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Abstract: An extension of the concept of an Intuitionistic Fuzzy Index Matrix (IFIM) was intro-
duced, called 3-dimensional Intuitionistic Fuzzy Index Matrix (3D-IFIM). In this paper will be
introduced more basic operations and modal operators defined over 3D-IFIMs.
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1 Introduction

Index matrix and their apparatus was introduced in 1984 in [1, 2]. In [6], 3-dimensional extended
index matrix (3D-EIM) was defined. Following this concept in [7] was defined 3-Dimensional
Intuitionistic Fuzzy Index Matrix (3D-IFIM) and some operations over them will be introduced.
Here, will be introduced more basic operations and modal operators defined over 3D-IFIMs,
which generalizes operations and modal operators over 2D-Intuitionistic fuzzy matrices from [4]

2 Basic definitions

In [3, 5] an Intuitionistic Fuzzy Pair (IFP) was defined as an object with the form (a, b), where
a,b € [0,1] and a+b < 1, that is used as an evaluation of some object or process. Its components
(a and b) are interpreted as degrees of membership and non-membership, or degrees of validity
and non-validity, or degree of correctness and non-correctness, etc.

We define following operations for two IFPs = = (a, b) and y = (¢, d):
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-z = (b, a)
z&y = (min(a, c), max(b, d))
x Vy = (max(a,c)), min(b, d))
r+y=(a+c—a.cbd)
z.y = (a.c,b+d — b.d)
rQy = (et by
Let a set F be fixed. An Intuitionistic Fuzzy Set (IFS) A in FE is an object of the following
form (see, e.g., [3]):
A= {(z, pa(x), va(z))|z € E},

where functions p14 : £ — [0,1] and v4 : E — [0, 1] define the degree of membership and the
degree of non-membership of the element x € E, respectively, and for every x € E:

0 < pa(x)+rvalz) <1.

Let us define 3D-IFIM (see [7]). Let Z be a fixed set of indices. A “3D-Intuitionistic Fuzzy Index
Matrix” (3D-IFIM) with index sets K, L and H (K, L, H C Z) is called the objest:

(K Ly H {1 hy > Vil 1y ) ]

(b, I l; L )
ky <,uk1,11,hg, szl,ll,hg> cee <,uk1,lj,hg> Vkl,zj,hg> cee <sz1,ln,hga Vkl,zn,hg>
= |hy € H
ki | (Hidihg Vi hg) - <Mki,lj,hg> Vk:i,lj,hg> oo Bk dahgs Ve dahy) !
L Fon | (ki hgs Vindihg) =+ Bl hgs Vknidihg) <+ (Bkdnshgs Vnodnshg) )

where forevery 1 <i<m,1<j<n, 1<g<f:

0 < Bkt hgs Vi dghg s Fkidyhg + Viidyng < 1.

3 Operations over 3D-IFIMs

Let X', Y, Z,U be fixed sets. Let operations “x” and “o” be defined so that: x : X x ) — Z and
o: Z x Z — U. Let the index set Z be given. We will define some operations over the 3D-IFIMs

A = [K7 L7 H’ {<ukiylj7hg7 I/kiyljyhg>}] and B = [P7 Q? R? {<ppr7QSde7 Jpr7QS7Td>}]'

3.1 Transposition

As we saw in [6], for 3D-IFIMs, similarly to the 3D-EIMs, there are 6 (=3!) cases: the stan-
dard 3D-IFIM and five different transposed 3D-IFIMs. By analogy with [6], we show that the
geometrical and analytical forms of the separate transposed 3D-IFIMs are the following.
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1,2, 3]-transposition (identity)

[1,2,3]

[K7 L7 H7 {<Mkivlj’hg’ Vki,ljvhg>}] 23] = [K7 La H7 {<,uki,lj,h97 Vk‘i,lj’hg>}};
1,3, 2]-transposition

[1,3,2]

H L

[K7 L, H, {<Mki,lj,hg; Vkialjvhg>}] 1,32 = [Ka H, L, {<Mki1hgﬂlj7 Vki,hg,lj>}};
2, 1, 3]-transposition

(2,1,3]

H H

LK Lo H {1y g Vi) NS = (L I H, {0, g V1 0000 Y
[2, 3, 1]-transposition

2,3,1]

[K7 L7 H’ {<Mkivlj1hg’ Vkialjvhg>}] 231 = [Lv H’ K7 {<Iulj,hg:ki7 Vljvhgvki>H;
[3, 1, 2]-transposition

[3,1,2]

(K, Ly H, {150y Vesy g NP = [HL K L { g gty s Vg it ) 5
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3,2, 1]-transposition

(3,2,1]

[K7 L7 H? {<Mkivlj’hg’ Vki,ljvhg>}] 321 = [H7 L? K7 {<,U/hg,lj,ki, th,ljvk)}};

3.2 Multiplication

This operation is related to the operation “transposition”. There are 36 different operations
“multiplication”. The first (standard) multiplication is

AGpu B=A03I02N B = [KU(P-L),QU(L—P), HUR {100, Crows,)}:

where
<(10tu7vw717y ’ ¢tU7UU7 7$y>
( (Kbt g s Vi ) ift, =k € K
&vy,=l€eL-P-Q&xy,=h,e H
ort,=k;e K—P—Q
&vy=ljeL&x,=h, e H
<ppr7QS77'd’ 0-p7'7q.977"d>’ lf tu = p"’ € P
&vy=¢€Q-K—-L&z,=r;€R
ort,=p, e P—-L—-K
= < &vy=¢eceQ&ry=r4€R ,
) (*(:U’kz‘,lj,hg?meqS,?"d))? lftu = ]{?z e K & Vy = (s € Q
* (O<I/k¢,lj,hg7Gpr,qsﬂ"d)»? & Ty = hg =ra € HNR
lj=pr-eLNP
L (0,1), otherwise
where

(0,%) € {(max, min), (min, max)}

The geometrical interpretation of this operation is (see [4])
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Let [z, vy, z] and [u, v, w] be permutations of a triple [1, 2, 3].
The operation {[x, y, z|, [u, v, w] }-multiplication is defined by:

Aoyttt p— glwil o ) Bleov,

3.3 Reduction

2% ¢

By analogy with [6], we introduce operations “reduction”, “projection” and “substitution” over
an 3D-IFIM.

Let us introduce operations (k, L, 1)-, (L,/, L)-and (L, L, h)-reduction of a given 3D-IFIM
A = [K, L, H, {{ttk,1; 1y Vi hg) ]2

A(k,J_,J_) = [K - {k}7 L7 Ha <90tu,vw,xy7 wtu,vw,xy”
where
<(ptu7’uwyxy7¢tu,vw,xy> = {(uki’ljyhg, l/ki,ljyhg>} for tu = k’l € K — {k}, Vw — lj - L and Z'y = hg € H,

A(J_,l,J_) = [Ka L— {l}7 H7 <90tu,vw,xy7 wtu,vw,xy>]>
where
<(ptu,vw,wy7wtu,vw,x'g> = {(,uki,lj,hg’ Vk‘i,lj,hg)} for tu = kz € K, Vw = lj e L — {l} and Ty = hg cH

and
A(L,L,h) - [K7 L7 H - {h}7 <¢tu7vazy7 ¢tuavazy>]7

where

(Ptuvuzys Vtuvwsey) = {(,ukhzj,hg, Vkiljhg)} fOrty =k € K,v, =1; € Landz, = hy € H — {h}.
Second, we define
Aeany = (A, 1,10)) (L1,1)) (L Lk
1.e.,
Aany = [K —{k}, L= {1}, H — {h}, <90tu,vw,xy; ¢tu,uw,zy>]a
where
<§0tu,vw7xya @Dtu,vw,xy) = {<Mki,lj,hg, Vki,zj,hg>}
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fort, =k, € K —{k},v,=1;€ L—{l}andx, = h, € H — {h}.
For every 3D-IFIM A and for every ki, ks € K, 1,1y € L, hy,hs € H,

(A(k'hh ,hl))(k27127h2) = (A(k27127h2)>(k17l1,h1) .

Third, let P = {p1,ps,....,0ns} € K, Q = {q1,92,..,¢:} € Land R = {ry,re,...,7u} C
HpeK,leLheH.
Now, we define the following four operations:

Apiny = (- ((Apr i) o)) ol h)

Aoy = (- (A n
A(k,q,H) - ( (( (kL)

1)) (kd2,h)) ) (ks deh) s
)¢
A = (- ((Ap.m) 02.Q.1)) ) (00,Q.H)
= (..

klrg) )klru)

= (. ((APar. 1)) (Paa, 1)) -+ ) (Pgr 1) ((APQr) (L)) (PQr)-

Obviously,
A(K,L,H) = ]@7 A(@,@,@) = A

3.4 Projection

Let PC K,Q CL,RC H. Then,

prr.rA = [P,Q, R, {pp,.q.ra) Opr.gera) ],

where
(Vki € P)(Vl; € Q)(Yhy € R)({Pp,.qurras Oprigeira) = VMkiljihgs Veidjihg) }-

3.5 Substitution

Let the 3D-IFIM A = [K, L, H, {<,ukhlj,hg, Vki,lj,hg>}] be given.
Let us define local substitution over the IFIM is defined for the pairs of indices (p, k) and/or
(q,1) and/or (r, h), respectively, by

L] A= [ = (kY ULRY Ly H (ks Vi)Y

LT L] A= K (L= () ULk H by Vo)
L L | A= (5L (H = {0 U At ngs vy, -
Second,

v A=l (e [

= [(K - {k}) U {p}7 (L - {l}) U {Q}7 (H - {h}) U {T}v {<:U’kmlj,hg7 Vki,lj7hg>}] :
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Let the sets of indices P = {p1,p2, ..., pm}, @ = {q1, G2, -, @}, R = {r1, 72, ..., 15} be given,
where m = card(K),n = card(L),s = card(H).
Third, for them we define sequentially:

P1DP2  DPn

1l A=|—=..— 1:1]|A

{ ? } |:k1k2 k'n’ bl :| )
Q1(J2 Gn

;=== 1A

[ } [ L } ’

l ;LE}A— {L “ TQ...E‘L} A

l_

7

=]

hl@

"H hyhy " hs

Q R PiD2 Pm Q1G2 Gn T1T2 Th
L A= |==.. — == = - = —|A=|P R ny g )
L7 o kl kg kmv ll 12 lna hl hg hs [ aQa ?{(“k“lj,hgal/k“l],hg>}}

=

|

4 Extended intuitionistic fuzzy modal operators
defined over 3D-IFIMs

Let z = (a,b) be an IFP and let «, 5 € [0, 1] and o 4+ 8 < 1. The main modal operators defined
over x are:

Oz = {(x,a,1 —a)|x € E}
Sz = {(x,1 —b,b)|x € E}

Some of the extended modal operators defined over x have the following forms (see [3, 5]):

2
@
~—

=(a+a(l—a—-0),b+5.(1—a—0>)), wherea+ [ <1

(z) = {
H,p(x) = (a.a,b+ B.(1 —a — b))
(x) = (w.a,b+ B.(1 — a.a — b))
Jap(x) = (a+ a.(l —a—10),[.Db)
)={(a+a.(l—a—p.b),5.b)
The level operators have the forms:
P, sz = (max(«, a), min(53, b))
Qo pr = (min(q, a), max(5,b)),

fora,s € [0,1]anda+ 5 < 1.
Let us define operators over 3D-IFIMs. Let O, 3 be one of the above modal operators, let «, 5

satisfy the respective conditions, given above.
Then
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hy | I, L

kv | Oas((hr,trhgs Virting)) - Oaus((Hky o hgs Ver dnhg))
Oup)) = " . | hy€ H
Fn | Oas (kg hgs Vigishg)) -+ O (o lhgs Vil g ))
S Example
h| o e d
Let A= a|(0.5,0.3) (0.4,0.2), B=
b|(0.1,0.8) (0.7,0.1)
Then
h g c
a | (max(min(0.4,0.5)), min(max(0.2,0.1))) (0.5,0.3)
A @max,min) B = b | (max(min(0.7,0.5)), min(max(0.1,0.1)) (0.1,0.8)
s (0.1,0.8) (0.0,1.0)
/ (0.3,0.8) (0.0,1.0)
h g c
a|(0.4,0.2) (0.5,0.3)
— b (05,01 (0.1,0.8) .
s |(0.1,0.8) (0.0,1.0)
t1(0.3,0.8) (0.0,1.0)

6 Conclusion

In future, other applications of the apparatus of the 3D-intuitionistic fuzzy index matrices will be
studied, for instance, in the areas of optimal management, data bases, data warehousing, etc.
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