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Abstract: An extension of the concept of an Intuitionistic Fuzzy Index Matrix (IFIM) was intro-
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1 Introduction

Index matrix and their apparatus was introduced in 1984 in [1, 2]. In [6], 3-dimensional extended
index matrix (3D-EIM) was defined. Following this concept in [7] was defined 3-Dimensional
Intuitionistic Fuzzy Index Matrix (3D-IFIM) and some operations over them will be introduced.
Here, will be introduced more basic operations and modal operators defined over 3D-IFIMs,
which generalizes operations and modal operators over 2D-Intuitionistic fuzzy matrices from [4]

2 Basic definitions

In [3, 5] an Intuitionistic Fuzzy Pair (IFP) was defined as an object with the form 〈a, b〉, where
a, b ∈ [0, 1] and a+ b ≤ 1, that is used as an evaluation of some object or process. Its components
(a and b) are interpreted as degrees of membership and non-membership, or degrees of validity
and non-validity, or degree of correctness and non-correctness, etc.

We define following operations for two IFPs x = 〈a, b〉 and y = 〈c, d〉:
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¬x = 〈b, a〉
x&y = 〈min(a, c),max(b, d)〉
x ∨ y = 〈max(a, c)),min(b, d)〉
x+ y = 〈a+ c− a.c, b.d〉
x.y = 〈a.c, b+ d− b.d〉
x@y = 〈a+c

2
, b+d

2
〉.

Let a set E be fixed. An Intuitionistic Fuzzy Set (IFS) A in E is an object of the following
form (see, e.g., [3]):

A = {〈x, µA(x), νA(x)〉|x ∈ E},

where functions µA : E → [0, 1] and νA : E → [0, 1] define the degree of membership and the
degree of non-membership of the element x ∈ E, respectively, and for every x ∈ E:

0 ≤ µA(x) + νA(x) ≤ 1.

Let us define 3D-IFIM (see [7]). Let I be a fixed set of indices. A “3D-Intuitionistic Fuzzy Index
Matrix” (3D-IFIM) with index sets K,L and H (K,L,H ⊂ I) is called the objest:

[K,L,H, {〈µki,lj ,hg , νki,lj ,hg〉}]

≡



hg l1 . . . lj . . . ln

k1 〈µk1,l1,hg , νk1,l1,hg〉 . . . 〈µk1,lj ,hg , νk1,lj ,hg〉 . . . 〈µk1,ln,hg , νk1,ln,hg〉
...

... . . .
... . . .

...
ki 〈µki,l1,hg , νki,l1,hg〉 . . . 〈µki,lj ,hg , νki,lj ,hg〉 . . . 〈µki,ln,hg , νki,ln,hg〉
...

... . . .
... . . .

...
km 〈µkm,l1,hg , νkm,l1,hg〉 . . . 〈µkm,lj ,hg , νkm,lj ,hg〉 . . . 〈µkm,ln,hg , νkm,ln,hg〉

|hg ∈ H


,

where for every 1 ≤ i ≤ m, 1 ≤ j ≤ n, 1 ≤ g ≤ f :

0 ≤ µki,lj ,hg , νki,lj ,hg , µki,lj ,hg + νki,lj ,hg ≤ 1.

3 Operations over 3D-IFIMs

Let X ,Y ,Z,U be fixed sets. Let operations “∗” and “◦” be defined so that: ∗ : X ×Y → Z and
◦ : Z ×Z → U . Let the index set I be given. We will define some operations over the 3D-IFIMs
A = [K,L,H, {〈µki,lj ,hg , νki,lj ,hg〉}] and B = [P,Q,R, {〈ρpr,qs,rd , σpr,qs,rd〉}].

3.1 Transposition

As we saw in [6], for 3D-IFIMs, similarly to the 3D-EIMs, there are 6 (=3!) cases: the stan-
dard 3D-IFIM and five different transposed 3D-IFIMs. By analogy with [6], we show that the
geometrical and analytical forms of the separate transposed 3D-IFIMs are the following.
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[1, 2, 3]-transposition (identity) �
�
H

K L


[1,2,3]

=
�
�
H

K L

[K,L,H, {〈µki,lj ,hg , νki,lj ,hg〉}][1,2,3] = [K,L,H, {〈µki,lj ,hg , νki,lj ,hg〉}];

[1, 3, 2]-transposition  �
�
H

K L


[1,3,2]

=
�
�
L

K H

[K,L,H, {〈µki,lj ,hg , νki,lj ,hg〉}][1,3,2] = [K,H,L, {〈µki,hg ,lj , νki,hg ,lj〉}];

[2, 1, 3]-transposition  �
�
H

K L


[2,1,3]

=
�
�
H

L K

[K,L,H, {〈µki,lj ,hg , νki,lj ,hg〉}][2,1,3] = [L,K,H, {〈µlj ,ki,hg , νlj ,ki,hg〉}];

[2, 3, 1]-transposition  �
�
H

K L


[2,3,1]

=
�
�
K

L H

[K,L,H, {〈µki,lj ,hg , νki,lj ,hg〉}][2,3,1] = [L,H,K, {〈µlj ,hg ,ki , νlj ,hg ,ki〉}];

[3, 1, 2]-transposition  �
�
H

K L


[3,1,2]

=
�
�
L

H K

[K,L,H, {〈µki,lj ,hg , νki,lj ,hg〉}][3,1,2] = [H,K,L, {〈µhg ,ki,lj , νhg ,ki,lj〉}];
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[3, 2, 1]-transposition  �
�
H

K L


[3,2,1]

=
�
�
K

H L

[K,L,H, {〈µki,lj ,hg , νki,lj ,hg〉}][3,2,1] = [H,L,K, {〈µhg ,lj ,ki , νhg ,lj ,ki〉}];

3.2 Multiplication

This operation is related to the operation “transposition”. There are 36 different operations
“multiplication”. The first (standard) multiplication is

A�(◦,∗) B = A�{[1,2,3],[1,2,3]}(◦,∗) B = [K ∪ (P − L), Q ∪ (L− P ), H ∪R, {〈ϕtu,vw,xy , ψtu,vw,xy〉}],

where
〈ϕtu,vw,xy , ψtu,vw,xy〉

=



〈µki,lj ,hg , νki,lj ,hg〉, if tu = ki ∈ K
& vw = lj ∈ L− P −Q & xy = hg ∈ H
or tu = ki ∈ K − P −Q
& vw = lj ∈ L & xy = hg ∈ H

〈ρpr,qs,rd , σpr,qs,rd〉, if tu = pr ∈ P
& vw = qs ∈ Q−K − L & xy = rd ∈ R
or tu = pr ∈ P − L−K
& vw = qs ∈ Q & xy = rd ∈ R

◦
lj=pr∈L∩P

(∗(µki,lj ,hg , ρpr,qs,rd)), if tu = ki ∈ K & vw = qs ∈ Q

∗
lj=pr∈L∩P

(◦(νki,lj ,hg , σpr,qs,rd))〉, & xy = hg = rd ∈ H ∩R

〈0, 1〉, otherwise

,

where
〈◦, ∗〉 ∈ {〈max,min〉, 〈min,max〉}

.
The geometrical interpretation of this operation is (see [4])
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Let [x, y, z] and [u, v, w] be permutations of a triple [1, 2, 3].
The operation {[x, y, z], [u, v, w]}-multiplication is defined by:

A�{[x,y,z],[u,v,w]}(◦,∗) B = A[x,y,z] �(◦,∗) B
[u,v,w].

3.3 Reduction

By analogy with [6], we introduce operations “reduction”, “projection” and “substitution” over
an 3D-IFIM.

Let us introduce operations (k,⊥,⊥)-, (⊥, l,⊥)- and (⊥,⊥, h)-reduction of a given 3D-IFIM
A = [K,L,H, {〈µki,lj ,hg , νki,lj ,hg〉}]:

A(k,⊥,⊥) = [K − {k}, L,H, 〈ϕtu,vw,xy , ψtu,vw,xy〉]

where

〈ϕtu,vw,xy , ψtu,vw,xy〉 = {〈µki,lj ,hg , νki,lj ,hg〉} for tu = ki ∈ K − {k}, vw = lj ∈ L and xy = hg ∈ H,

A(⊥,l,⊥) = [K,L− {l}, H, 〈ϕtu,vw,xy , ψtu,vw,xy〉],

where

〈ϕtu,vw,xy , ψtu,vw,xy〉 = {〈µki,lj ,hg , νki,lj ,hg〉} for tu = ki ∈ K, vw = lj ∈ L− {l} and xy = hg ∈ H

and
A(⊥,⊥,h) = [K,L,H − {h}, 〈ϕtu,vw,xy , ψtu,vw,xy〉],

where

〈ϕtu,vw,xy , ψtu,vw,xy〉 = {〈µki,lj ,hg , νki,lj ,hg〉} for tu = ki ∈ K, vw = lj ∈ L and xy = hg ∈ H − {h}.

Second, we define
A(k,l,h) = ((A(k,⊥,⊥))(⊥,l,⊥))(⊥,⊥,h),

i.e.,
A(k,l,h) = [K − {k}, L− {l}, H − {h}, 〈ϕtu,vw,xy , ψtu,vw,xy〉],

where
〈ϕtu,vw,xy , ψtu,vw,xy〉 = {〈µki,lj ,hg , νki,lj ,hg〉}
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for tu = ki ∈ K − {k}, vw = lj ∈ L− {l} and xy = hg ∈ H − {h}.
For every 3D-IFIM A and for every k1, k2 ∈ K, l1, l2 ∈ L, h1, h2 ∈ H ,

(A(k1,l1,h1))(k2,l2,h2) = (A(k2,l2,h2))(k1,l1,h1).

Third, let P = {p1, p2, ..., ps} ⊆ K, Q = {q1, q2, ..., qt} ⊆ L and R = {r1, r2, ..., ru} ⊆
H, p ∈ K, l ∈ L, h ∈ H .

Now, we define the following four operations:

A(P,l,h) = (...((A(p1,l,h))(p2,l,h))...)(ps,l,h),

A(k,Q,h) = (...((A(k,l1,h))(k,l2,h))...)(k,lt,h),

A(k,q,H) = (...((A(k,l,r1))(k,l,r2))...)(k,l,ru),

A(P,Q,H) = (...((A(p1,Q,H))(p2,Q,H))...)(ps,Q,H)

= (...((A(P,q1,H))(P,q2,H))...)(P,qt,H) = (...((A(P,Q,r1))(P,Q,r2))...)(P,Q,ru).

Obviously,
A(K,L,H) = I∅, A(∅,∅,∅) = A.

3.4 Projection

Let P ⊆ K, Q ⊆ L, R ⊆ H . Then,

prP,Q,RA = [P,Q,R, 〈ρpr,qs,rd , σpr,qs,rd〉],

where
(∀ki ∈ P )(∀lj ∈ Q)(∀hg ∈ R)(〈ρpr,qs,rd , σpr,qs,rd〉 = {〈µki,lj ,hg , νki,lj ,hg〉}.

3.5 Substitution

Let the 3D-IFIM A = [K,L,H, {〈µki,lj ,hg , νki,lj ,hg〉}] be given.
Let us define local substitution over the IFIM is defined for the pairs of indices (p, k) and/or

(q, l) and/or (r, h), respectively, by[p
k
;⊥;⊥

]
A =

[
(K − {k}) ∪ {p}, L,H, {〈µki,lj ,hg , νki,lj ,hg〉}

]
,[

⊥; q
l
;⊥
]
A =

[
K, (L− {l}) ∪ {q}, H, {〈µki,lj ,hg , νki,lj ,hg〉}

]
,[

⊥;⊥; r
h

]
A =

[
K,L, (H − {h}) ∪ {r}, {〈µki,lj ,hg , νki,lj ,hg〉}

]
.

Second, [p
k
;
q

l
;
r

h

]
A =

[p
k
;⊥;⊥

] [
⊥; q

l
;⊥
] [
⊥;⊥; r

h

]
A

=
[
(K − {k}) ∪ {p}, (L− {l}) ∪ {q}, (H − {h}) ∪ {r}, {〈µki,lj ,hg , νki,lj ,hg〉}

]
.
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Let the sets of indices P = {p1, p2, ..., pm}, Q = {q1, q2, ..., qn}, R = {r1, r2, ..., rs} be given,
where m = card(K), n = card(L), s = card(H).

Third, for them we define sequentially:[
P

K
;⊥;⊥

]
A =

[
p1
k1

p2
k2
...
pn
kn

;⊥;⊥
]
A,

[
⊥; Q

L
;⊥
]
A =

[
⊥; q1

l1

q2
l2
...
qn
ln
;⊥
]
A,[

⊥;⊥; R
H

]
A =

[
⊥; r1

h1

r2
h2
...
rs
hs

;⊥
]
A,[

P

K
;
Q

L
;
R

H

]
A =

[
p1
k1

p2
k2
...
pm
km

;
q1
l1

q2
l2
...
qn
ln
;
r1
h1

r2
h2
...
rn
hs

]
A =

[
P,Q,R, {〈µki,lj ,hg , νki,lj ,hg〉}

]
.

4 Extended intuitionistic fuzzy modal operators
defined over 3D-IFIMs

Let x = 〈a, b〉 be an IFP and let α, β ∈ [0, 1] and α + β ≤ 1. The main modal operators defined
over x are:

�x = {〈x, a, 1− a〉|x ∈ E}

♦x = {〈x, 1− b, b〉|x ∈ E}

Some of the extended modal operators defined over x have the following forms (see [3, 5]):

Fα,β(x) = 〈a+ α.(1− a− b), b+ β.(1− a− b)〉, where α + β ≤ 1

Gα,β(x) = 〈α.a, β.b〉

Hα,β(x) = 〈α.a, b+ β.(1− a− b)〉

H∗α,β(x) = 〈α.a, b+ β.(1− α.a− b)〉

Jα,β(x) = 〈a+ α.(1− a− b), β.b〉

J∗α,β(x) = 〈a+ α.(1− a− β.b), β.b〉

The level operators have the forms:

Pα,βx = 〈max(α, a),min(β, b)〉

Qα,βx = 〈min(α, a),max(β, b)〉,

for α, β ∈ [0, 1] and α + β ≤ 1.
Let us define operators over 3D-IFIMs. LetOα,β be one of the above modal operators, let α, β

satisfy the respective conditions, given above.
Then
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(Oα,β)(A) =


hg l1, . . . ln

k1 Oα,β(〈µk1,l1,hg , νk1,l1,hg〉) . . . Oα,β(〈µk1,ln,hg , νk1,ln,hg〉)
...

... . . .
...

km Oα,β(〈µkm,l1,hg , νkm,l1,hg)〉 . . . Oα,β(〈µkm,ln,hg , νkm,ln,hg〉)

|hg ∈ H

 .

5 Example

Let A =

h c d

a 〈0.5, 0.3〉 〈0.4, 0.2〉,
b 〈0.1, 0.8〉 〈0.7, 0.1〉

B =

h g

d 〈0.5, 0.4〉
s 〈0.1, 0.8〉
t 〈0.3, 0.6〉

.

Then

A⊗(max,min) B =

h g c

a 〈max(min(0.4, 0.5)),min(max(0.2, 0.1))〉 〈0.5, 0.3〉
b 〈max(min(0.7, 0.5)),min(max(0.1, 0.1)) 〈0.1, 0.8〉
s 〈0.1, 0.8〉 〈0.0, 1.0〉
t 〈0.3, 0.8〉 〈0.0, 1.0〉

=

h g c

a 〈0.4, 0.2〉 〈0.5, 0.3〉
b 〈0.5, 0.1 〈0.1, 0.8〉
s 〈0.1, 0.8〉 〈0.0, 1.0〉
t 〈0.3, 0.8〉 〈0.0, 1.0〉

.

6 Conclusion

In future, other applications of the apparatus of the 3D-intuitionistic fuzzy index matrices will be
studied, for instance, in the areas of optimal management, data bases, data warehousing, etc.
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