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1. Introduction

After the introduction of the concept of fuzzy set by Zadeh [12], the idea of “intuitionistic
fuzzy set” was first given by K. Atanassov:

Definition 1.1. [1,2,3,4] Let X be a nonempty set. An intuitionistic fuzzy set (IFS for
short) A is an object having the form

A= {(z,pa(z),74(2)) : 2 € X}

where the functions g4 : X — I'and 74 : X — I denote the degree of membership (namely
ta(z)) and the degree of nonmembership (namely y4(2)) of each element 2 € X to the set
A, respectively, and 0 < pa(z)+ 74(z) < 1 for each z € X. For the sake of simplicity, we
shall use the symbol A = (2, 4,74) for the IFS A = {{z, pa(x),v4(z)) : 2 € X}.
Definition 1.2. [3,4,6,7,9] Let X be a nopempty set, the IFS’s A, B be in the forms
A= {(z,pa(z),v4(2)):z € X},B = {{z,uB(2),y8(z)) : 2 € X} and let {A;:7€ J} be an
arbitrary family of IFS’s in X. Then

(a) A C Biff pa(z) < pp(z) and ya(z) > vB(z) for each z € X ;

(b))A=BiffACBand BC A;

(c) A= {{z,74(z), pa(z)) : 2 € X} ;

(d) N4; = {{z, Apa (), Vya(e)) 1z € X} ; UA; = {(z, Vs, (2),Ava,(2)) 1z € X}

(e) 0. = {(z,0,1): 2 € X} and 1. = {(2,1,0): 2 € X} .
Definition 1.3. ([6,7,10], cf. [5]) An intuitionistic fuzzy topology (IFT for short) on a
nonempty set X is a family 7 of IFS’s in X containing 0., 1., and closed under finite infima
and arbitrary suprema. In this case the pair (X, 7) is called an intuitionistic fuzzy topological
space (IFTS for short) and any IFS in 7 is known as an intuitionistic fuzzy open set (IFOS
for short) in X.
Remark 1.4. [6,7] Let (X,r) be an IFTS.

(a) 1 = {uc : G € 7} is a fuzzy topological space on X in Chang’s sense.

(b) 75 = {vg : G € 7} is the family of all fuzzy closed sets of the fuzzy topological space
T2 ={1—9g:G € 7} on X in Chang’s sense.



Definition 1.5. [6,7] The complement A of an IFOS A in an IFTS (X,7) is called an
intuitionistic fuzzy closed set (IFCS for short) in X.
Definition 1.6. [6,7] Let (X,7) be an IFTS and A = (2, ua, A4) be an IFS in X. Then the
fuzzy interior and fuzzy closure of A are defined by

cd(A)y=n{K:Kisan IFCSin X and A C K},

int(A) =U{G:Gisan IFOS in X and G C A}.
Proposition 1.7. [6,7] For any IFS A in (X, 7) we have

(a) cl(4) = int(A), (b) int(A) = cl(A).
Definition 1.8. [10] An IFS A in an IFTS (X, 7) is said to be

(a) an intuitionistic fuzzy regularly open (closed) set (IFROS (IFRCS) for short), iff
int(cl(A)) = A (cl(int(A)) = A),

(b) an intuitionistic fuzzy semiopen set, iff there exists an IFOS B in X such that
B C AC cl(B).
Definition 1.9. [8] Let X be a nonempty set, ¢ a fixed element in X and a € (0,1], 8 € [0,1)
such that a + 8 < 1. The IFS ¢(a,) = (z,¢a,1 — ¢1-p) is called an intuitionistic fuzzy
point (IFP for short) in X. An IFP ¢(a,f) is said to be g-coincident with A (denoted by
c(a,B)q A), if & > v4(c) or B < pa(c). _
Notice that, ¢(a, ) C A iff ¢(a,8)¢A and ¢(a, ), Aiff ¢(a,B) € A [8].
Definition 1.10. [8] Let X be a nonempty set; A, B two IFS’s in X. A is said to be
g-coincident with B (denoted by A,B), if there exists z € X such that pa(c) > vB(z) or
74(6) < up(z). _ _
Notice that, A, B if AZ B and A C B iff A/B. [8].
2. Fuzzy multifunctions in IFTS’s
Definition 2.1. (cf. [11]) Let (X, ) be an ordinary topological space and (Y, ®) be an
IFTS. Then F: X — Y is said to be a fuzzy multifunction iff F(z) is an IFS in Y for each
z € X.
In this paper, from this point on, F : X — Y will always denote a fuzzy multifunction.
Definition 2.2. (cf. [11]) For a given F': X — Y and an IFS B in Y, we define the upper
inverse and lower inverse of B under F, respectively, as follows:

F*(By={r€ X :F(z) C B} and F(B)= {2z € X : F(z), B}

Proposition 2.3. ([cf. [11]) For a given F': X — Y and an IFS B in Y, we have

() X\F¥(B) = F~(B),  (b) X\F~(B) = F*(B).

Definition 2.4. (cf. [11]) A fuzzy multifunction F : X — Y is said to be

(a) fuzzy upper semicontinuous (f.u.s.c. for short) at a point zg € X iff for each IFOS
V in Y satisfying 2o € F*(V), there exists an open nbh U of zg such that U C F*(V) (i.e.
F(z) CV for each z € U),

(b) fuzzy upper semicontinuous on X iff F is fuzzy upper semicontinuous at each zop € X,

(c) fuzzy lower semicontinuous (f.l.s.c. for short) at a point z¢ € X iff for each IFOS V
in Y satisfying 2o € F~(V), there exists an open nbh U of zg such that U C F~(V) (i.e.
F(z), V for each z € U),

(d) fuzzy lower semicontinuous on X iff F'is fuzzy lower semicontinuous at each z¢ € X.
Proposition 2.5. (cf. {11]) (a) F: X — Y is fus.c. on X iff F7(V) is an open set in X
for each IFOS Vin Y.

(b) F: X - Yisfls.c. on X iff F~(V')is an open set in X for each IFOS Vin Y.

Now we want to express fuzzy upper (and lower) semicontinuity of F in terms of the
projections of F' onto the component multifunctions F; and F, defined by



Fro(X,r)— (Y, ®1), Fi(2) = pp) and
F:(X,7) = (Y, 22), Fo(z) = 1 — Yp(a)-

Proposition 2.6. If both the multifunctions F; : (X,7) —» (Y,®,) and F2:(X,7) —
(Y, ®,) are f.u.s.c. at 29 € X, then F: X — Y is fu.s.c. at zg € X.

Corollary 2.7. If both the multifunctions Fj : (X,7) = (Y, ®1) and F7 : (X,7) — (Y, ®)
are f.u.s.c. on X, then F: X — Y is fu.s.c. on X.

Definition 2.8. (cf. [11]) A fuzzy multifunction F': X — Y said to be

(a) fuzzy upper almost continuous (f.u.a.c. for short) at a point z9 € X iff for each IFOS V
in Y satisfying zo € F'*(V), there exists an open nbh U of zg such that U C F*¥(int(cl(V)))
(i.e. F(z) C int(cl(V)) for each z € U),

(b) fuzzy upper almost continuous on X iff F' is fuzzy upper almost continuous at each
To € Xa

(c) fuzzy lower almost continuous (f.l.a.c. for short) at a point z¢ € X iff for each IFOS V
in Y satisfying zo € F~(V'), there exists an open nbh U of zg such that U C F~(int(cl(V)))
(i.e. F(z),int(cl(V)) for each z € U),

(d) fuzzy lower almost continuous on X iff F is fuzzy lower almost continuous at each
z9 € X.

Proposition 2.9. (cf. {11]) The following are equivalent to each other:

(a) F: X - Y is fu.a.c. on X.

(b) FH(V) Cint(F*(int(cl(V)))) for each IFOS V in Y.

(¢c) F¥ (V) is open for each IFROS V in Y.

(d) F*(int(cl(V))) is open in X for each IFOS V in Y.

(e) F~ (V) C cl(F~(cl(int(V))) for each IFCS V in Y.

(f) F~(V) is closed for each IFRCS V in Y.

Proposition 2.10. (cf. [11]) The following are equivalent to each other:

(a) F: X - Y isflac. on X.

(b) F~(V) Cint(F~(int(cl(V)))) for each IFOS V in Y.

(¢) F~(V)is open in X for each IFROS V in Y.

(d) F~(int(cl(V))) is open in X for each IFOS V in Y.

(e) FH(V) C cl(F*(cl(int(V)))) for each IFCS V in Y.

(f) F*(V) is closed for each IFRCS V in Y.

Proposition 2.11. (cf. [11]) A fuzzy multifunction F : X — Y is fla.c. (fu.a.c.) on X
iff for any intuitionistic fuzzy semiopen set A in Y, cl(F*(A4)) C F*(cl(A)) (respectively,
cl(F~(A)) C F~(cl(A)).

Proposition 2.12. If both the multifunctions Fy : (X,7) — (Y, ®,) and F; : (X,7) —
(Y, ®,) are f.u.a.c. at 29 € X, then F: X — Y is fu.a.c. at 29 € X.

Definition 2.13. (cf. [11]) A fuzzy multifunction F': X — Y is said to be

(a) fuzzy upper weakly continuous (f.u.w.c. for short) at a point z¢g € X iff for every
IFOS V in Y satisfying zqg € F*(V) there exists an open nbh U of zg in X such that
U C F*(cl(V)) (i.e. F(z) C cl(U) for each z € U),

(b) fuzzy upper weakly continuous on X iff F' is fuzzy upper weakly continuous at each
Zg € X,

(c) fuzzy lower weakly continuous (f.l.w.c., for short) at a point zo € X iff for every
IFOS V in Y satisfying z¢o € F~(cl(V)) there exists an open nbh U of 2o in X such that
UC F~(cl(V)) (i.e. F(z)q cl(V) for each z € U),

(d) fuzzy lower weakly continuous on X iff F is fuzzy lower weakly continuous at each
Zg € X.



Proposition 2.14. If both the fuzzy multifunctions Fy : (X,7) = (Y, ®;) and 5 : (X,7) —
(Y, ®;) are fu.w.c. at zo € X, then F: X — Y is fu.w.c. at zp € X.

Corollary 2.15. If both the multifunctions F; : (X,7) — (Y, ®;) and F, : (X,7) — (Y, ®2)
are fu.w.c. on X, then F: X - Y is fuw.c. on X.

Proposition 2.16. (cf. [11]) F :— Y is flw.c. (f.u.w.c.) iff for every IFOS V in Y,
F=(V) Cint(F~(cl(V))) [respectively, F*(V) C int(Ft(cl(V)))].

Proposition 2.17. (cf. [11]) If a fuzzy multifunction F: X — Y is fu.w.c. (flw.c.) on X,
then cl(F~(V)) C F~(cl(V)) [respectively, cl(F*(V)) C Ft(cl(V))], for any IFOS V in Y.
Notice that the following implication diagram is observed. For a fuzzy multifunction F :

X-Y:
Fisfls.c. (fus.c.) = Fisfla.c. (fua.c.) = Fis flw.c. (fuw.c.)

It is also possible to find examples showing that none of the above implications is reversible,
in general.
3. Fuzzy é-closed sets and fuzzy f-closed sets in IFTS’s
Definition 3.1. (cf. [11]) An intuitionistic fuzzy point ¢(e, ) in an IFTS X is said to be
a fuzzy é-cluster point of an IFS A in X iff each intuitionistic fuzzy regularly open q-nbh of
¢(a, B) is q-coincident with A. The union of all fuzzy é-cluster points of A is called the fuzzy
d-closure of A and is denoted by [A]s. An IFS A4 will be called fuzzy §-closed iff A = [A]s.
The complement of a fuzzy é-closed set is said to be fuzzy é-open.
Definition 3.2. (cf. [11]) An intuitionistic fuzzy point ¢(e, ) in an IFTS X is said to be
a fuzzy 0-cluster point of an IFS A iff for each intuitionistic fuzzy open q-nbh V of ¢(a, §),
cl(V) is g-coincident with A. The union of all 6-cluster points of A4 is called the fuzzy 6-
closure of A and is denoted by [A]s. An IFS A will be called fuzzy 6-closed iff A = [A]g. The
complement of a fuzzy 6-closed set is said to be fuzzy 6-open. '
Proposition 3.3. (cf. [11]) An IFP ¢(«, f3) is contained in cl(A) iff each q-nbh of ¢(a, ) is
q-coincident with A.
Proposition 3.4. Let A be an IFS in an IFTS X.

(a) If an IFP ¢(e,B) is contained in c¢l(A), then ¢(a, B) is a fuzzy é-cluster point of A.

(b) If an IFP ¢(a, ) is a §-cluster point of A, then ¢(w, ) is a fuzzy 6-closure point of
A.
Example 3.5. Let X = {a,b} and

U = (o (2, 2,5 2 and U = (e, (%, 2, (2, ).

Then the family 7 = {0, 1, Uy, Uz, U1NU,, U U, } is an IFTS on X, let us consider the IFS

b b
A given by A = (z,(—%, -Z),(—ag, -Z)) and consider the IFP 5(.4,.2). The only intuitionistic

fuzzy regularly open q-nbhs of b(..4, .2) are U; and 1., and each of them is g-coincident with

A. Thus b(.4,.2) is a fuzzy é-cluster point of A. Now the IFS U; is an IFO g-nbh of (4, .2),

but it is not g-coincident with A. Thus 5(0.4,0.2) is not contained cl(A).
a b, a

Example 3.6. Let X = {a,b},U; = <m’(Z’ -é-),(z, z)) and 7 = {0, 1~,U1}. Let us now
consider the IFP b(.5,.2) and the IFS A = (m,(—%,%),(%,%)). We have cl(Uy) = Uy, A

for the only intuitionistic fuzzy open q-nbh U of -b(.f.), .‘2).' Hence b(.5,.2) is a fuzzy 6-cluster
point of A. Since U; is an IFROS such that 5(.5,.2), Uy, then U; is not g-coincident with
A. Thus b(.5,.2) is not a fuzzy é-cluster point of A.



Proposition 3.7. For a fuzzy lower almost continuous multifunction F : X — Y and for
any IFS Bin Y, if z € cl(F*(B)) and ¢(a, ) C F(z), then c(a, ) is a fuzzy é-cluster point
of B.
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