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1 Introduction

In 1965, the concept of fuzzy set was introduced by Zadeh [14] in domain X and [0, 1]. In 1986,
Atanassov [1] introduced the notion of an intuitionistic fuzzy sets. Afterward, Park [8] gave the
notion of an intuitionistic fuzzy metric space and generalized the notion of a fuzzy metric space
due to George and Veeramani. In 2008, Saadati et al. [10] modified the idea of an intuitionistic
fuzzy metric space and presented the new notion of an intuitionistic fuzzy metric space.
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On the other hand, in 1981, Heilpern [3] developed fixed point theory in fuzzy metric
spaces, introduced the concept of fuzzy contraction mappings and proved some fixed point
theorems for fuzzy contraction mappings. Afterward, in 2006, Rafi and Noorani [9] introduced
the concept of intuitionistic fuzzy contraction mappings and proved the existence fixed point in
intuitionistic fuzzy generalized metric spaces for an intuitionistic fuzzy contraction mappings.
We introduce intuitionistic fuzzy contraction mappings in intuitionistic fuzzy generalized metric
spaces. The presented theorems, extend, generalize and improve the corresponding result which
given in the literature.

Definition 1.1. A binary operation ¢ : [0, 1] x [0, 1] — [0, 1] is said to be a continuous
t-conorm if it satisfies the following conditions:

1) ¢ is associative and commutative,

ii) ¢ 1is continuous,

iii) a® 0=aforalla €[0,1],

iv) a® b<cOdwhenevera<candb<d, foreacha,b,c,d € [0, 1].

Definition 1.2. A 5-tuple (X, M, V', *, 0) is said to be an intuitionistic fuzzy generalized metric
space (shortly IFGM-space), if X is an arbitrary set, * is a continuous z-norm, < is a continuous
t-conorm and M, V" are fuzzy sets on X 3% (0, ) satisfying for all x, y, z,a € X and s, t > 0, the
following conditions

(IFGM-1) Mx,y, 2, )+ N (x,y,z,1) =1,

(IFGM-2) M (x,y,z,t)>0,

(IFGM-3) M (x,y,z,t)=1ifandonlyifx =y =z,

(IFGM-4) M (x,y,z,t) =M (p{x, y, z}, t), where p is a permutation function,
(IFGM-5) M x,y,z,a,t) * M (a,z,2,8) <M (x,y,Z,t+5),

(IFGM-6) M (x,y,2z.):(0,0)— [0, 1] is continuous,

(IFGM-7) Nix,y,z,0) <1,

(IFGM-8) N, y,z,t)=0ifandonly if x =y =2z,

(IFGM-9) N, y,z,t) =N (p{x, y, z}, t), where p is a permutation function,
(IFGM-10) N, y,z,a,0) QN (a,2,2,8) >N (x,y, 2, t +5),

(IFGM-11)  N(x,y, z,.) : (0, 0) — [0, 1] is continuous.

The above definition, the triangular inequality (IFGM-5) and (IFGM-10) are replaced by

M (x,y,z,a,t)* M (a, z,2,8) <M (x,y, z, max {t, s})
and
N, y,z,a,1) O N(a, z,z,8) > N(x, y, z, min {t, s}).

Then the 5-tuple (X, M, V', *, Q) is called a non-Archimedean intuitionistic fuzzy generalized
metric space. It is easy to check that the triangular inequality (NA) implies (IFGM-5) and (IFGM-
10), that is every non-Archimedean intuitionistic fuzzy generalized metric space is itself an
intuitionistic fuzzy generalized metric space.
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Definition 1.3. Let (X, M, V', *, 0) be an intuitionistic fuzzy generalized metric space. Then
a) A sequence {x,} in X is said to be converges to a point x € X, if for all > 0,

lim M'(x,X,%x,,t) =1 and lim NV (X, x, Xy, t) = 0.
n—o0o

n—-oo

b) A sequence {x,} in X is said to be a Cauchy sequence if for all € > 0, there exists noe N
such that for all m, n > no, we have M (xn, Xn, Xm, t) > 1 — & and N (xu, Xn, Xm, ) > €.
c)  Xis complete if every Cauchy sequence is converges in X.

Lemma 1.4. Let {x,} be a sequence in a intuitionistic fuzzy generalized metric space
X, M, N, * 0), if there exists a constant k € (0, 1) such that M (X, Xp4+1,Xn+1, Kt) =
M (Xp—1, X, Xn, t) and NV (Xp, Xpt1, Xn+1, K < N (Xp—1, Xp, Xp, t) for all # > 0. Then {x.} is
Cauchy sequence in X.

2 Main results

Definition 2.1. Let (X, M, N, * ¢) be an intuitionistic fuzzy generalized metric space.
A mapping T : X — X is an intuitionistic fuzzy generalized contractive mapping, if there exists
k € (0, 1), such that

1
—-1) <k (— - 1)
(M (Tx, Ty, Tz, t) ) M(x,y,z,1t)

and N(Tx, Ty, Tz, t) > k, N'(x, y, z, 1), for each x, y, z€ X and t > O (k is called the contractive
constant of 7).

Proposition 2.2. Let (X, d) be a metric space. The mapping f: X — X is metric contractive on (X,
d) with contractive constant £ if and only if fis intuitionistic fuzzy generalized contractive, with
contractive constant k, on the intuitionistic fuzzy generalized metric space
X, M, V', *, 0), induced by d.

Proposition 2.3. Let (X, My, Ny, *, ¢) be an intuitionistic fuzzy generalized metric space induced
by the metric d on X. The sequence {x,} in X is contractive in (X, d) if and only if {x,} is
intuitionistic fuzz generalized contractive in (X, My, Ny, *, 0).

Definition 2.4. Let (X, M, N, * 0) be an intuitionistic fuzzy generalized metric space.
A sequence is called {x,} G-Cauchy iff foreachz>0andp € N,

llm M(Xn+p, Xn+p, Xn, t) = 1, 111’1’1 W(Xn+p, Xn+p, Xn, t) = 0.

n—»oo n—yoo
A intuitionistic fuzzy generalized metric space in which every G-Cauchy sequence is convergent
is called G-Complete.

Theorem 2.5. Let (X, M, N, * 0) be a complete non-Archimedean intuitionistic fuzzy
generalized metric space where the continuous #-norm * is defined as min and continuous
t-conorm ¢ is defined as max and 7 : X — X be a self mapping on X such that for each
x,y,z€ X, t>0,
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) «(semymm~ V) * B Gz — 1) + 7 Gy — 1)

2.5.1)
M (Tx,Ty,Tz,t) 1 _ 1
6 (J\/[ (y, Ty, Tz,t) 1) +tn (J\/[ (Tx,Ty,z,t) 1)
aN (x,y,z,t) + BN (x,Tx, z,t) + y N (x, Ty, Tz, t)}
>
N(Ix Ty 120 2 { SN (y, Ty, Tz, t) + nN(Tx, Ty, z, t) ’ (2.5.2)

where a, B,v,9,n€ [0,1]andk=a+ P + v+ 6+ 1< 1. Then T has a unique fixed point.

Proof: Let x € X and t > 0 be arbitrary and consider a sequence pickard iterations x,, defined
inductively by xo = x, x1 = xo, ..., Xxa+1 = T (xn) for each n € N, we will show that x, is fuzzy
contractive. From (2.5.1) and (2.5.2) by replacing x = x,, y = X»+1 and z = x,41, We get

Crremem 1) = Geomrs 1)
M (Xn, Xn+1.Xn+1,t) M (Txpn—1, Txn,TXxp,t)

(“(m‘l)”(m“ixmm +\
S i 14 (M(xn_l,Tlxn,Txn,t) N 1) +o (M(xn Tchn TXn, 0 + f

n (M (Txp-1 1Txn Xn,t) 1)

[ bV G~ )
= 4| ' (M(xn_l'xrll“‘x”’fl’t) a 1) +90 (JV[ Gony XnsiXnst) }
‘ J

1~ 1)

N(Xn, Xn+], Xn+],t) = N(TXH-I, TXn, TXn, t)

>{ a N (Xp—1,Xn X, £) + BN (Xn_1, TXp_1,Xn, t) + }
Y N (Xn_1, TXp, TXp, t) + 8 N (Xp, Txp, TXp, t) + 1 N (Txy_q1, TXp, Xp, t)

aNXny_1,%Xn Xpt) + BN (Xp_1,Xp, X, £) +
ZVY N (Xn-1,Xn+1,Xn+1,£) + 6 N (Xn, Xnt1,Xnt1, 8) + 0N X, Xn1, Xn, O (-

By our choice of -norm * and 7-conom ¢ and triangular inequality in the above, we have

M (Xn-1,Xn+1Xn+1,t) ~ \min{M (Xn+1,Xn+1.Xn,0.M Xn, Xn-1,Xn-1,0}
1 1
= max( -1 - 1)

M (Xn, Xn+1.Xn+1,t) "M (Xn, Xn-1.Xn-1,t)

and
N (Xn-1, Xns1, Xne1, £) = min { N (Xn+1, Xn+1, Xns 1)y N (Xny Xn-1, Xn-1, 1) }
=min { N (Xn, Xn+1, Xn+1, 1)y N (Xn, Xn-1, Xn—1, 1) }

1
_ 1)
<M (Xni Xn+1'Xn+1't)

1 1
<(oa+ B +3d+ )max{ -1, —1}
B " M (Xn—l;Xn; Xn» t) M (Xni Xn+1'Xn+1't)
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1 1
+y max{ -1, — 1}
M (Xni Xn» Xp+1 t) M (Xn:Xn—b Xn-1, t)

and

N Xn, Xnst, Xne1, D> (o + B+ 6 + 1) min { N (Xn1, Xn, Xn, 1), N (Xn, Xnt1, Xn+1, 1) }
+ymin { NV (xn, Xn, Xn+1, 1), N (Xn, Xn—1, Xn-1, )},

hence,

1 1 1
( — 1) < kmax{ ~1, -1}
M (Xn, Xn+1, Xn+1,t) M (Xn-1,Xn, Xn,t) M (Xn, Xn+1.Xn+1,t)
and
N(Xn, Xn+1s Xn+l1, t) Z k I‘nlIl { N(anl, Xn, Xn, t), N(Xn, Xn+1s Xn+l1, t)},

where k < 1, this implies

1 1
( —1>Sk< —1)
M (Xn' Xn+1r Xn+1» t) M (Xn—lf Xn» Xp» t)
and
N(-xn, Xn+1, Xn+l1, t) >k N(xnfl, Xny Xn, t).

So, sequence {x,} is intuitionistic fuzzy generalized contractive sequence.
Since (X, M, V', *, Q) is a complete intuitionistic fuzzy generalized metric space.

So, sequence {x,} converges to u for some u € X. Now, we shall show u is fixed point of 7.
From (2.5.1) and (2.5.2), we have

(1) <
M (Tu,Txp, TXp,t)

“Grans ~ VB Gramms Dt Gramems U

SGrommoms~ U ey — 1)

N(Tu, Txn, Txn, 1) > {0‘ N (U, Xp, Xp, 1) + BN (u, Tu, xp, t) + v N (u, Txp, TXp, t) +}

ON (%, Txp, Txy, t) + NN (Tu, Txy, Xy, £)

Taking the limit as n — oo, we obtain,

(m‘l) SWW*)”(W*)}

Sk( —1)
M (u,u, Tu,t)
and

N(Tu, u, u, t) >{PN (u, Tu,u,t) + NN (Tu,u,u,t)} >k N(u, u,Tu, t).
Since k < 1, we have M (u, u, Tu, t) = 1 and N (u, u, Tu, t) = 0. Thus Tu = u.

Uniqueness: Suppose there exist v € X such that 7v = v and v # u. Now, we consider
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M@, v, v, t) = M(Tu, Tv, Tv, t)

< {G(M (u,lv,v,t) a 1) +B<M (u,i‘u,v,t) B 1) + y(]\/f (u,;v,Tv,t) B 1) +l

k S(M (v, Tlv, Tv, t) B 1) +n (M (Tu,%I‘V, v, t) B 1) J
1 1 1
< {a(]\/[ (u,v,v,t) B 1) +B<M (u,u,v,t) B 1) + Y(]Vl‘ (u,v,v,t) B 1) +l
- 1 1
k 6(M (v,v,v,t) 1) + T]<J\/[ (u,v,v,t) B 1) J

1
<@tp+r e (s~ Y

1
PV —
M (u,v,v,t)
and

N@,v,v,t)=N(Tu, Tv, Tv, 1)

>{a]\f(u,v,v,t)+ BN (u, Tu,v,t) + yN(u,TV,TV,t)+}
- ON(v,Tv,Tv,t) + n N (Tu, Tv,v,t)

>{(x]\f(u,v,v,t) + BN (wuv,t)+ yN(u,v,v,t) +}
- SN(v,v,v,t) + nN(u,v,v,t)

>(@+B+y+n) N, v,v,1) = kN, v,v,1).

Since k < 1, we have M (u, v, v, t) = 1 and N'(u, v, v, t) = 0. Then u = v. Therefore u is fixed point
of T. O

Theorem 2.6. Let (X, M, V', *, 0) be a G-complete intuitionistic fuzzy generalized metric space,
where the continuous -norm * is defined as min and continuous ¢-conorm is defined as max and
T : X — X be self mapping on X such that foreach x, y,z€ X, >0, ke (0, 1).

1 «(rmyzn ~ D) P Gramas ~ U+ Gramym — D) +
Grammmm~ 1) <

( 1 1 2)
M (y,Ty,Tz,2t) M (Tx,Ty,z,2t)

aN (x,y,z,t) + BN (x,Tx,z,t) + y N(x, Ty, Tz, t) +}

>
N(Tx, Ty, Tz, 0 2 { 6 {IV (y, Ty, Tz, 2t) + N (Tx, Ty, z, 2t)}
Where a, 5, 7,0 € [0, 1]and k=a + S + y+ 0 < 1. Then T has a unique fixed point.

Proof: The proof is very similar as the Theorem (2.5). Instead of this equation (2.5.1) and (2.5.2)
we have

1 1
( -1) < (= - 1)
M (Xn-1, Xn+1, Xn+1,20) min{M (Xn+1,Xn+1,Xn,0M (Xn,Xn-1,Xn-1,0}

1 1

M (Xn, Xn+1, Xn+1,t) s (XnXn-1,Xn-1,t)

= max( - 1) and

N (Xn-1, Xns1, Xn+1,28) = min{N (Xns+1, Xn+1, Xn, 1), N (Xn, Xn-1,Xn-1, 1) }

= mln{N(Xn, Xn+1’ Xn+1’ t)7 N (Xn, Xn'ly Xn—l’ t)}
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Proceed as the proof of the Theorem (2.5). Then, the sequence {x,} is intuitionistic fuzzy
generalized contractive, Thus, by Definition (2.4) is G-Cauchy. Since X is G-complete, {x,}
converges to u for some u € X. Instead of (2.5), we find

Grammms — 1) <
(s~ Y P Gramns ~ 1) Y Gramems ~ U+

1 1
(M(xn,Txn,Txn,Zt) M (Tu,Txp,Xp,2t) N 2)
a N (u, X, X, t) + BN (u, Tu, x,,t) + vy N (u, Txy, TXp, t) +
6 (W (Xp, Ty, TXp, 2t) + N(Tu, Tx,, Xp, 2t)) }
Taking the limit as n — oo, we obtain

N (Tu, TXn, TXn, 1) Z{

(]V[ (Tu,lu, u,t) B 1)

1 1 1
= {B (M (u,Tu,u,t) N 1) +39 (M (Tw,u,u,2t) - 1)} =k (M (u,u,Tu,t) N 1)’
N(Tu, u, u, t)>{BN(u, Tu,u,t) + S N(Tu,u,u,2t)} >k N(u, u, Tu, t).
Since k< 1, we have M (u, u, Tu, t) =1 and N (Tu, u, u,t) = 0.

Thus Tu = u. It is found that fixed point is unique. ]

Remark 2.7. A similar proof, it is found that the generalized contraction condition (2.5.1) and
(2.5.2) are equivalent to following:

( 1 . ) < kmax (M (x,ly,z,t) h 1) ’ (M (x;‘x,z,t) - 1) ’ (M (X,;y,Tz,t) - 1) ’
MY TED (]V[ (y,le,TZ,t) N 1) ! (M (Tx,lTy,Z,t) - 1)

( 1 . ) < kmax (M (x,ly,z,t) h 1) ’ (M (x;‘x,z,t) - 1) ’ (M (X,;y,Tz,t) - 1) ’
M (Tx,Ty,Tzt)

) Grommas — V) Grmeryzzs — 1)

N "lt)N 'T' ytrN ,T,T,t,
N(Tx,Ty,Tz,t)zkmin{ (x%,y,2,0),N(xTxz), N (xTy, Tz )}

N(y, Ty, Tz, t), N (Tx, Ty, z, t)

N(x,y,2,t), N(xTx, zt), N(x, Ty, Tz t),
N(Tx,Ty,Tz,z)zkmin{ (6, y,2,), N (%, Tx,z,0), V' (x, Ty, Tz )}

N (y, Ty, Tz, 2t), N (Tx, Ty, z, 2t)

Respectively, where k € [0, 1]. O
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