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Abstract: Intuitionistic fuzzy set theory was introduced by Atanassov as an extension of fuzzy
sets [1]. The algebraic structures like groups, rings, modules, etc. were generalized to intuitionis-
tic fuzzy sets by different authors. Some properties of them were studied [4,9, 11, 14, 15]. In this
study, we generalized the action of a group on a set to intuitionistic fuzzy action. We obtained
some basic results.
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1 Introduction

The intuitionistic fuzzy set theory was introduced by Atanassov in 1983 [1,2] as an extension of
fuzzy sets by enlarging the truth value set to the lattice [0, 1] x [0, 1] is defined as following.

Definition 1. Let L = [0, 1] then
L* = {(xhl'g) € [0, ].]2 LI +[L‘2 S ]_}
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is a lattice with (x1,z2) < (y1,y2) <= “x1 <y and x5 > y”.

For (z1,y1), (x2,y2) € L* the operators A and V on (L*, <) are defined as follows: (z1,y;) A

(22,92) = (min(zy, x2), max(y1,y2)) (1,91) V (22, y2) = (max(z, z2), min(y;, y2)) For each
JCL*

sup J = (sup{z : (z,y € [0,1]), ((z,y) € J)},inf{y : (z,y € [0,1])((z,y) € J)})

and

inf J = (inf{z : (z,y € [0,1])((z,y) € ))},sup{y : (z,y € [0,1])((z,y) € J)}).

Definition 2 ([1]). An intuitionistic fuzzy set (shortly IFS) on a set X is an object of the form
A= {{z,pa(x),va(z)) : 2 € X}

where jia(x), (ua : X — [0,1]) is called the “degree of membership of x in A”, va(z), (va :
X — [0,1]) is called the “ degree of non- membership of x in A”,and where 4 and va satisfy
the following condition:

pa(z) +va(z) <1, forall x € X.

The hesitation degree of x is defined by m4(z) =1 — pa(x) — va(x).

Definition 3 ([1]). An IFS A is said to be contained in an IFS B (notation A C B) if and only if,
forallx € X : pa(x) < up(x)and va(x) > vg(x).

It is clear that A = Bifandonlyif AC Band B C A.

Definition 4 ([1]). Let A € IFS and let A = {{x, ua(z),va(x)) : * € X} then the above set is
called the complement of A

A¢ = {(z,va(x), pa(r)) : v € X}

The concept of intuitionistic fuzzy relation was introduced by Burillo and Bustince. Some
fundamental properties were studied in [6, 7].

Definition 5 ([6]). An intuitionistic fuzzy relation(shortly IFR) is an intuitionistic fuzzy subset of
X XY, that is, is an expression R given by R = {((z,y), ur(z,y),vr(z,y)) :x € X,y € Y}
where g : X XY — [0,1], vg : X XY — [0, 1] satisfy the condition 0 < pg(x,y)+vr(z,y) <1
forany (z,y) € X x Y.

Definition 6 ([13]). Let X be a non-empty set and R € IFR(X).

ERI Foreveryz € X,

then R is called an intuitionistic fuzzy reflexive.
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ER2 Forevery x,y € X,
pr(2,y) < pr(y, o)

vr(z,y) > vr(y, x)

then R is called an intuitionistic fuzzy symmetric.

ER3 Foreveryz,y,z € X,

pr(@,y) A pr(y, 2) < pr(z, 2)
vr(z,y) Vr(y, 2) > vr(z, 2)

then R is called an intuitionistic fuzzy transitive.

If an intuitionistic fuzzy relation satisfies the previous properties then it is called an intuition-
istic fuzzy equivalence relation (I FE(X)).

Now we can talk about intuitionistic fuzzy equivalence classes of R.

Definition 7 ([13]). Let X be a non-empty set, R € IFE(X) and a € X.

la]p = {(z, pa),, (2), V), (2)) : v € X}

where i) (¥) = pir (a,7) ,Vjq), (¥) = Vg (a, 7) is called an intuitionistic fuzzy equivalence class
of aw.rt R.

Intuitionistic fuzzy group theory has been a subject of interest to several researchers. In this
study, we will examined the concept of group action an a set for intuitionistic fuzzy sets. Let’s
firstly remember the definitions of intuitionistic fuzzy group and crisp act.

Definition 8 ([4]). Let G be a group, A € IFS(G). If forall z,y € G,
1. A(zy) > min(A(z), A(y))
2. Az > A(x)

then A called an intuitionistic fuzzy subgroup over G, shortly [ FG(G).

Definition 9 ([10]). Let G be a group and S a non-empty set. - : G x S — S is an action of G
on S ifand only ifforall g, h € G,x € S

1. (gh)z = h(gz)

2. ex ==z
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2 Intuitionistic fuzzy actions

The algebraic structures were generalized using Zadeh [16] extension principle by several authors.
The concept of actions of a group fuzzified by Boixader and Recasens [5]. In this study, we
introduced intuitionistic fuzzy actions of a group on a set by extending definition to the lattice
[0, 1] % [0, 1].

Definition 10. Ler G be a group, S a non-empty set and 6 be a crisp action of G on S.
a:Gx Sqg—10,1] x [0,1]

such that Imf = Sg and & (sy, s') = {< (84, 5") , pta (84, 8') , Vg (Sg,8") >: (84, 8') € G x Sg} is
an intuitionistic fuzzy action of G on S if and only if for all g,h € G,s € S

1.

]

(Shg:y) N (sg,8") < (s}, 8")

2.

ol

(sg,8") N (s}, s") < a(spg, ")
3. a(s.,s) =(1,0)
@ (sg4, ') is the degree of s which is the image of s under the action of g.

Lemma 1. Let G be a group, S a non-empty set and & be an intuitionistic fuzzy action of G on
S. Forg € Gands,s' €5,

a (sg,8") =a(s)1,8).

Proof. 1t is clear that:
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Vg (S, 8) V g (sh1,8) > va (54, 5") O

Example 1. Let G be a group and H be a subgroup of G. An intuitionistic fuzzy action of H on
G is given by a (sy,, hsh™') called intuitionistic fuzzy conjugation by h.

Proposition 1. Let G be a group, S a non-empty set and & be an intuitionistic fuzzy action of
G on S. E is intuitionistic fuzzy equivalence relation on S defined for all s,s' € S, FE (s,s') =
(8¢, ).

Proof. (i) Since i (S, s) = 1 and vz (se, s) = 0 then E (s, s) = (1,0).
(ii) From Lemma 1 we obtain that

Ha (Sev S/) = HUa (Sé, 5)
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and
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So, E (s,s') = E(5,5).
(iii) It is clear form definition,

Ha <367 3,) N Ha (5/e> S”) < Ha (sev SH)

and

]

Theorem 1. Let G be a group, S a non-empty set and @ be an intuitionistic fuzzy action of G on
S.

1. Rs(s,s") = supa(sy,s), forall s, s’ € S is an intuitionistic fuzzy equivalence relation
geG
onS.

2. For all fixed s € S, Gs = {(9, pha (S4,5) , Va (84, 5)) : g € G} is an intuitionistic fuzzy
subgroup of G.

Proof. (1)Since supa (s4, s) > @ (se, s') = (1,0) then Rz (s,s) = (1,0) forall s € S.
geG

/N

s’ 4, s> = R (s',s) forall s, s’ € S.

R (s, 8') = supa (s, s') = supa ( s

geqG geG

Rs(s,8') N Rz (s',5") = (sup&(sg,s’)> A (supa(s’h, s”))
geG heG
=" sup (@ (59, ) A (s}, )
g,heG
< sup @(spg, ") = Rz (s,s”) forall s,s',s" € S.
g,heG
(2) iz (8¢, 8) = 1 Avg (Se, s) = 0, for trivial element e.

Letg, h € G,
p (g 5) 2 i (5 9) A e (5,5
and
Vg (Shg, 8) < vz (8g,5) V Vg (Sh, S)
So, G, (gh) > G, (9) NGy (h) .
Letg € G,
ta (Sg, 8) = Ha (Sg-1,5)
and
Va (Sg,8) = Vg (84-1,9)

Hence, G, (9) = G, (g7'). O

Definition 11. Let G be a group, S a non-empty set and & be an intuitionistic fuzzy action of G
on S. The intuitionistic fuzzy equivalence class of s € S w.r.t Ry is called intuitionistic fuzzy orbit

of s.
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Example 2. If & an intuitionistic fuzzy action of G on itself then the intuitionistic fuzzy orbit of
r € G, A, ={gsg' : g € G} called intuitionistic fuzzy conjugacy class of s.

Vx (€7$7y) \% Va (eaya Z) Z Va (673:72) .

3 Conclusion

The concept of intuitionistic fuzzy action can be used on Sylow theorems and other structure theo-
rems for groups for intuitionistic fuzzy set theory. Also, intuitionistic fuzzy action will be studied
on modal operators. Intuitionistic fuzzy modal operators have interested several authors [3,8,12].
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