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Abstract: We present some examples of remarkable intuitionistic fuzzy o-algebras
and c-additive intuitionistic fuzzy measures.
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1 Preliminaries

We consider the usual definitions and notations (see [I] or [2]) of intuitionistic fuzzy set,
union, intersection, complementary of intuitionistic fuzzy sets (IFSs, for short) and we
denote X = {{z,1,0);z € X},0 = {(2,0,1);2 € X}. We recall the main definitions
used in this paper.

Definition 1.1 ([J], see also [4]) An intuitionistic fuzzy o-algebra on X # 0 is a family
A of IFSs in X satisfying the following properties:

(1) X € A; o

(i1) A € A implies A° € A,

(iii) U A, € A for every sequence (Zn> of IFSs in X.

neN neN

Definition 1.2 (see [5]) Let A be an intuitionistic fuzzy o-algebra in X. A function
m : A — [0,00] is said to be an intuitionistic fuzzy measure if it satisfies the following
conditions; _

(4) (@) —0;

(7i) For any g, Be .Z, ACB implies m <g> <m (é) )

The intuitionistic fuzzy measure m is called o-additive if m ( U A/n) = > m (A}L)

neN neN

for every sequence (An> of pairwise disjoint I[FSs in A.
neN



2 Examples of intuitionistic fuzzy o-algebras

Let A C P(X) be a o-algebra. A = {{z,pz(x),vy(x));z € X} € IFS(X) is called

A-measurable if the functions ;3 and v; are A-measurable.

Proposition 2.1 The family fA of A-measurable IFSs is an intuitionistic fuzzy o-algebra.

Proof. It is obvious because the constant functions are A-measurable and the A-

measurability of f,, for every n € N, implies the A-measurability of supf, and inlg fn-
neN ne
]

Let A = {{z,pz(x),vi(x));z € X} € IFS(X). Letusdenote Q5 = {z € X;puz(z) >0}, Az =
{z € X;v;(z) >0} and

N = {;f € IFS(X);Q; or Ajy is finite or countable} .

Proposition 2.2 The family N of IFSs is an intuitionistic fuzzy o-algebra.

Proof. X = {(z,1,0);z € X} € N because Ay =0. If A e N then Q5 or Ajis
finite or countable, that is A° € N.
Let A, = {<:1:,,ugn (z),vz, (z));z€ X} € N,Vn € N. If Q3 is finite or countable for

every n € N then Q | 7 is finite or countable because 2 | 3 ng UNQ i - If there exists
n ne "

neN neN "
no € N such that ) ny is uncountable then A Ang is finite or countable and

Ajg = {xGX;qifelI{]Vgn (x) >O} C {$€X;I/gn0 (7) >()} =A;

U
neN nQo

implies A | 7 finite or countable, therefore UN;I" eN. m
nen ne

In [3] and [6] the image and the preimage of an intuitionistic fuzzy set by a crisp
function f : X — Y are introduced.

Definition 2.3 If B = {<y,,u§ (v), vz (y)> (Y € Y} € IFS(Y) then the preimage of B
under f, denoted by f=* <§>, is the IFS in X defined by f~! (é) ={{z, [ (up) (@), (vg) (2);z€X
where f~' (ug) (x) = pg (f (x)) and [~ (v5) () = vg (f (2)) .

In the paper [6], Corollary 2.10, some properties of image and preimage are proved.

Among these, f~1 [ | éj = Usrt <§j> for every index set J and Ej € IFS(Y) and
jeJ jeJ
= (Ec) _ ( = (E))C for every B € IFS(Y). In addition, f~! (37) — X, therefore

the following example is immediate.



Proposition 2.4 Let XY be two sets, A an intuitionistic fuzzy o-algebra on'Y and let
f: X =Y be a mapping. Then the system

./Z(f = {f_l (E) ;EE.Z}
18 an intuittonistic fuzzy o-algebra on X.

In [7] the so-called (ki, ks)-intuitionistic fuzzy sets are introduced and studied.
Deﬁniﬁion 2.5 Let X be a nonempty set. A (ki, ko)-intuitionistic fuzzy sets is an IFS
on X, A= {<:L‘, pi(r), vy (x)> [T E X}, satisfying the property

ki <min{pz(z),vi(x)} <k Vo€ X,
where ki, ke € [0,0.5] are two constants.

We denote by IF'Sy, k, (X) the collection of all (ky, k2)-intuitionistic fuzzy sets on X.
Proposition 2.6 IF Sy, x, (X)U {6, )?} is an intuitionistic fuzzy o-algebra.

Proof. It is obvious that A € IF Sy, k, (X) implies Ac e IF Sk i, (X). Let A, €
IFSk k, (X),Yn € N, that is

ki <min{pz (z),vz (2)} <ky,Vze X, VneN.
We must prove
k1 < min {supug (x), ingyg (33)} < ko, Vo € X.

neN
To prove the left inequality, let us assume

ki > min {Supug (wo) , infry (:1:'0)} ,
neN m neN “An

where 2o € X. Then suppy (z9) < ki or ingu;1 (o) < ky. If suppuz (29) < ki then
neN " ne€N neN "
i (x0) < k1,Vn € N, a contradiction with A, € IF S, i, (X). If inIf\Tyg (x0) < ky then

there exists ng € N such that Vi, (o) < k1, a contradiction with /Tno € IF Sk k (X).
To prove the right inequality, let us assume

ks < min {sup,ug (xo) , infr; (mo)} :
neN An neN Ar

where zy € X. Thensuppy (z9) > ko and ingyg (wg) > ko. Weget vy (x0) > ko, Vn € N
neN " neN o "
therefore pz (z9) < ko, Vn € N because A,, € IF'Sk, k, (X). This implies supuz (7o) <
neN
ko, a contradiction with

supjtz (wo) > kz. As a conclusion, J A, €IFS 1, (X). =
neN neN



3 Examples of intuitionistic fuzzy measures

Let X #0,AC X and a,3 € [0,1],0 < a4+ 3 < 1. The intuitionistic fuzzy set A =
{{z,pz(x),vi(z));z € X}, where ps(z) = o, if # € Ajuz(z) = 0if z ¢ A and
vi(z) =p,ifx € A,vy(z) =1if v ¢ A,is denoted by (z,«, ), (see [5]). For example,
0= (x,0,1), and X = (x,1,0), .

Proposition 3.1 Letp € X,a > 0,8 > 0,a+ 3 < 1 and A be an intuitionistic fuzzy
o-algebra. The function mo : A — [0, 00] defined by

=~ )1 if(x,a,ﬁ>{p}§g
e <A) B { Oa Zf <£E,Oé,ﬁ>{p} g Z

1 a o-additive intuitionistic fuzzy measure.

Proof. We recall that (z,a, 8), C A means a < pi(p)and 8> vy(p).

Mo <@) = 0 holds clearly.

Let A,B € Aand A C B. If (z,a,8) 1,y A then (z,a,8), C B therefore i, <Z>
Mo <§> =1. If (z, q, ﬁ>{p} ¢ A then 7 <E> = 0 and the inequality m, (ﬁ) < m, <§>

is obvious. B B B
Let (An> be a sequence of pairwise disjoint IFSs in A and A = |J A,.
N

ne neN
If (z,a, ), C A then there exists an unique no € N such that Vi, (p) < 1. Indeed, if

vi (p) = 1,Vn € N then 8 > vz (p) > irelgygn (p) = 1, a contradiction, because f < 1.

If there exist ni,ns € N such that Vi, (p) < 1 and Vi, (p) < 1~then V1A, (p) =
max{ygnl (p),z/gn2 (p)} < 1, a contradiction with A,, N A,, = (). Because v; (p) =

1,¥n € N,n # ng we obtain 1z (p) = 0,Vn € N,n # ny, therefore (z,a, 8),,, & AVn €
N, n # ng. We have pz (p) = Hi,, (p) and vz (p) = Vi, (p), therefore

e (2) — %m (Zn> = e (Zm) — 1.

If (z,0,8), & A then o > suppy (p) or B < inlf\IVg (p) therefore a > pz (p) or
B <wvz (p) for every n € N. In this case
e (A) = 0= (4.
neN

[
Let X be a finite set and A C TFS(X) be an intuitionistic fuzzy o-algebra.



Proposition 3.2 The function m : A — [0, +00] defined by

i (2) = 53 (na (@) +1 - vz 0))

zeX

for any A= {<x,,ug (x),vx (ac)> x € X} S /T, is a o-additive intuitionistic fuzzy mea-
sure.

Proof. 1 () = 0,Vz € X and y;(z) = 1,Vz € X therefore m (6) —0. If A,B €

A, A C B then pi(x) < pg(x),Vee X and vy (x) > vy (x), Ve € X. We have pz (x) +

1 —vi(x) < pg(r)+1—vs(x), Vo € X which implies m <;[> <m (E) Let (A}L)

~ neN

be a sequence of pairwise disjoint IFSs in A. For a fixed z € X there exists at most

an m, € N such that pz (z) > 0 and at most an n, € N such that vz (z) < 1.

Contrariwise the condition A; N Ej = 6, Vi, 7 € N,i # j is violated. We have

m(Uﬁn> = %Z <uugn(l‘)+1—vugn($))

neN zeX neN neN
= % (S&ZX?;IN)M;‘" (x) + cardX — xezxirelgl/gn (:U))
1
= 3 (Z“ﬁmz (x) + cardX — Zugnz (az))
reX rxeX
- %Z (Z“Zn (x) + cardX — ZV& (x))
zeX \neN neN
1
= > (52 (na, (x) +1—vy, (95))>
neN rzeX
= S m(A4,).
> (4)

|
Let A C P (X) be a o-algebra and m : A — [0, +00] be a measure on A. We denote

Log (K) = {xEX;,ug(x) >« and vy (x) Sﬁ},

where A = {{z,pz(x),vi(x));z € X} € IFS(X) and o, 5 € [0,1],a # 0 or 3 # 1. Tt
is obvious that A € 74 (Proposition ) implies L, g (2) e A

Proposition 3.3 For fixed o, 3 as above, the function m 4 :fA — [0, 00| defined by

e (3) = (10 (9)

18 a o-additive intuitionistic fuzzy measure.



Proof. We have L, 3 (@) ={reX;0>aand 1 <F} = 0, therefore m4 <@> =
m (Q) = 0'~
If A C B then py(z) < pg(r),Vz € X and vyi(r) > vz(z),Vo € X therefore
Lag (Z) C Lag (E) We obtain

i (3) (120 (1) < (121 (5)) =70 (5)

Let us prove AN B = ) implies L,z <Z> NLap (E) =(. Let x € X. Then py(z) =0or
pg(r)=0andvi(r)=1lorvg(z) =1 Ifpy(r) =0and vy (z) =1thenz & L,g (Z)
If pz(z) = 0and vz(z) = 1 or pg(r) = 0 and vi(z) = 1 then © ¢ Log (ﬁ) or
r ¢ Log <§) If pg () =0and vz (z) =1 then o ¢ Lo g <§>

The inclusion |J L, s (Kn) C Luog ( U ﬁn> is immediate for every sequence (Kn>
neN

neN neN
of IFSs. If <En) is a sequence of pairwise disjoint IFSs in 7 4 then, for a fixed x € X,

neN
there exists at most an index m, € N such that ;7 () > 0 and at most an n, €

N such that vz (z) < 1 (see the proof of Proposition . But m, = n, because
contrariwise p1z (x)+ vz (2) > 1, a contradiction. These imply 1, 5 () = pjz, ()
neN
and v ) 5 (z) =vg (2). lfz € Lag < LEJNAV”) then 1y 5 (z) = pgz, () = a and
neN n neN

vy i, (@) =vz (z)<Pthatisz € Lag <gmz> We obtainz € |J Lag <gn), therefore

neN neN

my

Los < U gn) C ULag (ﬁn) . We have

neN neN

) = (e () (U 0)

- S (s (3)) = s (1)

neN neN
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