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Abstract We prove a componentwise decomposition theorem of an intuitionistic L-
fuzzy integral to its L- fuzzy integrals components, where L is a complete lattice with
negation, and a componentwise decomposition theorem of an interval-valued
intuitionistic fuzzy integral to its interval-valued fuzzy integrals components.

1 Introduction

A fuzzy measure is a normal monotone set function which vanishes at the empty set.
Fuzzy integral is a general term for integrals with respect to fuzzy measures. Fuzzy
integrals are proved to be important tools for decision making under risk and uncertainty,
multicriteria decision making, subjective evaluation, information fusion, classification,
image processing, etc. (see [5]). Extending the concepts and results from the interval
[0, 1] to other sets we obtain general results which can be used to model more complicated
problems in the previous topics at least. In the book [6] (see also the paper [16] on this
topic) the case of the set of intuitionistic fuzzy values, i. e.,

{(,8);0,6€[0,1], 0+ 5 <1},

is studied. In the present paper we consider the set of the intuitionistic L-fuzzy values, i.
e.

{(a,B);0,8€ L,a < B},
where L is a lattice with a negation -, and the set of the interval-valued intuitionistic
fuzzy values, i. e.,

{lar, B1], [, Ba] s a1, Br, a2, B2 € [0,1], B1 + B2 < 1}

The main result in the very recent paper [5] is used to obtain two componentwise decom-
position theorems: of an intuitionistic L-fuzzy integral to its L-fuzzy integrals components
(in Section 3) and of an interval-valued intuitionistic fuzzy integral to its interval-valued
fuzzy integrals components (in Section 4). The results help us to calculate in a simple
way these integrals.

Throughout on this paper X is a nonempty set and A C P (X) is a o-algebra.



2 Basic concepts and results

Let A = (A, V,A,04,14) be a complete lattice and < its natural order. Basic concepts of
fuzzy measure theory (see [14], [18]) can be extended in the following natural way ([11],
[12], [19]):

Definition 2.1 A lattice-valued fuzzy measure or a A-fuzzy measure on A is a lattice-
valued set function v : A — N with the following properties:

() v (0) = O;
(17) v (X) = 1y;
(i1i) A, B € A; A C B implies v (A) < v (B).

Definition 2.2 A lattice-valued mapping f : X — A is called A-measurable if F, € A
and F* € A, for every a € A, where

Fo={r e X;f(z)>a}

and

Fo={reX;a> f(2)}.

Definition 2.3 Let A € A and f : X — A be an A-measurable function. The lattice-
valued fuzzy integral (or A-fuzzy integral) of f on A with respect to A-fuzzy measure
v:A— A s defined by

fdv= V (aNv(F,NA)).
A acl

Let L = (L,V,A,0,1) be a complete lattice with the natural order < and the negation
“(i. e, " : L — L satisfies 0 = 1,1 = 0, < 3 implies 3 < @ and @ = a, for every a € L).
The lattice £ = (£, Y, A,0,1) introduced by

Ez{(a,ﬂ);a,ﬁEL, aSB}

0=(0,1),
1=(1,0)

and e~
(O‘76) = (ﬁ,oz)

is a complete lattice with negation too and the natural order < on L is given by

(o, B1) = (ag, B2) ©@ a1 < agand [y < f.

We present the main result of the recent paper [5].



Theorem 2.4 Letv: A— L,v(A) = (v1(A),vy(A)) be an L-valued fuzzy measure and
f: X =L, f(z)=(9(x),h(x)) be an A-measurable L-valued mapping. Then

[ rao- (/dm)

where h (z) = h (x), for every x € X and 3 (A) = vy (A), for every A € A.

The important case L = [0, 1] is presented in the paper [5] and other particular cases
are studied in the following sections.

3 Componentwise decomposition of intuitionistic L-
fuzzy integrals

Given a complete lattice L, Goguen [9] introduced the concept of L-fuzzy set as a mapping
w: X — L. The concept of intuitionistic L-fuzzy set was introduced in [3].

Definition 3.1 Let L = (L, <) be a complete lattice with a non-increasing involution
operation N. An intuitionistic L-fuzzy set in the universe X is a mapping p: X — L x L
such that if p(z) = (a, B) then a < N (), for all x in X.

Therefore the underlying lattice of intuitionistic L-fuzzy set theory is the lattice £
introduced after Definition 2.3.

To increase the importance of the results in this section we mention that the fuzzy
rough sets in the sense in [13] are intuitionistic L-fuzzy sets (result proved in [7]) and
the concepts of intuitionistic fuzzy set, intuitionistic L-fuzzy set and L-fuzzy set are
mathematically equivalent (see [17]).

The intuitionistic L-fuzzy integral (L-fuzzy integral, with the above notations) of an
intuitionistic L-fuzzy valued measurable mapping can be introduced as in Definition 2.3.
The following result, a componentwise decomposition theorem of intuitionistic L-fuzzy
integrals, is an obvious consequence of Theorem 2.4.

Theorem 3.2 Let (L, <) be a complete lattice with a non-increasing involution operation
N such that N (0) = 1 and N (1) = 0. If v is an intuitionistic L-fuzzy measure on
A, v = (v1,v2) and f is an A-measurable intuitionistic L-fuzzy valued mapping on the
universe X, f (x) = (g (x),h(z)) then

/dev:(/xgdvl,]\f(/XN(h) dN(@)),
N

where (N (h)) (x) = N (h(x)), for every x € X and (N (v9)) (A) = N (v9 (A)), for every

Aec A.

Remark 3.3 In the case L =1[0,1] and N (o) = 1 — « the result was proved in [6].



4 Componentwise decomposition of interval-valued
intuitionistic fuzzy integrals

Let us consider the complete lattice L= (E, Vi, N, 07, 1Z> introduced by (see e. g. [8])

L ={[x1,22]; (x1,22) € [0,1] x [0,1] 21 < o},

(21, 22] VE [y1, 9] = [max {21, 91}, max {zs, y2}],
[21, 22] A [y17y2] [min {21, y1}, min {22, o}/,
= [0,0],
[1,1],

with the natural order <; and the negation L given by

1~_

(21, 2] <5 [y1,92)] © 1 < 1 and @y < ¥,

L
[$1,£B2] = [1 — T2, 1-— 1‘1] .

The lattice L is the underlying lattice of interval-valued fuzzy set theory (see e. g. [1],

[3])-
We repeat the construction in [5] and given in the present paper after Definition 2.3,
in the case of lattice L. We obtain the complete lattice

,CN: (Z, Vz, /\2,02, 15) ,

where

‘C = {<[$17‘T2] ) [ylvaD 11,22, Y1, Y2 c [07 1] y L1 +y2 S 17372 _'_yl S 1}7

([r1, 2], [y1, y2]) V7 ([21, 22] s [t1, t2])
= ([max {zy, 21}, m&X{%aZz}] [min {y1, %1}, min {ya, t2}]) ,
([v1, 2], [y1, y2]) Az ([21, 22] s [t t2])

= ([min {z1, 21} , min {zs, 20 }] , [max {y1, t1} , max {ys, t2}]) ,

OZ = ([070] ) [17 1]) )
Iz = ([1,1],0,0])

with the natural order <; and the negation £ given by

([zr, z2] [y1, w2]) <z ([21, 2], [t1, t2]) & 21 < 21,0 < 2
and t; < yy,ty < Yo,

([21, 2], [?Jl?yZ])Z = ([y1, yo , [21, 22]) .

The interval-valued intuitionistic fuzzy sets were introduced in [4] as extensions of the
intuitionistic fuzzy sets [2] and of the interval valued fuzzy sets (see, e. g., [10]).
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Definition 4.1 ([4], see also [1]). An interval-valued intuitionistic fuzzy set in an uni-
verse X is a mapping g : X — L x L such that

g (u) = ([z1,27] , [, 23])
and z + zh < 1, for allw in X.
Therefore the underlying lattice of interval-valued intuitionistic fuzzy sets is
Lo = (ZO,VEO,/\ZO,OZOJEO) :
where ([4], see also [1] or [15])
Lo= {([«4, 1] . [2h, 2h]) sl 2l 2h, 2l € [0,1] 2} + 2 < 1},

([«4, 21] , [2h #8]) vz, ([ 98] s [vh. v3])

]

( max {:Ull,yll} , max {x}f,y?}} ) [min {xé,yé} ,min {xZ,yQ}D ,
]
]

([, 2], [2h, 25]) Az, ([wh. 00T Wb 95])
= ([min{a}, 4t} ,min {2}, yr}], [max {zb, 44} max {2}, 45 }]),

OEO = ([0,0], [1,1]),
120 = ([17 1] ) [070])7

with the natural order <; and the negation Lo given by

([z1.21] [, 25]) <z, ([ 90] [ 12]) & 20 <oy <t

! I h h
and y, < Ty, Yy < T,

([« at] s [y a8]) = ([oan], [2h, 27]) -

According to Theorem 2.4 a componentwise decomposition theorem of L- valued fuzzy
integrals to its L-valued fuzzy integrals components can be given. Because Eo C L and,
in addition, EO is a complete sublattice of the complete lattice £, the following result of
componentwise decomposition of interval-valued intuitionistic fuzzy integrals to interval-
valued fuzzy integrals is immediate.

Lo

Theorem 4.2 Let v = (vy,v3) be an interval-valued intuitionistic fuzzy measure on o-
algebra A C P (X) (that is v : A — Lo which satisfies v (&) = 0z ,v(X) = 15 and
A, B € A, A C B implies v(A) <z v(B)) and f : X — Lo, f (z) = (g(z),h(x)) be
an A-measurable interval-valued intuitionistic fuzzy valued mapping such that f : X —

L.f(z)=(g9(x),h(x)) is A-measurable too. Then

o i i\
fdv= / gdvy, / b dugt ,
X X X

where B (x) = (az)L, for every x € X and w5" (A) = vy (A)L, for every A € A.
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Remark 4.3 Because ZO is a complete sublattice of the complete lattice Z, the right side
in the above formula of decomposition is indeed an element of Ly.

Acknowledgement. During this research the first author has been supported by

the Romanian Ministry of Education and Research under CEEX grant 2-CEx-06-11-
96,/2006.

References

1]

[10]

[11]

[12]

O. Arieli, C. Cornelis, G. Deschrijver, E. E. Kerre, Relating intuitionistic fuzzy sets
and interval-valued fuzzy sets through bilattices, in: Applied Computational Intelli-
gence (D. Ruan, P. D’hondt, M. De Cock, M. Nachtegael, E. E. Kerre, Eds.), World
Scientific, Singapore, 2004, pp. 57-64.

K. T. Atanassov, Intuitionistic Fuzzy Sets: Theory and Applications, Springer-
Verlag, Heidelberg, New York, 1999.

K. T. Atanassov, S. Stoeva, Intuitionistic L-fuzzy sets, Cybernetics and Systems
Research, 2 (1984), 539-540.

K. T. Atanassov, G. Gargov, Interval valued intuitionistic fuzzy sets, Fuzzy Sets and
Systems, 31 (1989), 343-349.

A. Ban, I. Fechete, Componentwise decomposition of some lattice-valued fuzzy inte-
grals, Information Sciences, 177 (2007), 1430-1440.

A. 1. Ban, Intuitionistic Fuzzy Measures: Theory and Applications, Nova Science,
New York, 2006.

D. Coker, Fuzzy rough sets are intuitonistic L-fuzzy sets, Fuzzy Sets and Systems,
96 (1998), 381-383.

G. Deschrijver, C. Cornelis, E. E. Kerre, On the representation of intuitionistic fuzzy
t-norms and t-conorms, IEEE Transactions on Fuzzy Systems, 12 (2004), 45-61.

J. Goguen, L-fuzzy sets, Journal of Mathematical Analysis and Applications, 18
(1967), 145-174.

M. Gorzalczany, Interval-valued fuzzy inference method-some basic properties, Fuzzy
Sets and Systems, 31 (1989), 243-251.

M. Grabisch, The symmetric Sugeno integral, Fuzzy Sets and Systems, 139 (2003),
473-490.

M. Ming, H. Haiping, The abstract (S) fuzzy integrals, Journal of Fuzzy Mathematics,
1 (1993), 89-107.

S. Nanda, S. Majumdar, Fuzzy rough sets, Fuzzy Sets and Systems, 45 (1992), 157-
160.



[14]

[15]

[16]

[17]

M. Sugeno, Theory of fuzzy integrals and its applications, Ph. D. Thesis, Tokyo
Institute of Technology, 1974.

T. K. Mondal, S. K. Samanta, Topology of interval-valued intuitionistic fuzzy sets,
Fuzzy Sets and Systems, 119 (2001), 483-494.

R. Tevetkov, Extended Sugeno integrals and integral topological operators over in-
tuitionistic fuzzy sets, First Int. Workshop on Intuitionistic Fuzzy Sets, Generalized
Nets and Knowledge Engineering, London, 6-7 Sept. 2006, pp. 132-144.

G-J. Wang, Y-Y. He, Intuitionistic fuzzy sets and L-fuzzy sets, Fuzzy Sets and Sys-
tems, 110 (2000), 271-274.

Z. Wang, G. Klir, Fuzzy Measure Theory, Plenum Press, New York, 1992.

G-Q. Zhang, X-L. Meng, Lattice-valued fuzzy integrals of lattice-valued functions
with respect to lattice-valued fuzzy measure, Journal of Fuzzy Mathematics, 1(1993),
53-68.



