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Abstract: In this article we will define mathematical operation symmetrical difference over 
intuitionistic fuzzy sets, and explore its properties. 
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Symmetrical difference over ordinary sets is defined in Kuratowski [1] through basic 
operations (union, intersection, negation) over ordinary sets in this way.  

 ( ) ( )BABABA II ∪=÷      (1) 
 Over intuitionistic fuzzy sets (IFS) are defined different operations and relations, e.g.: 

BABABABABABABABAABABA aUI ,,$,@,.,,,,,, ∗+=⊂ . These operations and their 
properties are proved in Atanassov [2]. We will use some of them to proof the operation 
symmetrical difference. 
 
Proposition 1: Let A and B are IFSs over E and operation  symmetrical difference is defined 
on this way. 

{ ))),(),(min()),(),(max(min(, xxxxxBA BABA µννµ=÷  

}Exxxxx BABA ∈)))(),(max()),(),(min(max( νµµν .      (2) 

Proof: { ))),(),(min()),(),(max(min(, xxxxxBA BABA µννµ=÷  

}Exxxxx BABA ∈)))(),(max()),(),(min(max( νµµν  
             ={ }UExxxxxx BABA ∈))(),(max()),(),(min(, µννµ  

           { }Exxxxxx BABA ∈))(),(max()),(),(min(, νµµν  

            ={ } { }UI ExxxxExxxx BBAA ∈∈ )(),(,)(),(, µννµ   

     { } { }ExxxxExxxx BBAA ∈∈ )(),(,)(),(, νµµν I  

             = ( ) ( )BABA IUI . 
            and BBAA ,,,  are IFS. 
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The geometrical interpretation of the symmetrical difference is the following. If A and B are 
two IFSs over E, then a function BAf ÷  will assign to Ex∈  a point Fxf BA ∈÷ )(  with 
coordinates: 
{ ))),(),(min()),(),(max(min(, xxxxx BABA µννµ }Exxxxx BABA ∈)))(),(max()),(),(min(max( νµµν  
Here is presented geometrical interpretation of symmetrical difference over IFS (Figure 1). 
 

fA

fBfA÷B

 
     ( BBAA µνµν =<< ) 
              Figure 1. 
 
 

 
Properties of symmetrical difference over IFS. 

 
Property 1: AAAA I=÷ .  
Proof: Let A is IFS  then we can  write down expression AA÷ . 

{ ))),(),(min()),(),(max(min(, xxxxxAA AAAA µννµ=÷  

}Exxxxx AAAA ∈)))(),(max()),(),(min(max( νµµν  

         { }Exxxxxx AAAA ∈= )(),(max()),(),(min(, µννµ    

         { } { }ExxxxExxxx AAAA ∈∈= )(),(,)(),(, µννµ I    

          AAI= .  
 
Property 2: ABBA ÷=÷ . 
Proof: Let   A and B are IFS then we can present BA÷  and AB ÷  with operations union, 
intersection and negation and examine the equality ABBA ÷=÷ . Hence: 
 
 ( ) ( )BABABA IUI=÷   
 ( ) ( )ABABAB IUI=÷   
 ( ) ( ) ( ) ( )ABABBABA IUIIUI =⇒  
 ( ) ( ) ( ) ( )BABABABA IUIIUI =⇒    ( ABBA II =  - see Atanassov [2]) 
 ( ) ( ) ( ) ( )BABABABA IUIIUI =⇒  
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Property 3: ( ) ( ).ABBABA aUa=÷  
Proof: Here for our proof we will use implication over IFS .BABA Ua =   
 Hence: 
 ( ) ( ).ABBABA aUa=÷  

 ( ) ( ) ( ) ( )ABBABABA UUUIUI =⇒     ( BABA Ua = - see Atanassov [2])  

 ( ) ( ) ( ) ( )ABBABABA IUIIUI =⇒     ( BABA IU = -see Atanassov [2]) 
 ( ) ( ) ( ) ( )BABABABA IUIIUI =⇒      ( ABBA II = -see Atanassov [2]) 
 
Property 4: ( ) ( )ABBABA aIa=÷  
Proof: In order to examine the equality we will use implication over IFS .BABA Ua =  
Hence: 
 ( ) ( )ABBABA aIa=÷  

 ( ) ( )ABBABA aUa=÷⇒    ( BABA IU = -see Atanassov [2]) 

 ( ) ( ) ( ) ( )ABBABABA UUUIUI =⇒     ( BABA Ua = - see Atanassov [2])  

 ( ) ( ) ( ) ( )ABBABABA IUIIUI =⇒     ( BABA IU = -see Atanassov [2]) 
 ( ) ( ) ( ) ( )BABABABA IUIIUI =⇒      ( ABBA II = -see Atanassov [2]) 
 
Following properties don’t hold from definition of symmetrical difference over IFS. 
 
Property 5. ( ) ( )CBACBA ÷÷=÷÷ .  
Property 6. ( ) ( ) ( ) CBACBCA ÷=÷÷ II . 
Property 7. ( ) ( ) ( )CBCACBA ÷÷=÷ UU . 
Property 8. ( ) ( ) ( )CBCACBA ÷+÷=÷+ . 
Property 9. ( ) ( ) ( )CBCACBA ÷÷+=+÷ . 
We will check equality 5 and the other equalities from 6 to 9 can be verified on the same way. 

{ ))),(),(min()),(),(max(min(, xxxxxBA BABA µννµ=÷  

          }Exxxxx BABA ∈)))(),(max()),(),(min(max( νµµν . 
 ( ) { )),())),(),(min()),(),(x(min(max(min(ma, xxxxxxCBA CBABA νµννµ=÷÷  
  ))),())),(),(max()),(),(x(min(min(ma xxxxx CBABA µνµµν   
  ))),())),(),(max()),(),(n(max(min(max(mi xxxxx CBABA µνµµν  

}Exxxxxx CBABA ∈)))())),(),(min()),(),(n(max(max(mi νµννµ . 

{ ))),(),(min()),(),(max(min(, xxxxxCB CBCB µννµ=÷  

          }Exxxxx CBCB ∈)))(),(max()),(),(min(max( νµµν  
  ( ) { )))),(),(max()),(),(min(max(),(max(min(, xxxxxxCBA CBCBA νµµνµ=÷÷  
  ))))),(),(min()),(),(max(min(),(min( xxxxx CBCBA µννµν  
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  )))),(),(min()),(),(max(min(),(min(max( xxxxx CBCBA µννµν  
    }Exxxxxx CBCBA ∈)))))(),(max()),(),(min(max(),(max( νµµνµ .  
If A, B and C have concrete values like these  

{ },1.0,2.0, ExxA ∈=  

{ }ExxB ∈= 3.0,4.0, , 

{ }ExxC ∈= 41.0,42.0,  
then 

( ) { }ExxCBA ∈=÷÷ 41.0,3.0,  
and  

( ) { }ExxCBA ∈=÷÷ 4.0,2.0, . 
 From these results we can see that these expression is not equation.  
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