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1 Introduction

Definition 1 (cf. [1]). Let X be a nonempty set. A fuzzy set A drawn from X is defined as

A= {(z, pa(2))| z € X},
where pa(x) : X — [0,1] is the membership function of the fuzzy set A.

Definition 2 ([2,3]). Let X be a nonempty set. An intuitionistic fuzzy set A in X is an object
having the form

A= {{z, pa(z), va(e))| v € X},

where the functions
pa(@),va(z) : X — [0,1]

define respectively, the degree of membership and degree of nonmembership of the element x €
X, to the set A, which is a subset of X, and for every element x € X |

0 < palz)+rva(z) <1
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Furthermore, we have
ma(z) =1 — pa(z) —valz)

called the intuitionistic fuzzy set index or hesitation on margin of x in A. mwa(x) is degree of
indeterminacy of x € X to the IFS A and w4 (z) € [0,1] i.e.,

ma: X —[0,1]
forevery x € X . my(x) expresses the lack of knowledge of whether x belongs to IFS A or not.

Definition 3 ([2,3]). Let A and B € X be IFS. For every two IFS’s A and B the following
operations and relations are valid.

A ={{z,pa(z),va(z))| z € X}
B {(z, /LB(SU%VB(@H z € X}
= {{z,va(x), pa(x))| x € X}
A@B {(z, b2 1)2#3(90)’ VA($)+VB(I)> ze X}
A = B = {(z,max(va(z), pp(z)), min(pua(z),vg(x))| z € X}
ANB = {{z,min(ps(z), up(x)), max(vs(x),vg(x)))| v € X}
AU B = {(z, max(pa(z), pp(x)), min(va(z), ve(z)))| = € X}
A® B = {(z,palz) + pp() — pa(z).pp(x), va(z).vp(z))| v € X}
( )

(@
A B = {{r. pa() (o), wa(a) - vole) — va(e)vm(e}] = € X}
AS$SB={(z \/2,UA<) (()\/2VA() ((95)>>|»"U€X}
nalx valx x
AR B ={a S o ey = € X

Definition 4 ([2,3]). Let X be nonempty. If A is an IFS drawn from X, then;

(i) DA = {{z, pa(@))| 2 € X} = {{z, pa(@), 1 — pa(x))| v € X}
(171) QA ={(z,1 —va(x))|xz € X} ={(z,1 —va(z),va(x))| z € X}

Theorem 1 ([2,3]). Let X be nonempty. For every IFS A in X;

(a) O0A =D0A
(b) O0A=0A
(¢c) OOA=0A
(d) 00A = 0A

Theorem 2 ([2,3]). Let X be nonempty. For every IFS A and B in X :
OAQOB = O(AQ@B)
Theorem 3 ([2,3]). Let X be nonempty. For every IFS A and B in X :
Q0AQ OB = Q(AQB)
Theorem 4. Let X be nonempty. For every IFS A and B in X :
(DAeOB)@(OA®OB)=04A@0OB
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Proof.

(HA®OB) = {(z, pa(@) + pp() — pa(@).pp(x), (1 = pal2)).(1 — pp(2))| = € X}
(OA®OB) = {(z, pa(@).pp(x), 1 = palr) + 1 = pp(zr) = (1 = pa(r)).(1 — pp(r)))| z € X}
(

(0A@0OB) @ (OA®OB) = {< ””)‘2””3( ) pa $);“B<x)>|xex}

(DA@OB)@ (DA®OB)=0AQ@0OB ]
Theorem 5. Let X be nonempty. For every IFS A and B in X;

(OA® OB) @ (0A® OB) = 0AQ OB
Proof.

(CA® OB) = {{x,1 —va(z)+ 1 —vp(r) — (1 —va(x)).(1 —vg(x)),valx).vp(x))| € X}
(0A®OB) = {{z, (1 = va(2))-(1 = vp(x)),va() + vp(x) — va(z).vp(2))| v € X}

(0A® OB) @ (0A® OB) = {( 22 ”B(x; — val@) va(@) ; vB@)y) e X}

(0A®OB) @ (0A® OB) = 0AQ OB 0

Theorem 6. Let X be nonempty. For every IFS A and B in X;
(JDA@OB)$ (DA#0B)]=0A%$0B

Proof.

(04 OB) {@3’ pa() + pp(r) 1_/~LA(1;>+1_MB($)>|$GX}

2 ’ 2
{2 p(e) 20— pa@) (1 o),
@A#DB){( a(e) s 1= jale >+1—u3<> 4 EX}

(0A©0B)§ (OA # 0B) = { (3, Va@)-1(2), V(L= pa@)-(L— (@) | v € X }
(0A@OB)$ (JA# OB)] =UA$ OB

O
Theorem 7. Let X be nonempty. For every IFS A and B in X :
(CAQOB)$ (OA# OB)|=0A$ OB

Proof.

(0A@OB) = {@% el 1o vele) ) Loy o EX}

. 2.(1 —va(x)).(1 —vp(x)) 2VA< ).vp(T) .

043 08) = { o B S GX}

(0A@OB) S (OA# OB) = {(x, VI = va(@)-(1 = vp(2)), Vval2) |z € X}

[(QCAQOB)$ (OA# OB)| =0A$ OB O
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Theorem 8. Let X be nonempty. For every IFS A and B in X:
O[(0A@OB)] = [0(A Q@ B)J
Proof.
(0A@OB) = {<x | — a@hn@) ra@ive@y) o ¢ X}
(0A@ OB = {(u, raledfenlel |y — valehpuny) oy ¢ X}

O[(0A @ OB)] = {( ($)+u3(w)’ 1— VA(fC)-H/B >| = X}
D[0A@OB)]=[0(A@B)]* O

Theorem 9. Let X be nonempty. For every IFS A and B in X:

(OA® OB)° Q@ ((0A) ®OB)| U (HA) = (OA)°

Proof.
(O0A® OB)
= {(z, pa(r) + 1 —vp(x) — pa(z).(1 —vp(r)), (1 — pa(z)).va(z)) | v € X}
(OA e OB)
= {(z, pa(r) + 1 —vp(x) — pa(z) + pa(r).vp(z), ve(r) — pa(r).vp(r)) |z € X}
(OA® OB)°

= {(z,vp(r) — pa(z).vp(z), pa(r) + 1 —vp(x) — pa(x) + pa(r).vp(r)) | v € X}
(O04)° = {{z,1 — pa(z), pa(z)) | v € X}

(BA) @ OB)

= {(z, (1 = pa(@)).(1 = vp(2)), pa() + vp(x) — pa(z).vp(x)) [ v € X}
(BA)® OB)
= {(&,1 = pa(e) —vp(2) + pa(r) vp(@), pa(e) + ve(z) — pa(z)vp(r)) |z € X}

(OA@ OB) @ (DA ® OB)
_ {<VB(I)—MA(I)VB(I)+1—MA(I)—VB(r)+uA(x) ()

2
2)+1—vp(z)— T z).vg(x )TV
7;LA( )+1-vp (@) —pa(@)+pa(z) 59( Jtpa(@)tvs(@)—pa(z) )| r e X}

(A OB) @ ((DA) ® OB)
{ 1- MA 1+HA$)>|$€X}
(OA)° = {(z,1 — pa(z), pa(z)) |z € X}
(OA® OB) @ (DA © OB)] U (DA
(el gy (a)), min(%>ﬂA(-¢)> K EX}
(BA® OB)° @ ((HA)®OB)| U (LA)°
= {{#,1 - pa(x), pa(x)) | v € X}
(OA® 0B)° @ (OA) © OB)| U (DA = (DA)F O

— {{r.max
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