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Abstract: In [1] and [3] there was presented a new definition for the definite integral for real
functions based on Riemann’s sums with variable length of intervals in divisions. In [4] this
definition was extended to functions with fuzzy values. In [2] there was introduced a notion of
[F-numbers. In this contribution we are going to extend the definitions and the results for func-
tions which has IF-numbers as their values.
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1 Introduction

The notion of the definite integral is one of the most important notions of mathematical analysis
and whole mathematics. Many definitions of integral inspired by various topics was introduced.
One of the most general definitions is the definition by J. Kurzweil ([3]) and independently by R.
Henstock ([1]). This definition is based on the Riemann-like types of integral sums. The main
idea is variable length of intervals in divisions. The definition from Kurzweil and Henstock was
introduced for real functions of real variable. In [4] their definition was extended to functions
with real variable but with values from the set of all fuzzy numbers. Some analogical results
was proved. In this contribution we take IF numbers introduced in [2] as values of integrable
functions.

2 Preliminaries
In whole contribution we are going to write R instead of (0, c0) .
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Definition 1 ([4]). Fuzzy set o : R — [0, 1] is called fuzzy number iff:
1. IreR a(r)=1,
2.V (ry,rg,\) e Rx R x [0,1]  a(Ar;+ (1 — A)ra) > min{a(ry), a(r)},
3.YA€[0,1]  theset [a]* = {z € R:ax) > \} is closed ,

4. cl([a]o) =c({x € R: a(x) > 0}) is compact, where cl(A) is the closure of A C R in the
usual topology.

It can be proved that for arbitrary A € (0,1] and for arbitrary fuzzy number «, [o]* =

(a1, @y 2] for some real numbers vy 1, ay 2.

Definition 2 ([2]). Let o, 3 be fuzzy numbers. By their sum we mean the fuzzy number vy, for
which

[7]A = [ax1 + Ba1, anz + Oagl

for arbitrary \ € [0, 1] . We write
v =oa+y B

Definition 3. Let o be a fuzzy number, let k be a real number.
By k-multiplier of o we mean the fuzzy number ko for which

[ka]/\ - [kaxq, ko o] for k >0
[kauy 2, kay ] otherwise
for arbitrary \ € [0, 1]

Definition 4 ([4]). Let o, (8 be fuzzy numbers. Define
pla, B) = sup {max {[ax1 — Baal,arz — Br2l} : A € [0, 1]}
It can be proved that the mapping p is a metric on the set of all fuzzy numbers.

Definition 5 ([4]). Leta =xg < 21 < -+ < &1 < X, = b be real numbers. Let &; € [x;_1, 1] .
Let § : [a,b] — R, be such that [x;_q,x;] C (§ — 0(&),& + (&) -

Then the ordered pair ({x; :1=0,1,--- n} {&:i=1,2,--- n})is called

the 6 — fine division of interval [a, ] .

Definition 6 ([4]). Let £, be the set of all fuzzy numbers. Let o be a fuzzy number. Let a, b be real
numbers. We say that a function f : [a,b] — E, is Kurzweil-Henstock (we write KH) integrable
with KH-integral « iff for arbitrary real positive number ¢ there exists § € R[f’b} such that

ﬁ(Z (&) (& — zi20), a) <e

for arbitrary §—fine division of |a, b] .
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3 IF-numbers

Definition 7. Fuzzy set 5 : R — [0, 1] is called fuzzy antinumber iff:
1. 3se R pB(s) =0,
2. V(r,m,A) e Rx R x [0,1]  B(Ary 4+ (1 — X)) <max{B(r1), B(r2)},
3. VA e [0,1] theset [B], ={x € R:[(x) <A} is closed ,

4. cl([a]y) = cl({z € R: afx) < 1}) is compact, where cl(A) is the closure of A C R in the
usual topology.

Similary as in the case of fuzzy number, we have [5], = [f\1, 52| for arbitrary fuzzy
antinumber /5 and arbitrary A € [0, 1] for some real numbers 5y 1, 5 2.

Theorem 1. Let o : R — [0, 1] be a function. Then « is a fuzzy antinumber if and only if there
exists a fuzzy number 3 such that

for arbitrary real number x.

Proof. Let a be a fuzzy antinumber. It suffices to prove that 5 := 1 — « is a fuzzy number. But if
a(s) =0, then 5(s) = 1 —a(s) = 1. Similarly a(z) < v < S(x) > 1 — . From this it follows,
that

{[a}A:Ae[0,1]}:{[5]%%[@,1}}. O

Definition 8. Let o, 8 be fuzzy antinumbers. By their sum we mean the fuzzy antinumber ~y, for
which

V], = [aag + Bai, anz + Bzl
for arbitrary \ € [0,1]. We write v = o +, 5.

Definition 9. Let o be a fuzzy antinumber, let k be a real number.
By k-multiplier of o we mean the fuzzy number ko for which

[kay 1, kays] for k>0
[ka],\ =

[kauy 2, kay 1] otherwise
for arbitrary \ € [0,1].
Definition 10. Let o, 3 be fuzzy antinumbers. Define
H(a, 8) = sup {max {lans — Buil lara — Aral} A € 0, 1]},

Theorem 2. 5 is a metric on the set of all fuzzy antinumbers.
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Proof. Obviously for arbitrary fuzzy antinumbers «, [ it is 5(@, B) = f)(ﬁ ,a) > 0and p(a, o) =
0. If p(a, B) = 0, then max {|ax1 — Baa|, |as — Brz|} = O for arbitrary A € [0, 1] and hence
ax1 = Bri and a2 = By 2. From that it follows that o = 3. If y is another fuzzy antinumber,
then

laxt — il < laag — Bail + 161 — aal
laxe — a2l < laxg — Baz| +16a2 — 7zl
From that we have
max {|ax1 — Y1l Jane — el <max{|ax1 — Bl larze — Bazlt+
+max {|Bx1 — il [Baz — Mael}

and finally p(a,7) < pla, B) + p(8,7). O

Definition 11 ([2]). Let « be a fuzzy number. Let [3 be a fuzzy antinumber. An ordered pair (v, 3)
is called IF-number iff Vr ¢ R a(r)+ B(r) < 1.

Lemma 1. Let A = (pua,v4), B = (up,vp) be IF-numbers. Let
C = (pa+s 1B, Va +aVB).
Then C'is an IF-number.

Proof. By assumption p14 +v4 < 1and up + vp < 1. From that we get

va <1 —py
vg < 1—pup.

By Theorem 1, 1 — pu4 and 1 — pp are fuzzy antinumbers. We can see, that for arbitrary fuzzy
antinumbers «, 3 the following relations are equivallent

VreR afr) < B(r)
Ve [O, 1} apy D 5[)\]

From above, for arbitrary A € [0, 1] we have

(va)py 2 (1= pa)y
(B)py 2 (L= pn)y -

But
(1= pa)py = ()™
(1= pa)py = ()"
Hence
(va)y 2 ()Y,



But for arbitrary a, b, c,d, e, f, g, h € R there holds
(la, 0] O le,d]&le, f] D [g,h]) = ([a+ e, b+ f] D lc+g,d+ h]).
From this it follows that

(1-A] _ (

(ve)py 2 (ko) 1= pc)y -

Finally we get
ve <1 —pc. O

Definition 12. /F-number C' from above lemma is called the sum of IF-numbers A, B. We write
Definition 13. Let A = (ua,v4) be an IF-number. By the k-multiplier of A we mean kA =
(k:,uA, kVa) .
Theorem 3. Let A, B, C be IF-numbers. Let k be a real number. Then
A+, B=B+; A,
(A+;B)+;C=A+,(B+;0),
/{?(A + B) =kA+,; kB.

Proof. Let A = (ua,va),B = (up,vs),C = (uc,vc).
Let

[MA]A = (a1 arg], [MB]A = [Ba1, B 2], [MC]A = [peans oxg)
[VA],\ = [VA,M, VA,,\,2] ) [VB])\ = [VB,)\,la VB,A,Q] ) [VC],\ = [VC7/\,1, VC,/\,Q] .
The statements follows from commutativity, associativity an distributivity for real numbers. [

Definition 14 ([2]). Let A = (uua,v4) , B = (up, vB) be IF-numbers. We define
p(A, B) = plpa, pi5) + p(va, vp).
Theorem 4. Let A, B, C, D be IF-numbers. Then
p(A+; B,C +; D) < p(A,C) + p(B, D).
Proof.
p(A+; B,C +; D) = p(ftasp, fic+,p) + p(Var,, Vosp) <
< ppa pe) + ps, o) + p(va, ve) + plvs, pp) = p(A,C) + p(B, D). u

Definition 15. Let D be the set of all IF-numbers. Let A be an IF-number. Let a,b be real
numbers. We say that a function f : [a,b] — D is Kurzweil-Henstock (we write KH) integrable
with the KH-integral A iff for arbitrary real positive number ¢ there exists 6 € ]R[f’b] such that

P(Z J(&) (@i — m-1), A) <e

for arbitrary §—fine division of [a, b] . In that case we write

e

a
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Theorem 5. Let f, g : [a,b] — D be KH-integrable functions.
b b
Let A= [ f,B= [g.Then

b

/(fﬂg):AﬁB

a

Proof. Let € > 0 be arbitrary fixed positive real number, then from the assumptions there exist
91,09 : [a,b] — R, such that

(Zf gz Z; 5131—1)’ ) < %7
(Zg fl — Ti— 1) ) < g

for arbitrary d; »—fine division of [a, b] . We have to prove that

p <i (f(&) +9(&)) (@i — @im1), A+ B> <e.

=1

But for arbitrary IF numbers C, D, E, F), there is

From this it follows that

\V)

p(Z (f(&) +i9(&)) (@i — xi1), A+ B) < £+§=€- O

i=1

Definition 16. Ler (A,,) ", be a sequence of IF-numbers.
Let A be an IF-number.
We say that (A,,),~_, converges to A iff

Ve>0 dng VYn>ng p(4,,A) <e
In that case we write A,, — A.

Definition 17. Let (f,),-, be a sequence of IF-functions. Let f be an IF-function. We say that
(fn),—, uniformly converges to f iff

Ve>0 dng VYn>ng Yo p(fa(x),f(x)) <e.

In that case we write f, = f.

Theorem 6. The set D of all IF-number with the metric p is a complete metric space, i.e. if for a
sequence (A,),-_, there holds

Ve>0 3dng V(m,n) e NXN ((m>ne&n >ng) = p(An, A,) <€)

then the sequence (A,), -, is convergent.
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Proof. Obviously the set of all fuzzy antinumbers with the metric ,3 is a complete metric space
if and only if the set of all fuzzy numbers with the metric p has the same property. But fuzzy
numbers with p are complete. Moreover the set of all IF-numbers with the metric p is a cartesian
product of fuzzy numbers and fuzzy antinumbers. From that it follows that D is complete. [

Theorem 7. Let (f,),~, be a sequence of KH-integrable IF-functions on an interval [a,b]. Let

fn =2 f. Then
b b

IEARIVE

a a
Proof. Let ¢ be an arbitrary fixed positive real number. From the assumptions for arbitrary posi-
tive integer k, there exists d;, € ]R[j:’b} such that

n b
€
P ;fk(&)(wz—%—l),/fk < 3

a

for arbitrary Jy—fine division of the interval [a,b] . From the uniform convergence we get that
there exists kg such that for any k£ > kg

p(fe(&), F(&)) < m

Then for r, s > kg, there is

b

p /bfm/bfs <P(‘n fr(gi)(fi—fil),/fr -

for—(b—a)+ - ==

From that and from the completeness of the metric space of IF-numbers it follows that there

b
is an IF-number 3 such that ( S fi> — B. Moreover for k > k,

/)(Z (&) (@i — wia), Y f (&) (i — fﬁi—l)) <D (@i —wia) p(f(&), (&) <
i=1 =1 =1

Moreover, there exists ¢ > kg such that

p /bft,ﬁ <§'
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And finally there exists ¢; € R[f’b] such that for every §;—fine division of the interval [a, 0]

there is
" b

P th<£i)(xi_xi—l)7/ft < %

=1 “

From that it follows that

P(Z J(&)(xi — $i1)>5> < P(Z FE) @i —wi0), ) ful&) (@i — l"z'l)) +

i=1 =1

" b
+p th(fi)(%—xil),/ft +

Since ¢ was arbitrary, there is

]f:ﬂ O

Theorem 8. Let (fy),—, be a sequence of IF-KH integrable functions. Let f be IF function such
that for each x € [a, ] the sequence (fi,(x)),., converges to f(x) in the metric p.
Then the following conditions are equivalent:

1. fis IF-KH integrable and
b

JE ) —>/bf,
)

wg>oﬂﬁneNMVk2m>@5€RB%

such that for every 6—fine division (3*, &) of [a, b] it holds

P <Z Ji(r.i) (T — @i1), Z f (ki) (i — Iil)) <e.

Proof. Let the condition 1 holds. Then there exists an m € N such that

b b
o [0 [r] <3

for arbitrary £ > m. Because the functions f; are IF-KH integrable, for each £ there exists a
function Jj, such that for any 5 —fine division of [a, b] it holds

b
9

Si(ri) (@i — i), [ fi ] <5
p;kk z $1/k 3

a
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By our assumptions f is [F-KH integrable. From that it follows that there exists d, such that
b

A\ L@ o) [ 1) <5

a

From that we have that for arbitrary min {dy, J; } — fine division of [a, b] there holds

P(Z Je(&r) (0 — 221), Z S (6ri) (i — l’zl)) <
b b b

<p ifk(flm) (a:i—:v“),/fk +p /fk,/f +
=1 a

a a

b
+p /f,Zf(ﬁk,i)(fUz‘—l’il) <e.

Let the condition 2 holds. Then exists m € N such that for arbitrary k,! > m there are Jy, ¢,

such that . .
p (Z FilGrs) (s = wica), > (&) (2 — l’z’—l)) < Z
=1 =1
and

mn m
€
i) (T — Zi-1), i) (T — T <7
P(Zz:; Ji(&i) (@i — @ia) ;f(&, ) (zi — 1)> 1
Similarly because f}. are IF-KH integrable, there are (, (; such that
b

P ;f(n’“) (xi_xi—1)7/fk <Z

a

resp.
b

s 8
p ;f(ﬁl,i) (a:i—xi_l),/fl <3

for arbitrary (,—fine, resp. (;—fine division of [a, ] .
Then taking 6 = min {d, 9, (x, ¢;} all four inequalities holds for arbitrary d—fine division of
[a, b] . From that it follows that for arbitrary k,[ > m, there holds

b b
p /fk,/fl <e.

b
We proved that ( / fk> is Cauchy sequence. But we are in complete metric space and

k=1
b

from that it follows that there exists A such that < f fk) — A. Then dp > m such that
a k=1

b
19
ol [hoa) <5
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From 2 there is §; such that

p(Z Fol€10) (@5 = i), Y f(&rs) (i — xil)) <

w| ™

=1
From the integrability of f, there exists d, such that

b

P ;fp(fzi) (xi—$i1),/fp < %

Taking 0 = min {0y, 62}, we get p(A, D1, (&)(z; — x;-1)) < ¢ for arbitrary §—fine division
b
of [a, b] . From that it follows A = [ f. O

Definition 18. On the set of all IF numbers D we define the partial ordering <; by the following
statement

A<, BaVYAelo,1] (W]A < [us) & [va], < [VBh) ;

where
(Va,b,c,d € R) ([a,b] < [¢,d] & (a <c&b<d)).

Theorem 9. Let (fy;),-, be a monotone sequence of IF-KH integrable functions (i.e. (Vk € N)
(Vz € [a,0]) (fi(2) <i fra1(@)) or (Vk € N) (Vo € [a,0]) (fr(z) =i fut1(2))).

oo

Let (fab fk)k be IF-bounded. Let f be the point limit of (fi);—, in the metric p. Then f is

IF-KH integrable and
b b
(L#)-([9)

b

Proof. Assume that (f;),-, is increasing. Then the sequence ( i fk) is IF-increasing and
a k=1

IF-bounded. From that it follows that it converges to some IF-number A. Then for arbitrary € > 0

there exists some positive integer r such that

b
e
raA Y
p/f <3

and £ > T% Since the functions f;, are IF-KH integrable, for arbitrary positive integer k there is
o, € R[f:’b] such that for every d,—fine division of [a, b] it holds

b

n 1
p izlfk(&m‘) (xi—xi_l),/fk < o5

a

[ is the point limit of (f;),, . From that for arbitrary = € [a,b] we can find a positive integer

k., > r such that
€

p(fror ) < 30—a)
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We need to show that for arbitrary positive ¢ there is a d such that for arbitrary  —fine division

of [a, 8] it holds p(i FIE) (25— m51), A) <e.
But =

p(Zf(fi) i — Tio1), )<p<2f@ i — Tio1), kag (&) (s — :c11>>+
i=1
+p| D Fre, (&) (@i — mic), Y / fr, |+ D / e, s A

i=1 =17 =17

The first distance

<Z < i)s fre, &))(z xi—l)ﬁﬁ(b—a):g-

Put m = max {k¢,,i = 1,2,---n}.
The second distance

J=r ic{ike;=j} zi—1
The inner sum 1
<
S 5
The outer sum
| 1 £
< Z ot—1 < or—2 < §
j=r

Since < kg, <m, thereis [ fo < [ foe < [ fim-
1 i—1

Ti_ Ti—1

b n T
Fromthatffrgz f Sre, <ffm§A

b
From that the third distance is < p ( [ frs A) < £. From that we have

(foz Ti — Ti1), ><€- [

4 Fuzzy case as a corollary of IF case

Definition 19. Let [ be the set of all fuzzy numbers. Let

—{(f.9) € R |f+g<1}.
We define the mapping h : F — /A by the relationship
ha) = (a,1 —a).
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Theorem 10. Let o be a fuzzy number. Then h(«) defined above is an IF-number.

Proof. Obviously «+1 —a =1 < 1. By Theorem 1, 1 — v is a fuzzy antinumber. From this we
have that h(a) = (a, 1 — «) is an [F-number. O

Theorem 11. Let o, B be fuzzy numbers. Then
h(a+¢B) = h(a)+;:h(B).

Proof.

s )] = [0 + 8" = lniorsan]”

[Vh(a)ﬂh(ﬁ)})\ = [05]17/\ + [5]17)\ = [Mh(a—i-fﬁ)} o . (]

Theorem 12. Let (I, p), resp. (D, p) be the metric space of all fuzzy numbers resp. the metric

space of all IF-numbers. Then
p(h(). h(B))

pla, ) = 2

Proof.
p(h(@), h(B)) = pla, B) + p(1 — a, 1 — B) = 2j(av, B).

Theorem 13. Let ().~ | be a sequence of fuzzy numbers. Then

a, =5 o< h(a,) =, ha).
Proof. Let a,, —; a. Then for arbitrary positive real number ¢ there is a positive integer ng such
that for arbitrary integer greater than n, it holds

€ N
- > ny =
5 > Plam,a)

Similarly, let ~(c,) —, h(c). Then

plh(a,), b))
2

2e > p(h(ay), h(a)) = 2p(an, @).
[]

Definition 20. Let [ be the set of all fuzzy numbers. Let « be a fuzzy number. Let a,b be real
numbers. We say that a function [ : [a,b] — F is Kurzweil-Henstock (we write KH) integrable
with the KH-integral « iff for arbitrary real positive number ¢ there exists 0 € R[f:’b] such that

ﬁ(Z f(&) (xi — zio1), 04) <e

for arbitrary §—fine division of [a, b] . In that case we write

o [

a
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Theorem 14. Let f : [a,b] — F be a fuzzy function. Then f is KH-integrable in sense of
definition 20 if and only if h(f) if KH-integrable in sense of definition 15. In case that both are

KH-integrable, it holds
b b

ol [ 1] = [r,

a a

Proof. Let f be fuzzy KH-integrable with the KH-integral a.. Let € > 0 be arbitrary positive real
number. Then there exists 0, € R[f:’b}, such that

P(Z f&) (i — 1), 04) < g

for arbitrary J—fine division of [a, b] . If we use above theorem from this section, we get

p<z B(E) (s — i), h(a)) <e.

Similarly it can be proved the opposite implication. ]

Corollary 1 (Theorem 2.7 (iii) in [4]). Let f,qg : [a,b] — F be KH-integrable functions. Let
a = f f,B= f g. Then

b

/(f+f9)=@+fﬁ-

a

Definition 21. Let («v,,) ", be a sequence of fuzzy numbers. Let o be a fuzzy number. We say that
(an), -, converges to o zﬁ

Ve>0 dng Yn>ng play,a)<e.
In that case we write o, — «.

Definition 22. Let (f,,)._, be a sequence of fuzzy functions. Let f be a fuzzy function. We say
that (o)., uniformly converges to o iff

Ve >0 dng VYn>ng VYV p(fu(z), f(x)) <e.
In that case we write f,, = f.

Theorem 15. Let (f,,),-, be a sequence of fuzzy functions. Then f, = f < h(f,) = h(f).

Proof. Similarly as in the theorem 13, we use the transformation relationship
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Corollary 2 (Theorem 3.3 in [4]). Let (f,,), ., be a sequence of KH-integrable fuzzy functions on
an interval |a,b|. Let f,, = f. Then
b b

JEARaVE

Proof. From the fact that the transformation A is compatible with KH-integral and convergence,
corollary follows from Theorem 7. O]

Definition 23. On the set of all fuzzy numbers F we define the partial ordering <y by the following
statement

a <y pevae 0] (f) <),
where

(Va,b,c,d € R) ([a,b] < [c,d] & (a <c&b<d)).
Theorem 16. Let «, 3 be fuzzy numbers. Then oo <; 8 < h(a) <; h(f).

Proof. Let o <; (3 Then [a]* < [f]" for arbitrary A € [0, 1] . From that it follows that [1 — \ =
[a]'™ < [8]'* = [1 — B], for arbitrary A € [0, 1] . Opposite implication is obvious. O

Corollary 3 (Theorem 3.7 in [4]). Let (fx),., be a monotone sequence of IF-KH integrable func-
tions (i.e. (VOIZ eN) (Vz € [a,b]) (fu(x) <f fir1(x))or (VE € N) (Vx € [a,b]) (fu(x) > fir1(x))).
Let (fab fk) . be fuzzy bounded. Let f be the point limit of (fy),-., in the metric p. Then f is IF-

KH integrable and
b b
( / fk) — / I

Proof. Since h is monotone and KH-integral compatible, Corollary follows from Theorem 9. [

5 Conclusion

In this contribution an extension of the notion of Kurzweil-Henstock integral to IF-functions was
presented. It is reasonable to ask if it is posible to extend definition domain for integrable function
to compact metric or topological space.
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