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Abstract: In [1] and [3] there was presented a new definition for the definite integral for real
functions based on Riemann’s sums with variable length of intervals in divisions. In [4] this
definition was extended to functions with fuzzy values. In [2] there was introduced a notion of
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1 Introduction

The notion of the definite integral is one of the most important notions of mathematical analysis
and whole mathematics. Many definitions of integral inspired by various topics was introduced.
One of the most general definitions is the definition by J. Kurzweil ([3]) and independently by R.
Henstock ([1]). This definition is based on the Riemann-like types of integral sums. The main
idea is variable length of intervals in divisions. The definition from Kurzweil and Henstock was
introduced for real functions of real variable. In [4] their definition was extended to functions
with real variable but with values from the set of all fuzzy numbers. Some analogical results
was proved. In this contribution we take IF numbers introduced in [2] as values of integrable
functions.

2 Preliminaries

In whole contribution we are going to write R+ instead of (0,∞) .
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Definition 1 ([4]). Fuzzy set α : R→ [0, 1] is called fuzzy number iff:

1. ∃r ∈ R α(r) = 1,

2. ∀ (r1, r2, λ) ∈ R× R× [0, 1] α(λr1 + (1− λ) r2) ≥ min {α(r1), α(r2)},

3. ∀λ ∈ [0, 1] the set [α]λ = {x ∈ R : α(x) ≥ λ} is closed ,

4. cl
(
[α]0
)

= cl({x ∈ R : α(x) > 0}) is compact, where cl(A) is the closure of A ⊂ R in the
usual topology.

It can be proved that for arbitrary λ ∈ (0, 1] and for arbitrary fuzzy number α, [α]λ =

[αλ,1, αλ,2] for some real numbers αλ,1, αλ,2.

Definition 2 ([2]). Let α, β be fuzzy numbers. By their sum we mean the fuzzy number γ, for
which

[γ]λ = [αλ,1 + βλ,1, αλ,2 + βλ,2]

for arbitrary λ ∈ [0, 1] . We write
γ = α +f β.

Definition 3. Let α be a fuzzy number, let k be a real number.
By k-multiplier of α we mean the fuzzy number kα for which

[kα]λ =

{
[kαλ,1, kαλ,2] for k ≥ 0

[kαλ,2, kαλ,1] otherwise

for arbitrary λ ∈ [0, 1]

Definition 4 ([4]). Let α, β be fuzzy numbers. Define

ρ̂(α, β) = sup {max {|αλ,1 − βλ,1| , |αλ,2 − βλ,2|} : λ ∈ [0, 1]}.

It can be proved that the mapping ρ̂ is a metric on the set of all fuzzy numbers.

Definition 5 ([4]). Let a = x0 < x1 < · · · < xn−1 < xn = b be real numbers. Let ξi ∈ [xi−1, xi] .

Let δ : [a, b]→ R+ be such that [xi−1, xi] ⊂ (ξi − δ(ξi), ξi + δ(ξi)) .

Then the ordered pair ({xi : i = 0, 1, · · · , n} , {ξi : i = 1, 2, · · · , n}) is called
the δ − fine division of interval [a, b] .

Definition 6 ([4]). Let E1 be the set of all fuzzy numbers. Let α be a fuzzy number. Let a, b be real
numbers. We say that a function f : [a, b]→ E1 is Kurzweil–Henstock (we write KH) integrable
with KH-integral α iff for arbitrary real positive number ε there exists δ ∈ R[a,b]

+ such that

ρ̂

(
n∑
i=1

f(ξi) (xi − xi−1), α

)
< ε

for arbitrary δ−fine division of [a, b] .
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3 IF-numbers

Definition 7. Fuzzy set β : R→ [0, 1] is called fuzzy antinumber iff:

1. ∃s ∈ R β(s) = 0,

2. ∀ (r1, r2, λ) ∈ R× R× [0, 1] β(λr1 + (1− λ) r2) ≤ max {β(r1), β(r2)},

3. ∀λ ∈ [0, 1] the set [β]λ = {x ∈ R : β(x) ≤ λ} is closed ,

4. cl([α]0) = cl({x ∈ R : α(x) < 1}) is compact, where cl(A) is the closure of A ⊂ R in the
usual topology.

Similary as in the case of fuzzy number, we have [β]λ = [βλ,1, βλ,2] for arbitrary fuzzy
antinumber β and arbitrary λ ∈ [0, 1] for some real numbers βλ,1, βλ,2.

Theorem 1. Let α : R → [0, 1] be a function. Then α is a fuzzy antinumber if and only if there
exists a fuzzy number β such that

α(x) = 1− β(x)

for arbitrary real number x.

Proof. Let α be a fuzzy antinumber. It suffices to prove that β := 1−α is a fuzzy number. But if
α(s) = 0, then β(s) = 1−α(s) = 1. Similarly α(x) ≤ γ ⇔ β(x) ≥ 1− γ. From this it follows,
that

{[α]λ : λ ∈ [0, 1]} =
{

[β]λ : λ ∈ [0, 1]
}
.

Definition 8. Let α, β be fuzzy antinumbers. By their sum we mean the fuzzy antinumber γ, for
which

[γ]λ = [αλ,1 + βλ,1, αλ,2 + βλ,2]

for arbitrary λ ∈ [0, 1] . We write γ = α +a β.

Definition 9. Let α be a fuzzy antinumber, let k be a real number.
By k-multiplier of α we mean the fuzzy number kα for which

[kα]λ =

{
[kαλ,1, kαλ,2] for k ≥ 0

[kαλ,2, kαλ,1] otherwise

for arbitrary λ ∈ [0, 1] .

Definition 10. Let α, β be fuzzy antinumbers. Define

ˆ̂ρ(α, β) = sup {max {|αλ,1 − βλ,1| , |αλ,2 − βλ,2|} : λ ∈ [0, 1]}.

Theorem 2. ˆ̂ρ is a metric on the set of all fuzzy antinumbers.
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Proof. Obviously for arbitrary fuzzy antinumbers α, β it is ˆ̂ρ(α, β) = ˆ̂ρ(β, α) ≥ 0 and ρ(α, α) =

0. If ˆ̂ρ(α, β) = 0, then max {|αλ,1 − βλ,1| , |αλ,2 − βλ,2|} = 0 for arbitrary λ ∈ [0, 1] and hence
αλ,1 = βλ,1 and αλ,2 = βλ,2. From that it follows that α = β. If γ is another fuzzy antinumber,
then

|αλ,1 − γλ,1| ≤ |αλ,1 − βλ,1|+ |βλ,1 − γλ,1|
|αλ,2 − γλ,2| ≤ |αλ,1 − βλ,2|+ |βλ,2 − γλ,2|

From that we have

max {|αλ,1 − γλ,1| , |αλ,2 − γλ,2|} ≤ max {|αλ,1 − βλ,1| , |αλ,2 − βλ,2|}+
+ max {|βλ,1 − γλ,1| , |βλ,2 − γλ,2|}

and finally ˆ̂ρ(α, γ) ≤ ˆ̂ρ(α, β) + ˆ̂ρ(β, γ).

Definition 11 ([2]). Let α be a fuzzy number. Let β be a fuzzy antinumber. An ordered pair (α, β)

is called IF-number iff ∀r ∈ R α(r) + β(r) ≤ 1.

Lemma 1. Let A = (µA, νA) , B = (µB, νB) be IF-numbers. Let

C = (µA +f µB, νA +a νB) .

Then C is an IF-number.

Proof. By assumption µA + νA ≤ 1 and µB + νB ≤ 1. From that we get

νA ≤ 1− µA
νB ≤ 1− µB.

By Theorem 1, 1 − µA and 1 − µB are fuzzy antinumbers. We can see, that for arbitrary fuzzy
antinumbers α, β the following relations are equivallent

∀r ∈ R α(r) ≤ β(r)

∀λ ∈ [0, 1] α[λ] ⊃ β[λ]

From above, for arbitrary λ ∈ [0, 1] we have

(νA)[λ] ⊃ (1− µA)[λ]

(νB)[λ] ⊃ (1− µB)[λ] .

But

(1− µA)[λ] = (µA)[1−λ]

(1− µA)[λ] = (µA)[1−λ]

Hence

(νA)[λ] ⊃ (µA)[1−λ] ,

(νB)[λ] ⊃ (µB)[1−λ] .
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But for arbitrary a, b, c, d, e, f, g, h ∈ R there holds

([a, b] ⊃ [c, d] & [e, f ] ⊃ [g, h])⇒ ([a+ e, b+ f ] ⊃ [c+ g, d+ h]) .

From this it follows that
(νC)[λ] ⊃ (µC)[1−λ] = (1− µC)[λ] .

Finally we get
νC ≤ 1− µC .

Definition 12. IF-number C from above lemma is called the sum of IF-numbers A,B. We write

C = A+i B

Definition 13. Let A = (µA, νA) be an IF-number. By the k-multiplier of A we mean kA =

(kµA, kνa) .

Theorem 3. Let A,B,C be IF-numbers. Let k be a real number. Then

A+i B = B +i A,

(A+i B) +i C = A+i (B +i C) ,

k (A+i B) = kA+i kB.

Proof. Let A = (µA, νA) , B = (µB, νB) , C = (µC , νC) .

Let
[µA]λ = [µA,λ,1, µA,λ,2] , [µB]λ = [µB,λ,1, µB,λ,2] , [µC ]λ = [µC,λ,1, µC,λ,2] ,

[νA]λ = [νA,λ,1, νA,λ,2] , [νB]λ = [νB,λ,1, νB,λ,2] , [νC ]λ = [νC,λ,1, νC,λ,2] .

The statements follows from commutativity, associativity an distributivity for real numbers.

Definition 14 ([2]). Let A = (µA, νA) , B = (µB, νB) be IF-numbers. We define

ρ(A,B) = ρ̂(µA, µB) + ˆ̂ρ(νA, νB).

Theorem 4. Let A,B,C,D be IF-numbers. Then

ρ(A+i B,C +i D) ≤ ρ(A,C) + ρ(B,D).

Proof.

ρ(A+i B,C +i D) = ρ̂(µA+iB, µC+iD) + ˆ̂ρ(νA+iB, νC+iD) ≤
≤ ρ̂(µA, µC) + ρ̂(µB, µD) + ˆ̂ρ(νA, νC) + ˆ̂ρ(νB, µD) = ρ(A,C) + ρ(B,D).

Definition 15. Let D be the set of all IF-numbers. Let A be an IF-number. Let a, b be real
numbers. We say that a function f : [a, b] → D is Kurzweil–Henstock (we write KH) integrable
with the KH-integral A iff for arbitrary real positive number ε there exists δ ∈ R[a,b]

+ such that

ρ

(
n∑
i=1

f(ξi) (xi − xi−1), A

)
< ε

for arbitrary δ−fine division of [a, b] . In that case we write

A =

b∫
a

f
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Theorem 5. Let f, g : [a, b]→ D be KH-integrable functions.

Let A =
b∫
a

f,B =
b∫
a

g. Then

b∫
a

(f +i g) = A+i B.

Proof. Let ε > 0 be arbitrary fixed positive real number, then from the assumptions there exist
δ1, δ2 : [a, b]→ R+ such that

ρ

(
n∑
i=1

f(ξi) (xi − xi−1), A

)
<
ε

2
,

ρ

(
n∑
i=1

g(ξi) (xi − xi−1), B

)
<
ε

2

for arbitrary δ1,2−fine division of [a, b] . We have to prove that

ρ

(
n∑
i=1

(f(ξi) + g(ξi)) (xi − xi−1), A+i B

)
< ε.

But for arbitrary IF numbers C,D,E, F, there is

ρ(C +i D,E +i F ) ≤ ρ(C,E) + ρ(D,F ).

From this it follows that

ρ

(
n∑
i=1

(f(ξi) +i g(ξi)) (xi − xi−1), A+i B

)
<
ε

2
+
ε

2
= ε.

Definition 16. Let (An)∞n=1 be a sequence of IF-numbers.
Let A be an IF-number.
We say that (An)∞n=1 converges to A iff

∀ε > 0 ∃n0 ∀n > n0 ρ(An, A) < ε.

In that case we write An → A.

Definition 17. Let (fn)∞n=1 be a sequence of IF-functions. Let f be an IF-function. We say that
(fn)∞n=1 uniformly converges to f iff

∀ε > 0 ∃n0 ∀n > n0 ∀x ρ(fn(x), f(x)) < ε.

In that case we write fn ⇒ f.

Theorem 6. The set D of all IF-number with the metric ρ is a complete metric space, i.e. if for a
sequence (An)∞n=1 there holds

∀ε > 0 ∃n0 ∀ (m,n) ∈ N× N ((m ≥ n0&n ≥ n0)⇒ ρ(Am, An) < ε)

then the sequence (An)∞n=1 is convergent.
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Proof. Obviously the set of all fuzzy antinumbers with the metric ˆ̂ρ is a complete metric space
if and only if the set of all fuzzy numbers with the metric ρ̂ has the same property. But fuzzy
numbers with ρ̂ are complete. Moreover the set of all IF-numbers with the metric ρ is a cartesian
product of fuzzy numbers and fuzzy antinumbers. From that it follows that D is complete.

Theorem 7. Let (fn)∞n=1 be a sequence of KH-integrable IF-functions on an interval [a, b]. Let
fn ⇒ f. Then  b∫

a

fn

→
 b∫

a

f

 .

Proof. Let ε be an arbitrary fixed positive real number. From the assumptions for arbitrary posi-
tive integer k, there exists δk ∈ R[a,b]

+ such that

ρ

 n∑
i=1

fk(ξi)(xi − xi−1),
b∫

a

fk

 <
ε

3

for arbitrary δk−fine division of the interval [a, b] . From the uniform convergence we get that
there exists k0 such that for any k ≥ k0

ρ(fk(ξi), f(ξi)) <
ε

3 (b− a)
.

Then for r, s ≥ k0, there is

ρ

 b∫
a

fr,

b∫
a

fs

 ≤ ρ

 n∑
i=1

fr(ξi)(ξi − ξi−1),
b∫

a

fr

+

+ ρ

(
n∑
i=1

fr(ξi)(xi − xi−1),
n∑
i=1

fs(ξi)(xi − xi−1)

)
+

+ ρ

 n∑
i=1

fs(ξi)(xi − xi−1),
b∫

a

fs

 <

<
ε

3
+

ε

3 (b− a)
(b− a) +

ε

3
= ε.

From that and from the completeness of the metric space of IF-numbers it follows that there

is an IF-number β such that
(

b∫
a

fi

)
→ β. Moreover for k ≥ ko

ρ

(
n∑
i=1

fk(ξi)(xi − xi−1),
n∑
i=1

f(ξi)(xi − xi−1)

)
≤

n∑
i=1

(xi − xi−1) ρ(fk(ξi), f(ξi)) <

<
ε

3 (b− a)
(b− a) = ε

3
.

Moreover, there exists t > k0 such that

ρ

 b∫
a

ft, β

 <
ε

3
.
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And finally there exists δt ∈ R[a,b]
+ such that for every δt−fine division of the interval [a, b]

there is

ρ

 n∑
i=1

ft(ξi)(xi − xi−1),
b∫

a

ft

 <
ε

3
.

From that it follows that

ρ

(
n∑
i=1

f(ξi)(xi − xi−1), β

)
≤ ρ

(
n∑
i=1

f(ξi)(xi − xi−1),
n∑
i=1

ft(ξi)(xi − xi−1)

)
+

+ ρ

 n∑
i=1

ft(ξi)(xi − xi−1),
b∫

a

ft

+

+ ρ

 b∫
a

ft, β

 < ε.

Since ε was arbitrary, there is
b∫

a

f = β.

Theorem 8. Let (fk)
∞
k=1 be a sequence of IF-KH integrable functions. Let f be IF function such

that for each x ∈ [a, b] the sequence (fk(x))∞k=1 converges to f(x) in the metric ρ.
Then the following conditions are equivalent:

1. f is IF-KH integrable and  b∫
a

fk

∞
k=1

→
b∫

a

f,

2.
(∀ε > 0) (∃m ∈ N) (∀k ≥ m)

(
∃δ ∈ R[a,b]

+

)
such that for every δ−fine division

(
Σk, ξk

)
of [a, b] it holds

ρ

(
nk∑
i=1

fk(ξk,i) (xi − xi−1),
nk∑
i=1

f(ξk,i) (xi − xi−1)

)
< ε.

Proof. Let the condition 1 holds. Then there exists an m ∈ N such that

ρ

 b∫
a

fk,

b∫
a

f

 <
ε

3

for arbitrary k ≥ m. Because the functions fk are IF-KH integrable, for each k there exists a
function δk such that for any δk−fine division of [a, b] it holds

ρ

 nk∑
i=1

fk(ξk,i) (xi − xi−1),
b∫

a

fk

 <
ε

3
.
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By our assumptions f is IF-KH integrable. From that it follows that there exists δ0 such that

ρ

 n0∑
i=1

f(ξ0,i) (xi − xi−1),
b∫

a

f

 <
ε

3
.

From that we have that for arbitrary min {δ0, δk}− fine division of [a, b] there holds

ρ

(
nk∑
i=1

fk(ξk,i) (xi − xi−1),
nk∑
i=1

f(ξk,i) (xi − xi−1)

)
≤

≤ ρ

 nk∑
i=1

fk(ξk,i) (xi − xi−1),
b∫

a

fk

+ ρ

 b∫
a

fk,

b∫
a

f

+

+ ρ

 b∫
a

f,

nk∑
i=1

f(ξk,i) (xi − xi−1)

 < ε.

Let the condition 2 holds. Then exists m ∈ N such that for arbitrary k, l ≥ m there are δk, δl
such that

ρ

(
nk∑
i=1

fk(ξk,i) (xi − xi−1),
nk∑
i=1

f(ξk,i) (xi − xi−1)

)
<
ε

4

and

ρ

(
nl∑
i=1

fl(ξl,i) (xi − xi−1),
nl∑
i=1

f(ξl,i) (xi − xi−1)

)
<
ε

4
.

Similarly because fk are IF-KH integrable, there are ζk, ζl such that

ρ

 sk∑
i=1

f(ηk,i) (xi − xi−1),
b∫

a

fk

 <
ε

4

resp.

ρ

 sl∑
i=1

f(ηl,i) (xi − xi−1),
b∫

a

fl

 <
ε

4

for arbitrary ζk−fine, resp. ζl−fine division of [a, b] .

Then taking δ = min {δk, δl, ζk, ζl} all four inequalities holds for arbitrary δ−fine division of
[a, b] . From that it follows that for arbitrary k, l ≥ m, there holds

ρ

 b∫
a

fk,

b∫
a

fl

 < ε.

We proved that
(

b∫
a

fk

)∞
k=1

is Cauchy sequence. But we are in complete metric space and

from that it follows that there exists A such that
(

b∫
a

fk

)∞
k=1

→ A. Then ∃p ≥ m such that

ρ

 b∫
a

fp, A

 <
ε

3
.
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From 2 there is δ1 such that

ρ

(
n1∑
i=1

fp(ξ1,i) (xi − xi−1),
n1∑
i=1

f(ξ1,i) (xi − xi−1)

)
<
ε

3
.

From the integrability of fp there exists δ2 such that

ρ

 n2∑
i=1

fp(ξ2,i) (xi − xi−1),
b∫

a

fp

 <
ε

3
.

Taking δ = min {δ1, δ2}, we get ρ(A,
∑n

i=1 (ξi)(xi − xi−1)) < ε for arbitrary δ−fine division

of [a, b] . From that it follows A =
b∫
a

f.

Definition 18. On the set of all IF numbers D we define the partial ordering ≤i by the following
statement

A ≤i B ⇔ ∀λ ∈ [0, 1]
(

[µA]λ ≤ [µB]λ & [νA]λ ≤ [νB]λ

)
,

where
(∀a, b, c, d ∈ R) ([a, b] ≤ [c, d]⇔ (a ≤ c & b ≤ d)) .

Theorem 9. Let (fk)
∞
k=1 be a monotone sequence of IF-KH integrable functions (i.e. (∀k ∈ N)

(∀x ∈ [a, b]) (fk(x) ≤i fk+1(x)) or (∀k ∈ N) (∀x ∈ [a, b]) (fk(x) ≥i fk+1(x))).

Let
(∫ b

a
fk

)∞
k

be IF-bounded. Let f be the point limit of (fk)
∞
k=1 in the metric ρ. Then f is

IF-KH integrable and (∫ b

a

fk

)
→
(∫ b

a

f

)
.

Proof. Assume that (fk)
∞
k=1 is increasing. Then the sequence

(
b∫
a

fk

)∞
k=1

is IF-increasing and

IF-bounded. From that it follows that it converges to some IF-number A. Then for arbitrary ε > 0

there exists some positive integer r such that

ρ

 b∫
a

fr, A

 <
ε

3

and ε
3
> 1

2r−2 Since the functions fk are IF-KH integrable, for arbitrary positive integer k there is
δk ∈ R[a,b]

+ such that for every δk−fine division of [a, b] it holds

ρ

 nk∑
i=1

fk(ξk,i) (xi − xi−1),
b∫

a

fk

 <
1

2k
.

f is the point limit of (fk)
∞
k=1 . From that for arbitrary x ∈ [a, b] we can find a positive integer

kx ≥ r such that
ρ(fkx , f) <

ε

3 (b− a)
.
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We need to show that for arbitrary positive ε there is a δ such that for arbitrary δ−fine division

of [a, b] it holds ρ
(

n∑
i=1

f(ξi) (xi − xi−1), A
)
< ε.

But

ρ

(
n∑
i=1

f(ξi) (xi − xi−1), A

)
≤ ρ

(
n∑
i=1

f(ξi) (xi − xi−1),
n∑
i=1

fkξi (ξi) (xi − xi−1)

)
+

+ ρ

 n∑
i=1

fkξi (ξi) (xi − xi−1),
n∑
i=1

xi∫
xi−1

fkξi

+ ρ

 n∑
i=1

xi∫
xi−1

fkξi , A

.
The first distance

≤
n∑
i=1

ρ
(
f(xi), fkξi (ξi)

)
(xi − xi−1) ≤

ε

3 (b− a)
(b− a) =

ε

3
.

Put m = max {kξi , i = 1, 2, · · ·n}.
The second distance

≤
m∑
j=r

∑
i∈{i,kξi=j}

ρ

fkξi (ξi),
xi∫

xi−1

fkξi

.
The inner sum

≤ 1

2j−1
.

The outer sum

≤
m∑
j=r

1

2t−1
<

1

2r−2
<
ε

3
.

Since r ≤ kξi ≤ m, there is
xi∫

xi−1

fr ≤
xi∫

xi−1

fkξi ≤
xi∫

xi−1

fm.

From that
b∫
a

fr ≤
n∑
i=1

xi∫
xi−1

fkξi ≤
b∫
a

fm ≤ A.

From that the third distance is ≤ ρ

(
b∫
a

fr, A

)
< ε

3
. From that we have

ρ

(
n∑
i=1

f(ξi) (xi − xi−1), A

)
< ε.

4 Fuzzy case as a corollary of IF case

Definition 19. Let F be the set of all fuzzy numbers. Let

4 =
{

(f, g) ∈
(
R[0,1]

)2 |f + g ≤ 1
}
.

We define the mapping h : F→4 by the relationship

h(α) = (α, 1− α) .
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Theorem 10. Let α be a fuzzy number. Then h(α) defined above is an IF-number.

Proof. Obviously α+ 1−α = 1 ≤ 1. By Theorem 1, 1−α is a fuzzy antinumber. From this we
have that h(α) = (α, 1− α) is an IF-number.

Theorem 11. Let α, β be fuzzy numbers. Then

h(α+fβ) = h(α)+ih(β).

Proof. [
µh(α+fβ)

]λ
= [α]λ + [β]λ =

[
µh(α)+ih(β)

]λ
,[

νh(α)+ih(β)
]
λ

= [α]1−λ + [β]1−λ =
[
µh(α+fβ)

]1−λ
.

Theorem 12. Let (F, ρ̂), resp. (D, ρ) be the metric space of all fuzzy numbers resp. the metric
space of all IF-numbers. Then

ρ̂(α, β) =
ρ(h(α), h(β))

2
.

Proof.
ρ(h(α), h(β)) = ρ̂(α, β) + ˆ̂ρ(1− α, 1− β) = 2ρ̂(α, β).

Theorem 13. Let (αn)∞n=1 be a sequence of fuzzy numbers. Then

αn →ρ̂ α⇔ h(an)→ρ h(α).

Proof. Let αn →ρ̂ α. Then for arbitrary positive real number ε there is a positive integer n0 such
that for arbitrary integer greater than n0, it holds

ε

2
> ρ̂(αn, α) =

ρ(h(αn), h(α))

2
.

Similarly, let h(αn)→ρ h(α). Then

2ε > ρ(h(αn), h(α)) = 2ρ̂(αn, α).

Definition 20. Let F be the set of all fuzzy numbers. Let α be a fuzzy number. Let a, b be real
numbers. We say that a function f : [a, b] → F is Kurzweil–Henstock (we write KH) integrable
with the KH-integral α iff for arbitrary real positive number ε there exists δ ∈ R[a,b]

+ such that

ρ̂

(
n∑
i=1

f(ξi) (xi − xi−1), α

)
< ε

for arbitrary δ−fine division of [a, b] . In that case we write

α =

b∫
a

f

41



Theorem 14. Let f : [a, b] → F be a fuzzy function. Then f is KH-integrable in sense of
definition 20 if and only if h(f) if KH-integrable in sense of definition 15. In case that both are
KH-integrable, it holds

h

 b∫
a

f

 =

b∫
a

h(f).

Proof. Let f be fuzzy KH-integrable with the KH-integral α. Let ε > 0 be arbitrary positive real
number. Then there exists δε ∈ R[a,b]

+ , such that

ρ̂

(
n∑
i=1

f(ξi) (xi − xi−1), α

)
<
ε

2

for arbitrary δ−fine division of [a, b] . If we use above theorem from this section, we get

ρ

(
n∑
i=1

h(f)(ξi) (xi − xi−1), h(α)

)
< ε.

Similarly it can be proved the opposite implication.

Corollary 1 (Theorem 2.7 (iii) in [4]). Let f, g : [a, b] → F be KH-integrable functions. Let

α =
b∫
a

f, β =
b∫
a

g. Then

b∫
a

(f +f g) = α +f β.

Definition 21. Let (αn)∞n=1 be a sequence of fuzzy numbers. Let α be a fuzzy number. We say that
(αn)∞n=1 converges to α iff

∀ε > 0 ∃n0 ∀n > n0 ρ̂(αn, α) < ε.

In that case we write αn → α.

Definition 22. Let (fn)∞n=1 be a sequence of fuzzy functions. Let f be a fuzzy function. We say
that (αn)∞n=1 uniformly converges to α iff

∀ε > 0 ∃n0 ∀n > n0 ∀x ρ̂(fn(x), f(x)) < ε.

In that case we write fn ⇒ f.

Theorem 15. Let (fn)∞n=1 be a sequence of fuzzy functions. Then fn ⇒ f ⇔ h(fn) ⇒ h(f).

Proof. Similarly as in the theorem 13, we use the transformation relationship

ρ̂(α, β) =
ρ(h(α), h(β))

2
.
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Corollary 2 (Theorem 3.3 in [4]). Let (fn)∞n=1 be a sequence of KH-integrable fuzzy functions on
an interval [a, b]. Let fn ⇒ f. Then  b∫

a

fn

→
 b∫

a

f

 .

Proof. From the fact that the transformation h is compatible with KH-integral and convergence,
corollary follows from Theorem 7.

Definition 23. On the set of all fuzzy numbers F we define the partial ordering≤f by the following
statement

α ≤f β ⇔ ∀λ ∈ [0, 1]
(

[α]λ ≤ [β]λ
)
,

where
(∀a, b, c, d ∈ R) ([a, b] ≤ [c, d]⇔ (a ≤ c & b ≤ d)) .

Theorem 16. Let α, β be fuzzy numbers. Then α ≤f β ⇔ h(α) ≤i h(β).

Proof. Let α ≤f β Then [α]λ ≤ [β]λ for arbitrary λ ∈ [0, 1] . From that it follows that [1− α]λ =

[α]1−λ ≤ [β]1−λ = [1− β]λ for arbitrary λ ∈ [0, 1] . Opposite implication is obvious.

Corollary 3 (Theorem 3.7 in [4]). Let (fk)
∞
k=1 be a monotone sequence of IF-KH integrable func-

tions (i.e. (∀k ∈ N) (∀x ∈ [a, b]) (fk(x) ≤f fk+1(x)) or (∀k ∈ N) (∀x ∈ [a, b]) (fk(x) ≥i fk+1(x))).

Let
(∫ b

a
fk

)∞
k

be fuzzy bounded. Let f be the point limit of (fk)
∞
k=1 in the metric ρ. Then f is IF-

KH integrable and (∫ b

a

fk

)
→
∫ b

a

f.

Proof. Since h is monotone and KH-integral compatible, Corollary follows from Theorem 9.

5 Conclusion

In this contribution an extension of the notion of Kurzweil–Henstock integral to IF-functions was
presented. It is reasonable to ask if it is posible to extend definition domain for integrable function
to compact metric or topological space.
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