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1 Introduction

Fuzzy sets were introduced by Zadeh [10] as an extension of classical (crisp) sets by expanding
the value of membership of an element in any universal set to the real unit interval [0, 1]. If we
choose X as a universe set, then the function u : X— [0,1] is called a fuzzy set over X. The family
of fuzzy sets is denoted by FS(X), for brevity. For x € X, u(x) is called the membership degree of
x and 1 — u(x) is called the non-membership degree of x.

One of the extension of the fuzzy sets is introduced by Atanassov in 1983 [1]. These sets
were defined from an universe set to the lattice [0, 1] x [0, 1], and called intuitionistic fuzzy sets.
The family of intuitionistic fuzzy sets is denoted by IF'S(X), for brevity. In any intuitionistic fuzzy
set, any element of universe has membership, non-membership and hesitation degrees, the sum
of which is 1.
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For fuzzy sets, the concept of level sets was originally introduced by Zadeh [1]. By level
sets, we are able to descend to the classical sets and get some properties for the fuzzy sets using
classical set properties. This method can allow us to extend the operations and structures defined
on crisp sets to the case of fuzzy sets [3].

Atanassov carried the idea of level sets of fuzzy sets to intuitionistic fuzzy sets [2]. The
definition of the level set of any intuitionistic fuzzy set is also a crisp set, like in the fuzzy sets
case [5, 7, 8].

The different type of level set of intuitionistic fuzzy sets was given by author [4]. In
contrast to the other definition, level sets were defined as s-fuzzy sets. In this way, one can say
that a level set of any intuitionistic fuzzy set need not be a classical set, but the level of it is
classical set.

By means of the definitions of intuitionistic fuzzy sheet t-level set, intuitionistic fuzzy
o—t block level set and intuitionistic fuzzy 7-subset of the representation theorem can be stated.

2 Intuitionistic fuzzy sheet and block level sets

In this section, for our purposes, we will give some definitions and properties of the intuitionistic
fuzzy sets with respect to the level sets. The first definition of a level set for IFSs is the following.

Definition 1: [2] Let A € IFS(X). Then the (a, f)-level of A and the strong (a, f)-level of A are
crisp subsets of the X, respectively, and are given by

Cap)(4) = {x|x € X suchthat py(x) = a,v4(x) < B}

Ceqp>(4) = {x|x € X such that u,(x) > a,v4(x) < f}

where a, f € [0,1] with a +  <1.
Definition 2: [4] Let X be a set and A = {< x, g (x),v4(x) > | x € X} € IFS(X). If t € [0,1]
then sheet #-level of A is defined as following

A() = {<x,u0(x),v4(x) > | ua(x) +v4(x) = t,x € X}.

The sheet 7-level of an intuitionistic fuzzy set, for each ¢ € [0,1], indicates discrete sheets. Each
sheet #-level set can be specified as a fuzzy set. From the above definition, it is easily seen that
for every t € [0,1], A(t) € FS(X). Because A(t):X — [0,t] and [O,t] ~ [0,1]. For short
notation, A(¢) will be called s-fuzzy set on X, i.e. A(t) € FS;(X)).

Proposition 1: [4] Let X be aset and A, B € IFS(X). For every t € [0,1],
1. (AU B)(t) = A(t) U B(t)
2.At) N B(t) = (AN B)(t)
3. (A%(1)° = A1)
Proposition 2: [4] Let X be a set and A € IFS(X). If ¢, s € [0, 1], then either A(f)NA(s) = & or
r=s.
Corollary 2: [4] There exist an equivalence relation on X such that the sheet r-levels are

equivalence class of that relation.

Definition 3: [4] Let X be a set and A € IFS(X). If t € [0,1] and « € [0, t], then

16



Ay ={x|x € X, A(t)(x) = (a,t — @)}

is called o—t block level of A.

From above definition, it is seen easily that A(t), is a crisp set. Firstly, we obtained a s-fuzzy
set by A(?) and then it is reduced to the A(t), crisp set. Some special cases are as follows.
Proposition 3: [4] Let X be a set and A € IFS(X). If t € [0,1] then

A(t)e ={x | x € X, pa(x) = t Avy(x) = 0}

Difference among the different definition of level sets for intuitionistic fuzzy sets, we can
examine the following examples.

Example 1: Let X = {a, b, c,d, e} and

A ={(a,0.5,0.4),(b,0.2,0.3),(c,0.5,0.3),(d,0.4,0.4), (e, 0.4,0.1)}
A(0.5)(03y = {e} but Cio3,05(A) = {a,c,d, e} and C(g503)(4) = {c}.
A(0.8) 0.5y = {c} but 0.8+0.5 > 1 so, we cannot obtain Cgg,0.5)(4) or Cg5,0.8) (4).
Example 2: Let X = {a, b, c,d, e} and

A ={(a,0.3,0.3),(b,0.3,0.1), (¢, 0.2,0.2),(d,0.1,0.5), (e, 0.4,0.2) }
A(0.6)9.2) = {a, e} but Cp602)(A) = and C(g2,0.6)(4) = X.
Example 3: Let X = {a, b, c,d, e} and

A ={(a,0.1,0.2), (b, 0.4,0.3), (¢,0.6,0.2), (d,0.7,0.1), (e, 0.2,0.5)}

A(0.3) 9.2y =D but Cg2,03)(A) = {b, ¢, d} and Cg302)(4) = {c, d}.

From the examples, (a, f)-level of an intuitionistic fuzzy set A and o—t block level of A are
different sets. For all € [0,1] and a € [0, t], we can determine o-t block level of A, if a + > 1
then we cannot determine (a, f)-level of A. Consequently, o — ¢ block level of an intuitionistic
fuzzy set allows a more extensive studying area.

Proposition 4: [4] Let X be a set and A € IFS(X). If t € [0,1] and a, f € [0, t] such that a < f3,
then

A(t)p € A(t) g
Proposition 5: [4] Let X be a set and A, B € IFS(X). If t € [0,1] and a € [0, ], then
L A()qUB(t) = (A(t) U B(t))q
2. A(1)aNB(t)a=(A(t) N B(t))a
3. A(t) =t — A(t) o, (H(x)=1)
Theorem 1: [4] Let X be a set and A € I[FS(X). Fort,s € [0,1] and « € [0,t],5 € [0, s] if
o < s, then

1. A() qUA(8) g=A(Omin(a,p)
2.A(t)g N A(t)ﬁ:A (t)max(o:,ﬂ)

Proposition 6: [4] Let X be a set and A € IFS(X). If t € [0,1] and a € [0, t] then A(t),CA(t)t—q
or A(t);—oCA(t) -

Definition 4: [4] Let X be a set and AEIFS(X). If r € [0,1] then
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At = {< X, .u'A(x)l VA(x) > | < X, .u'A(x)rvA(x) >€ A(T)IVt < T}
is called 7-subset of A.

From the definition, it can be easily said that every #-subset of an intuitionistic fuzzy sets again
an intuitionistic fuzzy subset. Let us examine the Example below:

Example 4: Let X = {a, b, c,d, e} and
A ={(a,0.1,0.2), (b, 0.4,0.3), (¢,0.6,0.2), (d,0.7,0.1), (e, 0.2,0.5)}
then for = 0.7,
At ={(b,0.4,0.3), (c,0.6,0.2), (d,0.7,0.1), (¢,0.2,0.5)}
and for t < 0.3, At = A.

Remark: [4] In fuzzy set theory union and intersection of two level sets is again a level set of
the fuzzy set. But this is not true for block #-level sets of an IFS.

3 The Representation Theorem for IFSs

The representation theorem for fuzzy sets was studied by several authors [6, 9]. But all of them
using the sub structure for the representation. For intuitionistic fuzzy sets, it can be given using
same idea with block t-levels and intuitionistic fuzzy z-sets.

Theorem 2: Let X be universe, {X,};c; a family of FS. Then 34 € IFS(X) such that A*=X, <
Lt<s=>X;2X;
.ty Sty <oty 2t =Ny Xe =X;

Proof: The first statement is clearly obtained from the definition of A.

Now, the conditions (i) and (ii) satisfied. We define a set A : X—IxI such that for xe X,

A(x) = supft | <x,pa(x), pa(x) >€ X}
From the definition of A,
a€X,=reft|acX}=sup{t| <auys(a),us(a) >€ X;} = r=A(a) =2r=a € A"
a € A"=sup{t | < a,uy(a), us(a) >€ X;} =r=4A(a) =r
If A(a) > r, then 37y € I such thata € X, and ry > r. Therefore, X,. X, so, a € X,..
If A(a) =, then sup{t | < a, uy(a), us(a) >€ X;} = r. Therefore, In,, € I such thatr, Tr.
From the hypothesis, Ny~ X;, =X;.. From this equality we get a € X,.. U

Corollary 2: There exist a family of s-fuzzy sets such that it is a partition of any intuitionistic
fuzzy set.

Proof: Let A € IFS(X), then from the above theorem there exists a family {X;:t € I} such that
the elements of it are #-subsets of A. From the definition of A(f) sheet t-levels, we have

AONU s As = D and At (k) = A(k), therefore AY = Ugs A(k). O
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4 Conclusion

The essence of the representation theorem has to do with the possibility of constructing an
intuitionistic fuzzy set from a family of special type of IFSs and s-fuzzy sets. Also, it was proved
that all intuitionistic fuzzy sets have a partition which includes s-fuzzy sets. By means of this
property, equivalence relations of intuitionistic fuzzy sets can be studied. As a result, partition
trees can be studied. Taking into account the new different type levels definitions, we can ask
ourselves whether the levels of an intuitionistic fuzzy set are either a group or not.
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