= min{V{us(f(b:)") | n > 0}

= min{yr,5(/(5))
- W)( fo(g(@)

)
(B (9(T).

Similarly, we can show that e f—l(B))z<g(x>> = ufz_l((\/g)x)(g(x)).
Hence f?l[(\/g>z} = (VfHB))a- 0
Proposition 3.8. Let f : R — R’ be an epimorphism from R onto R’ and let A be an intuitionistic

fuzzy ideal of R, then f(\/A) C \/f(A). Further, if A is constant on Kerf, then f(v/A) =
f(A).
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Proof. Clearly, f(A) and f(+/A) are intuitionistic fuzzy ideals of R'. If y € R  and f(z) = y for
some = € R, then f(2") =y", foralln =1,2,..., then

(W) = supfpya(e) [z e f7H(y)}

= sup{V{pa(z") |n >0} |z € f(y)}
= V{sup{ua(z") |z € f ' (y)} | n > 0}
< V{sup{pa(@") |z" € f7(y")} | n >0}
= V{sup{pa(z") |z € f(y")} | n> 0}
= V{usa (") [n >0}
= 1w
Similarly, we can show that Vi(JA) (y) > V\/m(y)- Thus, we have f(\/Z) C Vf(A).

Further, if A is constant on Kerf and o € f~!(y) is a fixed element, then by Proposition
(2.3)(b) ensure that pia(2") = pa(xf) and va(z™) = va(zd) forall z € f~(y) and pa(z) =
pa(xy) and va(x) = va(xy) forall z € f~1(y"). Hence

ey () = sup{pya(e) [z e f7(y)}
= sup{V{pa(z") |n >0} |z € f(y)}
= V{sup{pa(a") |z € fH(y)} [n >0}
= V{sup{pa(zg) |z € [ (y)} [n >0}
= V{sup{pa(z) [z € f7H(y")} [n >0}

= V{ur(y") |n> 0}

= 1)

Similarly, we can show that ;7 (y) = p \/—( Y).
Thus, we have f(v/A) = \/f(A). O

Theorem 3.9. Let f : R — R be a homomorphism from R onto R’ and let f, be the induced ho-
momorphism of f. If an intuitionistic fuzzy ideal A of R is constant on Ker f, then the intuitionistic
fuzzy polynomial ideal A, is constant on Ker f,.

Proof. Let pa(x) = apand v(x) = By, Vo € Kerf, where «, 5y € [0, 1] are constants such that
oo+ Bo < 1. Letg(z) = Y_i* bz’ € Kerf,, then
0= f:c(g(x» = Z:io f(bz)xl = f(bz) =0,Vi=1,2,.

Hence b; € Kerf,Vi =1,2,...,m,i.e., pua(b;) = ap and I/A( i) = BoVi = Co, M.
= i, (9(x)) = mini” o {pa(b;) } = a0 and v, (g(z)) = maxi®o{va(b;)} = ﬁo~
Hence A, is constant on Kerf,. O

Corollary 3.10. Ler f : R — R be an epimorphism from R onto R and let f, be the induced
homomorphism of f. If an f-invariant intuitionistic fuzzy ideal A of R is constant on Ker f, then

fo(VAz) = /(f(A))a-
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Proof. It follows from Proposition 3.8 and Theorem 3.5 that

fo(VAz) = V/ fo(As) = V/(f(A))s. O

Definition 3.11. Let A be an intuitionistic fuzzy ideal of a ring R. Then the intuitionistic fuzzy
ideal P(A) defined by

P(A) =n{B | A C B, where B is an intuitionistic fuzzy prime ideal of R }
is called an intuitionistic fuzzy prime radical of A.

Theorem 3.12. Let A be an intuitionistic fuzzy ideal of a ring R and let A, be its intuitionistic
fuzzy polynomial ideal of R|x]. Then P(A,) C (P(A))s.

Proof. By Theorem 2.16, B; is an intuitionistic fuzzy ideal of R with A C B; if and only if (B;),
is an intuitionistic fuzzy prime ideal of R[x| with A, C (B;),. It follows from Theorem 2.14 (i)
that

(P(A))q

(N{B; | A C B;, where B; is an intuitionistic fuzzy prime ideal of R}),
= (N{(B;). | A C B;, where B; is an intuitionistic fuzzy prime ideal of R})
N{(B:)z | Az C (B;)., where (B;), is an intuitionistic fuzzy prime ideal of R[x]})

N

N{C; | Az € C;, where C; is an intuitionistic fuzzy prime ideal of R[z]}
P(Ag).

This proves the theorem. [

Remark 3.13. Let A be an intuitionistic fuzzy ideal of a ring R and let A, be its intuitionistic
fuzzy polynomial ideal of R[z|. We denote

IFPI(A) ={B| A C B, where B is an intuitionistic fuzzy prime ideal of R}, and

IFPI(A,) ={D| A, C D, where D is an intuitionistic fuzzy prime ideal of R[z]}.

Theorem 3.14. Let A be an intuitionistic fuzzy ideal of a ring R and let A, be its intuitionistic
fuzzy polynomial ideal of R|x). Then the map

¢ IFPA(A) — IFPI(A,) defined by ¢(B) = B,,
s one-one.

Proof. Let B,C € IFPI(A) such that ¢(B) = ¢(C), then B, = C,. It follows that (B,)(r) =
(Cy)(r), for all € R, and hence B(r) = C(r) for all » € R, proving that B = C. Hence ¢ is
one-one. [

Corollary 3.15. Let A be an intuitionistic fuzzy ideal of a ring R and let A, be its intuitionistic

fuzzy polynomial ideal of R[x]. If the map ¢ defined in Theorem 3.14 is one-one map, then
(P(A))e = P(4).

Proof. If D is any element of [ F'PI(A,), then there exists C' € [ FPI(A) with A C C such that
C, = 6(C) = D. Thus (P(4)), = P(A,). .
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Example 3.16. Let Z be the set of all integers. Define an IFS A on Z by

1, ifxe2Z 0, ifze2Z
pa(z) = ;o va(z) = ,

. ? . N
0, otherwise , otherwise

Then A is an intuitionistic fuzzy prime ideal of Z, for A, = 2Z is a prime ideal of Z, and its
induced polynomial ideal A, is given by

1, if f(z) € 2Z[x] () = 0, if f(x) € 2ZIx]

0, otherwise 1, otherwise

pa, (f(x)) =

By Theorem 2.16, the intuitionistic fuzzy polynomial ideal A, induced by A is an intuitionistic
fuzzy polynomial ideal of Z[x]. Hence (P(A)), = A, = P(A,).
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