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Abstract We point out links between intuitionistic fuzzy algebras with respect to an

intuitionistic fuzzy norm and classical algebras. Then we introduce classical measures

induced by measures on intuitionistic fuzzy sets with respect to an intuitionistic fuzzy
set and with respect to a measurable function.

1 Introduction

The first contributions on the intuitionistic fuzzy measure theory were given in [3].
Then this topic was developed in the papers [4]-[11]. In the present paper we prove
that any intuitionistic fuzzy o-algebra with respect to an intuitionistic fuzzy trian-
gular norm induces a classical o-algebra (Section 3) and any intuitionistic fuzzy set
function induces a set function such that some properties (monotonicity, continuity
from below and from above, countable and finite additivity, decomposability) are
preserved (Section 4).

2 Basic Concepts

We consider the usual definitions and notations (see [1] or [2]) of the intuitionistic
fuzzy set, inclusion, union, intersection, complementary of the intuitionistic fuzzy
sets and we denote

Ox = {{z,0,1);2 € X},
Iy = {(z,1,0);2€ X}.
A t-norm (t-conorm) 7' () is any increasing in each argument, commutative, as-

sociative binary operation on [0, 1] satisfying T'(x,1) = z (S (x,0) = x), for every
x € [0,1].
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Let
L ={(x1,22) ;21,22 € [0,1] , 21 + 25 < 1}

and
(x1,m9) <r (y1,y2) if and only if 27 < y; and x5 > ys.

Definition 2.1 ([12], [13]) (i) An intuitionistic fuzzy t-norm is any increasing,
commutative, associative mapping T : L x L — L satisfying T ((1,0),z) = z, for
all z € L.

(17) An intuitionistic fuzzy t-conorm is any increasing, commutative, associative
mapping S : L X L — L satisfying S ((0,1) ,x) =z, for all x € L.

The associativity allow us to extend each intuitionistic fuzzy t-norm in an unique
way to an n-ary operation, for arbitrary n € N, by induction

n n—1
Ta, =T |a, T a;
i=1 i=1

then to a countable operation putting

n
T a, =lim; 7T a;,

neN n—oot=1

where (b,),cny € £,bn = (T, Yn) is convergent if and only if the sequences (z,)
and (yn),cy are convergent and

neN

lim b, = (lm Ty, lim yn) .

1
n—oo —00

It is obvious that any intuitionistic fuzzy t-conorm can be also extended to an n-ary
then to a countable operation on L.

The intuitionistic fuzzy t-norms and t-conorms induce operations between intu-
itionistic fuzzy sets. If

A = {{apa(@),va(@))ie € X},
B = {(t,up(x),vp(0):x € X}

then
AT B = {(z, parp (z),varp (v)) ;0 € X},
where
(tarp (x) ,varp (%) =T ((pa (2) ,va (2)), (u5 (2), vE (2)))
and

ASB = {<JZ,/JASB (ZE) ,VASB (l‘)> T € X},
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where
(Hasp (x) ,vass (2) = S ((pa (z) ,va (2)), (15 (2) ,vB (7)) -
If T = Ty, that is

T ((v1,72), (y1,92)) = (min (z1,y1) , max (3, ya))

and S = &)y, that is

S ((z1,72) , (Y1,92)) = (max (z1,y1) , min (g, y2))

we obtain the intersection (N) and the union (U) of intuitionistic fuzzy sets, respec-
tively. The extensions of the above operations to the finite case and countable case
are natural.

The classical measure theory concepts used in this paper can be find in [14]. We
present the intuitionistic fuzzy concepts.

Definition 2.2 Let T be an intuitionistic fuzzy t-norm. A subfamily T C IFS (X)
which satisfies

(i) Ox €7

(1) A € T implies A€ T

(ii1) (Ap),eny C I implies HZNAn €T,

is called intuitionistic fuzzy T — o-algebra on X.

Remark 2.3 If 7 is an intuitionistic fuzzy T — o-algebra on X and S s the dual
of T, that is
S(z,y) =N(T (N (z) ,N ()
for everyz,y € L, where N (21, 23) = (22, 21) for every (x1,22) € L, then (Ay), oy C
T implies SNA" € 7T because the standard complementation A€ of an intuitionistic
ne

fuzzy set A is also based on the negation N .

To introduce the concept of additivity of the intuitionistic fuzzy set functions
the concept of disjointness of the intuitionistic fuzzy sets is need to be given.

Definition 2.4 Let T be an intuitionistic fuzzy t-norm and S its dual. A finite
family {Aq, ..., An} C IFS(X) is said to be T —disjoint if for each k € {1,...,n} we
have

(5 AZ») TA, =0x.
ik

An infinite family (Ay),cny € 1FS(X) is called T —disjoint if for each n € N the
finite family {Aq, ..., A, } is T —disjoint.
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Definition 2.5 (see [3/-[6]) Let T be an intuitionistic fuzzy t-norm and S its dual,
I CIFS(X) beaT —o-algebra on X and m : T — [—00, 00| be a mapping which
assumes at most one of the values —oo and +o0o. The mapping m is called:

(1) T -valuation if it satisfies the following conditions

m(b’x) _—
7 (ATB) + i (ASB) = i (A) + i (B),

for every A,B € T.
(19) finitely T -additive if it satisfies

i (0x) = o

M (ASB) = m(A)+m(B),

for every A,B e T, ATB = 0.
(7i1) countable T -additive if it satisfies

i (0x) =0
and for each sequence (Ay), oy C T we have
m (ngESNAn) = %m (An),

whenever (Ay,), oy is T-disjoint.
(1v) monotone if it verifies

m(A) <m(B),

whenever A B €I, ACB.
(v) fuzzy measure on I if it is monotone and satisfies

i (0x) = 0.
(vi) continuous from below if

lim 72 (A,) = i (A)

n—oo

whenever (Ay), ey CZ and A, / A.
(vit) continuous from above if

lim 7 (A,) = i (A)

n—oo
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whenever (Ay),cn CZ and A, \, A.
(viit) T -measure if it is a T -valuation and continuous from below.
(ix) *-decomposable if
0<m(A) <1,

for every A € T and there exists the composition law * : [0,1] x [0,1] — [0,1] such
that
m(AUB)=m(A)*m(B),

whenever A,B €T and AN B = 0.

The following lemma will be useful in the proof of the main results in the paper.
We recall that any crisp set M C X can be considered as an intuitionistic fuzzy set

M = {(z,xnm (x),1 = xum (2));0 € X},
where Y/ is the characteristic function of the set M in X.

Lemma 2.6 (i) If (M,),.y are crisp sets, M, C X and A € IFS(X) then

neN

AT ( UNMn) = U (AT M,)
ne

and

neN

AT ( ﬂNMn) _ N (ATM,),
ne

for every intuitionistic fuzzy t-norm T . N
(i) Let (An),en be a family of intuitionistic fuzzy sets in X. If A;NA; = Ox
for every i,j € N,i # j then (Ay), ey s Tar-disjoint.

Proof. (i) It is immediate because
T((0,1),2) = (0,1)

and
T<<17 O) 7*75) =T,

for every x € L.
(73) The property of distributivity of the union with respect to intersection implies

(igkAi) NA;= U (A0 4 =0x.

Remark 2.7 The above result of distributivity is not very interesting because
ATM = AN M for every crisp set M, intuitionistic fuzzy set A and intuitionistic
fuzzy t-norm T .
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3 Classical algebras induced by intuitionistic
fuzzy algebras

Taking into account the representation of a crisp set as an intuitionistic fuzzy set
the following result can be proved.

Theorem 3.1 IfZ is an intuitionistic fuzzy T — o-algebra on X then
I.={M €7 : M is a crisp set}
1s a o-algebra.

Proof. 6X € 7T therefore 0 € T..
If M €Z. then

M= {{z,1 —xm (), xpm(2);z e X} T

but it is a crisp set, namely the complementation of M, therefore M*¢ € Z..
Let M, € Z.,n € N. Because M,, € Z,n € N, we get

T My = {{w.1 7 0, (@), v 70, (@) ;7€ X} €T,
neN neN

neN
where
(x) = 1, if there exists n € N such that x € M,
H T Mn N 0, otherwise
= XuMm, (z)
neN
and

VTMH(JU)21—M7Mn(f€)=1—XLEJNMn($)’

neN

for every x € X, therefore U M,eZ.m
The o-algebra Z. can be con81dered the classical o-algebra induced by Z.

Example 3.2 An intuitionistic fuzzy set A = {(x,na (z),va(x));x € X} is called
measurable with respect to o-algebra A C P (X) if the functions pua and va are
A-measurable. In the paper [6] it is proved that

Ia={A€lIFS(X);A is A-measurable}
s an intuitionistic fuzzy Ty — o-algebra. It is clear that
(Za), = A

because M € A if and only if its characteristic function xp 1s A-measurable.
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Example 3.3 The family
H={A€IFS(X);Q4 or Aa is finite or countable},
where
Qu ={z € X;pa(z) >0}

and
AA:{I'GX;I/A(I’)>O},

is an intuitionistic fuzzy Ty — o-algebra (see [6]). We have
H.={M;M C X, M or M€ is finite or countable} .
Indeed,
{{z.xar (2) .1 = xar (7)) ;2 € X} €H

if and only if
{z € X;xm (z) > 0}

or
{r e X;xu(z) <1}
is finite or countable, if and only if
{r e X;xu(z) =1}
or
{z € X;xare (2) = 1}
1s finite or countable.
Example 3.4 A (ky, k2)-intuitionistic fuzzy set on X ([15]) is an intuitionistic fuzzy
set on X, A= {{z,pa(x),va(x));z € X}, satisfying the property
ky <min{pa (x),va(2)} < ko, Vo € X,
where ky, ko € [0,0.5] are two constants. We denote I F Sy, k, (X) the collection of all
(k1, ka)-intuitionistic fuzzy sets on X. In [6] it is proved that I F'Sk, , (X)U{ﬁX,TX}

is an intuitionistic fuzzy Ty — o-algebra. We immediately obtain
(IFSkl,kz (X> U {6X>TX}) = {Q),X}

if k1 > 0 and
<1F5k1,k2 (X)U {’GX,TX}> — P (X)

if k1 = 0 because
min{xy (z),1 —xum ()} =0,Vx € X,

for every crisp set M.

17


Spiritia
Rectangle


4 Measures on crisp sets induced by measures on
intuitionistic fuzzy sets

It is obvious that the restriction of an intuitionistic fuzzy set function to correspond-
ing crisp set function preserves properties as monotonicity, continuity from below
and from above, finite and countable additivity. The below result is more general.

Theorem 4.1 Let 7 be an intuitionistic fuzzy t-norm, m : T — [—o00,+0o0] be a
mapping on intuitionistic fuzzy Ty — o-algebra T which assumes at most one of the
values —oo and 400, A € T fized and m? : . — [—oo, +00] defined by

m2 (M) = m (ATM) .

i) If m <6X> =0 then m2 (0) = 0.

(
(ii) If m is monotone then m? is monotone.
1

(1ii) If m is continuous from below (above) then m
(above).

(iv) If m is countable (finitely) Tys-additive then m? is countable (finitely) ad-
ditive.

(v) If m is a Tyr-valuation then m?#

(vi) If m is *-decomposable then m?

A

2 1s continuous from below

1S a valuation.
18 x-decomposable.

Proof. (i) Because AT() = 0x we have
(73) For any M, N € Z, if M C N, then ATM C AT N and

m2 (M) =m (ATM) <m (ATN) =m? (N).

C

(ii7) For any (M), oy € Ze, it M;, € Myy1,n € N, then ATM,, € AT M1, the
continuity from below of m and Lemma 2.6, (i) imply

mf(UMn) - fﬁ(AT(UMn)) _
neN neN

m ( U (ATMn)) = limm (ATM,) = limm? (M,).

neN n— o0 n— oo

(iv) We only prove the property for the countable case. Let (M,), .y € Zc, M; N
M; =0 ifi+# j. Then

(AT M;) N (AT M;) =0y
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if i # j, that is (see Lemma 2.6, (ii)) (A7 M,),.

y is a Ty —disjoint family of

intuitionistic fuzzy sets. We obtain

e (gon)

o (nLEJN (ATMn))

)

> mit (My)

neN

i (m ( U M,
neN

> m(ATM,) =

neN

(v) Let M, N € Z.. We have

m2(MAN)+m2(MUN) = m(AT (M NN))+m (AT (M UN))
= @ ((ATM) N (ATN)) + i (AT M) U (ATN))
= m(ATM)+m (ATN)
= mg (M) +mg (N)

and together with (7) the property is proved.

(vi) Let M,N € Z,, M NN = (). Then (AT M) N (ATN) = 0x and

m2 (M UN) m (AT (M U N))
m ((ATM) U (ATN))
m (AT M) «m (AT N)

(M) *m (N).

3 23R

Corollary 4.2 (i) If m is a fuzzy measure on intuitionistic fuzzy sets then m?

fuzzy measure on crisp sets.
(ii) If m is a Ty-measure then m? is a measure.
(iii) If m is countable Tyr-additive then m?2 is a measure.

18 @

Example 4.3 If X is a finite set then m : IFS (X) — [0, +o0] defined by

1
52 (na(z) +1—va(x)),

reX
for any A = {(x,pa (z),va(x)) ;2 € X}, is countable Tyr-additive (see [6]). Let
M C X. Then

W (A) =

m(ATM) = —Z prary (2) + 1 —vary (2))
= —Z pa (@) +1—wva(z)).
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Because (1FS (X)), =P (X) we obtain
mg o P (X) = [0,+00]
mA (M) = 537 (ua @) 41— v (2)

xeM

is a classical measure, for any fired A € IFS(X). If A= 1y we get
ma (M) = Zl = cardM
zeM

that is the cardinal of finite sets.

Example 4.4 Let A C P (X) be a o-algebra and m : A — [0, +00] be a measure.
Let us denote

Ta = {A:A={{z,ua(z),va(x));x € X} € I[FS(X),
pa and vy are A-measurable}

Log(A) = {zeX:pa(x)>aandvy(z) <[},

where o, 3 € [0,1],a # 0 or B # 1. The intuitionistic fuzzy set function m : L4 —
[0, +00] defined by
ma (A) =m (Lag (A))

is countable Tyr-additive (see [6]).
Because

(parnr (), varm (2) = T ((na(x),va (), (s (2), v (7))
= T ((pa(
_ { (pa(z),va(z)), ifreM
(0,1), ifr ¢ M

we have

Lo (ATM) = Lo g(A)N M,
for every o, € [0,1],a # 0 or B # 1. Therefore (771,4);4 : A — [0, +0o0] defined by
(M) (M) = m (Lo, (A) N M)
is the measure induced by m 4 and A.

Let us denote B C P ([—o00, +o0]) the family of Borel sets. Below we introduce
a classical measure on B starting from a measure on intuitionistic fuzzy sets and a
measurable function.

Let Z be an intuitionistic fuzzy 7 — o-algebra and f : X — [—00,400] be an
Z-measurable function, that is f~! (M) € Z for every Borel set M € B.
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Theorem 4.5 Let T be an intuitionistic fuzzy t-norm, m : T — [—o0,400] be an
intuitionistic fuzzy set function on intuitionistic fuzzy Ty — o-algebra T which as-
sumes at most one of the values —oco and 400, A € T fized and my : B — [—00, +)]
defined by

m! (M) =m (AT f (M)).

i) If (6X> = 0 then m! (0) = 0.

i) If m is monotone then m! is monotone.

(
(
(iii) If m is continuous from below (above) then mf is continuous from below
0
(iv) If m is countable (finitely) Tyr-additive then m! is countable (finitely) addi-

(v) If m is a Tyr-valuation then m! is a valuation.
(vi) If m is x-decomposable then m{ is x-decomposable.

Proof. It is similar to the proof of Theorem 4.1 taking into account the proper-
ties of the preimage

1@ =0
M C N implies f~' (M) C f~'(N)
f_l <ngNMn - nng_l (Mn)

I (nQNM”) nngil (M) -

|
The following consequences are immediate.

Corollary 4.6 (i) If m is a fuzzy measure on intuitionistic fuzzy sets then ml is a
fuzzy measure on B.

(ii) If m is a Tyr-measure then mf is a measure on B.

(iii) If m is countable Tyr-additive then m! is a measure on B.
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