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INTRODUCTION

Intuitionistic Fuzzy Sets (IFSs, see [1]) are an extension of fuzzy sets allowing levels
of membership and non-membership to be independently defined for each element of the set.
On the base of fuzzy logic was introduced the Intuitionistic Fuzzy Logic (IFL), which
undergo many changes and innovations during the last year. In a number of papers was shown
the generation of many new implications and the examination of their properties. In [2] are
introduced the all 174 implications that have been obtained previously.

Let E be an arbitrary universe. IFS 4 in E is defined as an object of the following form
A= {<x, pa(x), a(®)>[x € E},
where the functions:
ua: E—[0,1]
and
va: E—[0,1]

define the degree of membership and the degree of non-membership of the element xekE,
respectively, and for every xeE:

0 < pa(x) +va(x) < 1.
Therefore, we can define a function
ma: E—[0,1]
such that
TA(X) = 1 = (pa(x) + va(x)),
which corresponds to the degree of uncertainty about the membership of an element xeF.
In this paper we will study properties of some of the new intuitionistic fuzzy implications

shown in [2] and will exam whether or not they satisfy the given below eight axioms from the
classical logic.
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Property number | Form of property

L. A-BvC) R (A—-B)v(A—CO)
ILLA-BVvC R, A—-B)*"(A—-C0C)

Nn. . A-B*"C) R A—-B)*"(A—- 0
IV..A-B"C) Ry A—=B)v(A—-CO)

V.. AvB)->C Rs (A—-C)v(B— ()

VI.  AvB) - C R (A—-C)*"B—C)

VI. A"B)-CR;, ( A—>C)*(B—-O0)

VIII.  (A*"B) - C Rs (A—-C)v(B—O)

Table 1: List of properties

We will consider the following new implications introduced in [2].

Implication number | Form of implicaion

Xan { <x, I=sg(v(X)-v4(x)), pa(x).5g8(vp(X)—v4(x)) > | x€ E }

Xas { <X, 1-(1-w(x)).sg(Va(X)—vi(X)), pa(X).58(Va(X)—14(x)) > | x€ E }
Xag { <x, max(up(x), va(x)), min(vp(x), mu(x)) > | x€ E }

Xy { <x, min(1, up(x)+v4(x)), max(0,vp(x)+uy(x)-1)>|xc E }

Table 2: List of examined intuitionistic fuzzy implications
In this table, sg and @ are two functions defined as:

Lx>0
0,x<0

0,x>0
Lx<0

sg(x) ={ and  sg(x) ={

EXAMINAITON OF THE IMPLICATIONS’ PROPERTIES
Xap= { <X, I-sg(va(X)—vu(X)), p1a(x).sg(va(x)—v4(x)) > | xe E },
LA->BvVC) R (A—B)v(A—C)

B v C = max(pug(x), pne(x)), min(v(x), ve(x))
A — (BvC)=1-sg(min(vg(x), vc(X)) — va(X)), La(x).sg(min(ve(X), vc(X)) — va(x))

(A — B) v (A — C) = max(1 — sg(ve(x) — va(x)), 1 — sg(vc(X) — va(x))), min(pa(x).sg(va(x) — va(x)),
HA(X)-8g(Ve(X) — va(x))

1 — sg(min(vp(x), vc(x)) — va(x)) — max(1 — sg(ve(x) — va(x)), 1 — sg(ve(x) — va(x))) = 1 — sg(min(vp(x),
ve(x)) — va(x)) — 1 + min(sg(va(x) — va(X)), sg(vce(x) — va(x))) = min(sg(ve(x) — Va(x)), sg(vc(x) —
Va(X))) — min(sg(va(X) — va(x)), sg(vc(x) — va(x))) = 0

HAGO)sg(min(v(0), V(X)) — Va()) — min(ua(x)-sg(va(x) — VA(X)), Ha(x)SEVE(X) — Vva(x) =
HA(x)-min(sg(va(x) — Va(X)), SE(VE(X) — Va(X))) ~ pa(X)-min(sg(Va(x) — Va(X), sE(Ve(x) — Va(x)) = 0.

So, the form of the relation R, is =
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ILA—BvC) R, (A— B)*(A— C)

(A — B) " (A — C) = min(1 — sg(va(X) — va(x)), I — sg(ve(x) — va(x))), max(pa(x).sg(ve(x) — va(x)),
Ha(x).sg(ve(x) — va(x))

I = sg(min(va(x), ve(x)) — va(x)) — min(1 — sg(va(x) — va(x)), 1 = sg(ve(x) = va(x))) = | — sg(min(vs(x),
ve(x)) — va(x)) — 1 + max(sg(ve(x) — va(x)), sg(vce(x) — va(x))) = max(sg(va(x) — va(x)), sg(ve(x) —
V(X)) — min(sg(va(x) — va(x)), sg(ve(x) — va(x))) = 0

Ha(x).sg(min(ve(x), ve(x)) — va(x)) — max(pa(x).sg(ve(x) — va(x)), pa(x).sg(ve(x) — va(x)) =
pa(x).min(sg(va(x) — va(x)), sg(ve(x) — Va(x))) — pa(x).max(sg(va(x) — va(x)), sg(ve(x) — va(x))) < 0

So, the form of the relation R, is >
NN.A-B*"C) R A—-B)*"(A— O
A — (B C) =1 -sg(max(vs(x), vc(X)) — va(X)), Ha(x).sg(max(ve(x), ve(x)) — va(x))

I - sg(max(va(x), ve(x)) — va(x)) — min(1 - sg(va(x) — va(x)), 1 - sg(ve(x) - va(x))) = 1 - max(sg(va(x)
—Va(x)), sg(ve(x) — va(x))) — 1 + max(sg(vp(x) — va(x)), sg(ve(x) — va(x))) =0

HAGO)sg(max(va(x), Ve(x)) — Va(x)) — max(ua(x):sg(ve(x) — VA()) Ra()SEVC(X) — VAKX)) =
HA(X)-max(sg(va(x) — Va(X)), SE(VE(X) — Va(X))) ~ Ha(X)-max(sg(va(x) — va(x), sg(ve(x) — Va(x))) = 0

So, the form of the relation R; is =
IVA->B*"C) R, (A—>B)v(A—CO)

1 — sg(max(vp(x), ve(x)) — va(x)) — max(1 — sg(vs(x) — va(x)), I —sg(ve(x) — va(x))) = 1 — max(sg(vs(x)
= Va(X)), 8g(vc(X) — va(x))) — 1 + min(sg(va(x) — va(X)), sg(ve(x) — va(x))) < 0

Ha(x).sg(max(ve(x), ve(x)) — va(x)) — min(ua(x).sg(ve(x) — Va(x)), Ha(x).sg(ve(x) — Va(x)) =
Ha(x).max(sg(va(x) — va(X)), sg(ve(x) — va(x))) — pa(x).min(sg(va(x) — Va(x)), sg(ve(x) - va(x))) 2 0

So, the form of the relation Ry, is <
VAAvB)-CRs ( A—-Cv(B—-O0)
(AvB) = C=1-sg(ve(x) — min(va(x), va(x))), max(pa(x), ua(x)).sg(vc(x) — min(va(x), va(x)))

(A= C)v (B — C)=max(l - sg(ve(x) = va(x)), I - sg(ve(x) — va(x))), min(pa(x).sg(ve(x) — va(x)),
HB(X)-sg(ve(x) — va(x)))

1 = sg(ve(x) — min(va(x), va(x))) — max(l — sg(ve(x) — va(x)), 1 —sg(ve(x) — vp(x))) = 1 — max(sg(ve(x)
—va(x)), sg(ve(x) — va(x))) — 1 + min(sg(ve(x) — va(x)), sg(ve(x) — va(x))) <0

max(pa(x), up(x)).sg(ve(x) — min(va(x), va(x))) — min(pa(x).sg(ve(x) — va(x)), ue(x).sg(ve(x) — vp(x)))
= max(pa(x), pp(x)).max(sg(ve(x) — va(x)), sg(ve(x) — ve(x))) — min(pa(x).sg(ve(X) — va(x)),
1p(X)-sg(ve(x) — va(x))) = 0.

So, the form of the relation Rs is <
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VIL.(AVB) > C Rs (A— C)* (B— C)

(A= C) " (B — C) =min(l - sg(ve(x) = va(¥)), 1 = sg(ve(x) = va(x))), max(pa(x).sg(ve(x) — va(x)),
uB(x).sg(ve(x) — va(x)))

I = sg(ve(x) — min(va(x), vi(x))) — min(1 — sg(ve(x) — va(x)), 1 — sg(ve(x) — v(x))) = | — max(sg(ve(x)
—Va(x)), sg(ve(x) — ve(x))) — 1 + max(sg(ve(x) — va(x)), sg(ve(x) — vp(x))) =0

max(pa(x), Ue(x))-sg(ve(x) — min(va(x), va(x))) — max(pa(x)-sg(vc(X) — va(x)), tp(x).sg(Ve(x) — va(x)))
= max(pa(x), pp(x)).max(sg(ve(x) — va(x)), sg(ve(x) — vp(x)) — max(pa(x).sg(vce(x) — va(x)),
pe(X).8g(ve(x) — vp(x))) = 0

So, the form of the relation R is <
VIL(AAB)-CR; (A—>C)*"B—-0)
(A" B) = C=1 —sg(ve(x) — max(va(x), va(x))), min(pa(x), ua(x)).sg(ve(x) — max(va(x), vs(x)))

1 = sg(ve(x) — max(va(x), va(x))) — min(1 — sg(ve(x) — va(x)), 1 — sg(ve(x) — v(x))) = 1 — min(sg(ve(x)
= Va(X)), sg(vc(x) — va(x))) — 1 + max(sg(ve(X) — va(x)), sg(ve(x) — va(x))) = 0

min(pa(x), tp(x))-sg(ve(x) — max(va(x), va(x))) — max(pa(x)-sg(ve(x) — va(x)), ua(X).sg(ve(x) — va(x)))
= min(pa(X), pp(x))-min(sg(ve(x) — va(x)), sg(ve(x) — vp(x))) — max(pa(x).sg(ve(x) — Va(X)),
1B(x).sg(ve(x) — vp(x))) <0

So, the form of the relation R; is >
VIIL(A"B)—-C Rg (A—>C)v(B—C)

1 = sg(ve(x) — max(va(x), va(x))) — max(l — sg(ve(x) — va(x)), 1 = sg(ve(x) — va(x))) = 1 — min(sg(vc(x)
—Va(x)), sg(ve(x) — va(x))) — 1 + min(sg(ve(x) — va(x)), sg(ve(x)—va(x))) = 0

min(pa(x), ua(x)).sg(ve(x) — max(va(x), ve(x))) — min(pa(x).sg(vc(x) — va(x)), ta(x).sg(ve(x) — va(x)))
= min(pa(x), up(x)).sg(min((ve(x) — va(x)), (ve(x) — ve(x))) — min(pa(x).sg(ve(x) — va(x)),
p(x)-sg(ve(x) — va(x)))
1) pax) < ps(x) => pa(x).sg(min((ve(x) — va(x)), (ve(x) — vp(x))) — min(pa(x).sg(ve(x)
= Va(X)), up(x).sg(ve(x) — va(X))),
a)  (ve(x) = va(x)) = 0 => pa(x).sg(ve(x) — va(x)) — min(pa(x).0, pp(x).sg(ve(x) —
ve(X))) = pa(x).0 — ua(x).0=0-0=0,
b)  (ve(x) — vp(X)) < 0 => pa(x).sg(ve(x) — vp(x)) — min(pa(x).sg(ve(x) —va(x)),
1B(x).0) = pa(x).0 — pp(x).0 =0-0=0,
©)  (ve(x) = va(x)) = 1 => pa(x).sg(ve(x) — va(x)) — min(pa(x).1, pp(x).sg(ve(x) —

VB(X)))a
o (Ve(x) ~ V(X)) < 0 => pa(x).0 — pp(x).0) = pa(x).0 — up(x).0 =0 — 0 =
05
*  (ve(x) —vp(x)) = 1 => pa(x).1 — min(pa(x).1, pa(x).1) = pa(x) — pa(x)
=0,

d) (ve(x)—vp(x))=1 — analoguously to case c),
2) pa(x) > pp(x) => pp(x).sg(min((ve(x) — va(x)), (ve(x) — vp(x))) — min(pa(x).sg(ve(x)
= va(x)), us(x).sg(vc(x) — ve(x))) — the deduction is analoguous to
case 1).
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So, the form of the relation Rg is =

Xaz = { <x,1-(1-v4(x)).58(vB(X)—Va(X)), pa(x).88(Va(X)—va(x)) > | x€ E },
LLA—®BvC) R, (A—B)v(A— C)

B v C = max(pug(x), ne(x)), min(vg(x), ve(x))
A — (BvC)=1-(1-va®Xx)).sg(min(vs(x), ve(x)) = Va(x)), Ha(x).sg(min(ve(x), ve(x)) — va(X))

(A = B) v (A = C) =max(l — (I — va®x))-sg(va(x)vax)),] — (I — va(x)).sg(ve(x)-va(x))),
min(pa(x).sg(ve(x) — va(x)), fa(x).sg(ve(x) — va(x))

I — (1 = va(x)).sg(min(v(x), vc(x)) — va(x)) — max(l — (1 — va(x)).sg(ve(x) — va(x)),l — (1 —
Va(X))-8g(Ve(x) — va(x))) = 1 — (1 — va(x)).min(sg(vp(x) — va(x)), sg(va(x) — vc(x))) — 1 + min((1 —
Va(%)).sg(VB(X) = va(x)), (1 = va(x)).sg(Ve(xX) — va(x))) = 0

HA(X)-sg(min(va(x), ve(x)) — Va(x)) — min(pa(x)-sg(va(x) = Va(K)), HaCX)-5&(ve(x) = Va(x)) = 0

R] is=

ILA—BvC) R, (A— B)*(A— C)

(A —B) " (A — O =min(l - (I - va®x)).sg(va(x) = va(x)), 1 = (1 = va(x)).sg(ve(x)— va(x))),
max(pa(x).sg(vs(x) = Va(x)), fa(x)-sg(ve(x) = va(x))

I = (1 = va(x)).sg(min(ve(x), ve(x)) — Va(x)) — min(l — (I — va(x)).sg(va(x) — va(x)), I — (1 -
Va(X))-sg(Ve(x) = va(x))) = 1 — (I — va(x)).min(sg(ve(x) — va(x)), sg(ve(x) — vc(x))) — 1 + max((1 -
Va(X))-5g(VB(X) = Va(X)), (1 = Va(x)).5g(Ve(X) = va(x))) = 0= 0

pa(x).sg(min(vp(x), ve(x)) — va(x)) — max(ua(x).sg(ve(x) — va(x)), pa(x).sg(ve(x) — va(x))
pa(x).min(sg(va(x) — va(x)), sg(ve(x) — Va(x))) — pa(x).max(sg(va(x) — va(x)), sg(ve(x) — va(x))) < 0

So, the form of the relation R, is >

HNLA->B"*"C) R; A—-B)*"(A—- O
A — (B"C)=1-(1-va(x)).sg(max(ve(x), vc(X)) — va(x)), na(x).sg(max(ve(x), vc(X)) — va(x))
1 — (1 = va(x)).sg(max(ve(x), ve(x)) — va(x)) — min(l — (I — va(x)).sg(ve(X) — va(x)), 1 — (1 —

VA(X))-5g(Ve(x) = va(x))) = 1 = (1 = va(x)).max(sg(vs(x) — Va(x)), sg(ve(x) = va(x))) — 1 + max((1
Va(X))-8g(VB(X) — va(x)), (1 = Va(x)).sg(ve(x) — va(x))) = 0

Ha(x).sg(max(vs(x), ve(x)) — va(x)) — max(pa(x).sg(ve(x) — va(x)), fa(x).sg(ve(x) — va(x)) = 0

So, the form of the relation R; is =

IVA-B*"C) Ry, (A—>B)v(A—- O
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I — (I = va(x)).sg(max(vg(x), vc(x)) — va(x)) — max(l — (1 — va(x)).sg(ve(x) — va(x)), 1 — (1 —
VA(X)).5g(Ve(X) — va(x))) = 1 — (1 — va(x)).max(sg(va(x) — va(x)), sg(vce(x) — va(x))) — 1 + min((1 -
Va(X))-8g(VB(X) — Va(X)), (1 — va(X))-sg(vc(X) — va(x))) < 0

Ha(x).sg(max(vp(x), vc(X)) — va(x)) — min(pa(x).sg(ve(x) — Va(x)), fa(X).sg(ve(X) — va(x)) = 0

So, the form of the relation R, is <

V.(AvB)>C Rs (A—C)v(B— C)

(AvB)— C=1-(1-min(va(x), va(x))).sg(vc(x) — min(va(x), vg(x))), max(pa(x), us(x)).sg(ve(x) —
min(va(x), ve(x)))

A — C) v (B —C =max(l — (1 - va(x))-sg(ve(x) — va(x)), 1 — (1 — va(x)).sg(vce(x) — va(X))),
min(pa(x).sg(ve(x) — va(x)), us(x).sg(ve(x) — va(x)))

1 — (1 — min(va(x), va(x))).sg(vc(x) — min(va(x), va(x))) — max(l — (1 — va(x)).sg(vc(x) — va(x)), 1 — (1
— VB(X))-sg(ve(x) — va(x))) = 1 — (1 — min(va(x), ve(x))).max(sg(vc(x) — va(x)), sg(ve(x) — va(x))) — 1 +
min((1 —va(x)).sg(ve(x) — va(x)), (1 —vp(x)).sg(ve(x) — va(x))) < 0

max(pa(x), pe(x)).sg(ve(x) — min(va(x), va(x))) — min(pa(x).sg(ve(x) — va(x)), ue(x).sg(ve(x) — va(x)))
= max(pa(x), us(x))max(sg(ve(x) — va(x)), sgve(x) — ve(x))) — min(ua(x).sg(ve(x) — va(x)),
HB(X)-sg(ve(x) —va(x))) = 0

So, the form of the relation R; is <

VL.(AvB)— C R (A — C)* (B— C)

(A =0 "B =0 =mnl - (1 - vakx)).sgvex) — vax)), 1 = (1 = va(x)).5g(ve(x) — va(X))),
max(pa(x).sg(ve(x) — va(x)), pa(x).sg(ve(x) - va(x)))

1 = (I = min(va(x), va(x))).sg(ve(x) — min(va(x), va(x))) — min(1 — (1 — va(x)).sg(ve(x) — va(x)), 1 — (1 -
VB(x)).sg(ve(x) — vp(x))) = I — (I — min(va(x), va(x))).max(sg(ve(x) — va(x)), sg(ve(x) — va(x))) — I +
max((1 —va(x)).sg(vce(x) — va(x)), (1 - va(x)).sg(vc(x) — vs(x))) < 0

max(pa(x), ke(x)).sg(ve(x) — min(va(x), va(x))) — max(pa(x).sg(ve(x) — va(x)), up(x).sg(ve(x) — vs(x)))
= max(pa(x), pa(x)).max(sg(ve(x) — va(x)), sg(ve(x) — vp(x))) — max(pa(x).sg(ve(x) — va(x)),
Hp(X).sg(ve(x) — vp(x))) = 0

So, the form of the relation R is <

VIL(A*B)—>C R, (A— C)* (B — C)

(A" B) — C=1-(1 - max(va(x), vg(x))).sg(vc(x) — max(va(x), vg(x))), min(pa(x), ps(x)).sg(ve(x) —
max(va(x), vg(x)))
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1 — (1 — max(va(x), vg(x))).sg(vc(x) — max(va(x), vg(x))) — min(1 — (1 — va(x)).sg(ve(x) — va(x)), 1 — (1
— va(X)).8g(ve(x) — va(x))) = 1 — (1 — max(va(x), va(x))). min(sg(vc(x) — va(x)), sg(vc(x) — vp(x))) — 1 +
max((1 — va(x)).sg(vc(x) — va(x)), (1 — va(x)).sg(ve(x) — vp(x))) = 0

min(ua(x), we(x))-sg(ve(x) — max(va(x), va(x))) — max(ua(x).sg(ve(x) — va(x)), up(x).sg(ve(x) — va(x)))
= min(ua(x), pp(x))-min(sg(ve(x) — Va(x)), sg(ve(x) — ve(x))) — max(ua(x).sg(ve(x) — va(x)),
Ha(X)-sg(ve(x) — va(x))) <0

So, the form of the relation Ry is >

VIIL.(A*B) > C Ry (A—C)v(B— C)

1 — (1 — max(va(x), ve(x))).sg(vc(x) — max(va(x), ve(x))) — max(l — (I —va(x)).sg(vc(x) — va(x)), 1 — (1
— vp(3)).52(ve(x) — vi(x))) = min((1 - v(x)).52(Ve(x) — va()), (1 — Vi(x)).5(ve(x) — vi(x))) - min((1 —
VA, (1 - vg(x)))-sg(min((ve(x) — va(x), (ve(x) — vi(x)))
1) ve(x) S va(x) => sg(ve(x) — va(x)) = 0, sg(min((ve(x) — va(X)), (ve(x) — ve(x))) = 0 =>
0=0;
2) ve(x) > va(x)
a) vc(X) < vp(x) => sg(ve(x) — va(x)) =0,
sg(min((ve(x) — va(x)), (ve(x) — ve(x))) = 0=>0=0;
b) ve(x) > ve(x) => sg(ve(x) — va(x)) = sg(ve(x) — ve(x)) =
= sg(min((ve(x) — va(x)), (Ve(x) — va(x))) = 1 =>
min((1 —va(x)), (1 —va(x))) — min((1 — va(x)), (1 — vp(x))) = 0;

min(pLa(X), (X)) SEVCX) — Max(va(x), Vi(x))) — min(iia(x).sgVe(x) — VA(X)), Ha(x).5(Ve(x) — Ve(x)))
= min(pa(x), pe(x)).sg(min((ve(x) — va(x)), (ve(x) — ve(x)))) — min(pa(x).sg(ve(x) — Va(x)),
uB(X).sg(ve(x) — va(x)))
1) ve(x) S va(x) =>sg(ve(x) —va(x)) =0,
sg(min((vc(x) — va(x)), (ve(x) —ve(x)))) =0, => 0= 0;
2) ve(x) > va(x)
a) ve(x) < vp(x) => sg(ve(x) — vp(x)) =0,
sg(min((vc(x) — va(x)), (ve(x) —ve(x))) =0 =>0=0;
b) ve(x) > vp(x) => sg(ve(x) — va(x)) = sg(ve(x) — ve(x)) =
= sg(min((ve(x) — va(x)), (Ve(x) — vp(x))) =1 =>
min(pa(x), ue(x)) — min(pa(x), pe(x)) = 0;

So, the form of the relation Rg is =

Xaa = { <x, max(up(x),va(x)), min(vp(x), t4(x)) > | x€ E },

LA—>BvC) R, (A—>B)v(A— C)

B v C = max(pug(x), ne(x)), min(vg(x), ve(x))
A — (B v C) = max(max(ps(x), ic(X)), va(x)), min(min(vg(x), ve(x)), Ha(x))

(A — B) v (A — C) = max(max(up(x), va(x)), max(uc(x), va(x))), min(min(vg(x), pa(x)), min(ve(x),
Ha(x)))
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max(max(pp(X), Hc(X)), va(x)) — max(max(ps(x), Va(x)), max(pc(x), va(x))) = max(ps(x), pe(X), va(x))
— max(max(up(x), He(X)), vax)) =0

min(min(vg(x), vc(X)), Ha(X)) — min(min(ve(x), pa(X)), min(ve(X), Ha(x))) = min(ve(x), ve(X), pa(x)) —
min(min(ve(x), ve(x)), pa(x)) =0

R, is =

HLA-BVvVO R, A—-B)*"(A—-0)

(A - B) * (A — C) = min(max(ug(x), va(x)), max(uc(x), va(x))), max(min(vg(x), pa(x)), min(ve(x),
Ha(x)))

max(max(us(x), Hc(x)), va(x)) — min(max(ps(x), va(x)), max(uc(x), va(x))) = max(us(x), He(x), va(x))
— max(min(ug(x), pe(x)), va(x)) 2 0

min(min(ve(x), ve(X)), Ha(x)) — max(min(ve(x), pa(x)), min(ve(x), pa(x))) = min(ve(x), ve(x), pa(x)) —
min(max(ve(x), ve(x)), pa(x)) <0

So, the form of the relation R, is >

MLA—B"C) Ry (A—B)*(A— C)
A — (B C) = max(min(us(x), ic(x)), Va(x)), min(max(va(x), ve(x)), ta(x))

max(min(ps(x), pe(x)), va(x)) — min(max(pg, va(x)), max(pic, va(x))) = max(min(pp(x), He(x)), Va(x))
— max(min(pp(x), uc(x)), va(x)) = 0

min(max(vs(x), ve(X)), Ha(X)) — max(min(ve(x), pa(x)), min(ve(X), pa(x))) = min(max(ve(x), ve(x)),
Ha(x)) — min(max(ve(x), vc(X)), pa(x)) =0

So, the form of the relation R; is =

IVA-B*"C) Ry (A—>B)v(A—- O

max(min(ps(x), pe(x)), va(x)) — max(max(pp(x), va(x)), max(pc(x), va(x))) = max(min(pp(x), pe(x)),
Va(x)) — max(max(ug(x), pc(x)), vax)) < 0

min(max(ve(x), vc(X)), pa(x)) — min(min(ve(x), pa(x)), min(ve(x), pa(x))) = min(max(ve(x), ve(x)),
Ha(x)) — min(min(vp(X), ve(x)), pa(x)) = 0

So, the form of the relation R, is <

V.(AvB)>C Rs (A—C)v(B— C)

(A v B) = C = max(uc(x), min(va(x), vg(x))), min(max(pa(x), us(x)), ve(x))
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(A = O v (B — C) = max(max(pc(x), va(x)), max(pc(x), va(x))), min(min(ve(x), pa(x)), min(ve(x),
Ha(X)))

max(pc(x), min(va(x), va(x))) — max(max(pc(x), va(x)), max(pc(x), va(x))) = max(pc(x), min(va(x),
vp(x))) — max(max(v(x), va(x)), uc(x)) < 0

min(max(pa(x), ps(x)), ve(x)) — min(min(ve(x), pa(x)), min(ve(x), ps(x))) = min(max(pa(x), ps(x)),
ve(x)) — min(min(pp(x), pa(x)), ve(x)) = 0

So, the form of the relation R; is <

VI.(AvB) > C R¢ (A— C)* (B— C)

(A —>)C) AN (B — C) = min(max(pc(x), va(x)), max(puc(x), ve(x))), max(min(ve(x), pa(x)), min(ve(x),
us(x))

max(pc(x), min(va(x), ve(x))) — min(max(pc(x), va(x)), max(pc(x), va(x))) = max(pc(x), min(va(x),
vp(x))) — max(min(vs(x), va(x)), He(x)) =0

min(max(pa(x), ue(x)), ve(x)) — max(min(ve(x), pa(x)), min(ve(x), ps(x))) = min(max(pa(x), ps(x)),
ve(x)) — min(max(us(x), Ha(x)), ve(x)) = 0

So, the form of the relation Ry is =

VIL(A*B)—C R; (A— C)* (B — C)
(A " B) — C = max(pc(x), max(va(x), ve(x))), min(min(pa(x), up(x)), ve(x))

max(pc(x), max(va(x), ve(x))) — min(max(pc(x), va(x)), max(puc(x), ve(x))) = max(puc(x), va(x), va(x))
— max(min(vg(x), Va(x)), He(x)) = 0

min(min(pa(x), He(x)), ve(x)) — max(min(ve(x), pa(x)), min(ve(x), ps(x))) = min(pa(x), us(x), ve(x)) -
min(max(ps(x), Ha(X)), ve(x)) < 0

So, the form of the relation R; is >

VIIL.(A"B)—>C Ry (A—>C)v(B—C)

max (pe(x), max(va(x), vs(x))) — max(max(pe(x), va(x)), max(pc(x), ve(x))) = max(pc(x), va(x), va(x))
—max(vs(x), Va(x), He(x)) = 0

min(min(pa(x), us(x)), ve(x)) — min(min(ve(x), pa(x)), min(ve(x), pp(x))) = min(pa(x), ps(x), ve(x)) —
min(up(x), pa(x), ve(x)) =0

So, the form of the relation Rg is =

Xas={ <x, min(1, up(xX)+v4(x)), max(0,vp(x)+ ws(x)-1)>|xe E },
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LA-BVvC R ( A—-B)V(A—-O)
A — (B v C) = min(1, max(up(x), pc(x)) + va(x)), max(0, min(vg(x), ve(x)) + pa(x) — 1)

(A — B) v (A — C) = max(min(1,us(x) + va(x)), min(1, pc(x) + va(x))), min(max(0, va(x) + pa(x) —
1), max(0, ve(x) + pa(x) — 1))

min(1l, max(ug(x), pc(x)) + va(x)) — max(min(1,up(x) + va(x)), min(1, pc(x) + va(x))) = min(l,
max(up(x), pc(X)) + va(x)) — min(1, max(ug(x) + va(x), pc(x) + va(x)) = min(1, max(pup(x), pc(x)) +
va(x)) — min(1, max(pp(x), pe(x)) +va(x)) =0

max (0, min(vg(x), vc(x)) + pa(x) — 1) — min(max(0, vg(x) + pa(x) — 1), max(0, ve(x) + pa(x) — 1)) =
max (0, min(vg(x), ve(x)) + pa(x) — 1) — max(0, min(v(x) + pa(x) — 1, ve(X) + pa(x) — 1)) =0

R1 is=

ILA—>BvC) R, (A—B)*(A— C)

(A — B) " (A — C) = min(min(1, pp(x) + va(x)), min(1, pc(x) + va(x))), max(max(0, vg(x) + pa(x) —
1), max(0, ve(x) + pa(x) — 1))

min(1, max(up(x), pnc(x)) + va(x)) — min(min(1, pg(x) + va(x)), min(1l, pc(x) + va(x))) = min(l,
max(ug(x), pc(x)) + va(x)) — min(1, min(up(x) + va(x), pe(x) + va(x)) = min(1, max(us(x), pc(x)) +
Va(x)) — min(1, min(pp(x), pc(x)) + va(x)) =0

max(0, min(vg(x), vc(X)) + pa(x) — 1) — max(max(0, vg(x) + pa(x) — 1), max(0, ve(x) + pa(x) — 1)) =
max(0, min(vg(x), ve(x)) + pa(x) — 1) — max(0, max(vp(x), ve(x)) + pa(x) —1) <0

So, the form of the relation R, is >

ILA—>B"C) R; (A—>B)*(A—C)

A — (B~ C) = min(1, min(us(x), te(x)) + va(x)), max(0, max(vs(x), ve(x)) + pa(x) — 1)

min(1, min(us(x), (X)) + va(x) — min(min(1, pa(x) + va(x)), min(l, pe(x) +va(x))) =0

max(0, max(va(x), ve(x)) + pa(x) - 1) ~ max(max(0, va(x) + pa(x) — 1), max(0, ve(x) + pa(x) — 1)) =0

So, the form of the relation R; is =

IVA-B*"C) Ry (A—>B)v(A—- O

min(1, min(up(x), pc(x)) + va(x)) — max(min(1,up(x) + va(x)), min(1, pc(x) + va(x))) = min(l,
min(ug(x), pe(x)) + va(x)) — min(1, max(pp(x) + va(x), pe(X) + va(x)) = min(1, min(pp(x), pe(x)) +
va(x)) — min(1, max(pp(x), pe(x)) + va(x)) <0

max (0, max(vg(x), vc(x)) + pa(x) — 1) — min(max(0, vg(x) + pa(x) — 1), max(0, ve(x) + pa(x) — 1)) =

max (0, max(vg(x), vc(x)) + pa(x) — 1) — max(0, min(vg(x) + pa(x) — 1, ve(x) + pa(x) — 1) = max(0,
max(ve(x), ve(x)) + pa(x) — 1) — max(0, min(vg(x), ve(x)) + pa(x) — 1)= 0
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So, the form of the relation Ry is <

V.(AvB) > C Rs (A — C) v (B— C)
(A v B) — C=min(1, pe(x) + min(va(x), va(x))), max(0, ve(x) + max(pa(x), ps(x)) — 1)

(A - C) v (B — C) =max(min(1, pc(x) + va(x)), min(1, pc(x) + ve(x))), min(max(0, ve(x) + pa(x) —
1), max(0, ve(x) + pp(x) — 1))

min(1, pc(x) + min(va(x), ve(x))) — max(min(1, pc(x) + va(x)), min(1, pc(x) + ve(x))) = min(1, pc(x) +
min(va(x), ve(x))) — min(1, pc(x) + max(va(x), ve(x))) < 0

max(0, ve(x) + max(pa(x), us(x)) — 1) — min(max(0, ve(x) + pa(x) — 1), max(0, ve(x) + pp(x) — 1)) =
max (0, ve(x) + max(pa(x), us(x)) — 1) — max(0, min(ve(x) + pa(x) — 1, ve(x) + up(x) — 1)) >0

So, the form of the relation Rs is <

VL(AvB)>C Rs (A—C)~ (B — C)

(A - C) "~ (B — C) =min(min(1, pc(x) + va(x)), min(1, pc(x) + va(x))), max(max(0, ve(x) + pa(x) —
1), max(0, ve(x) + pp(x) — 1))

min(1, pe(x) + min(va(x), vg(x))) — min(min(1, pc(x) + va(x)), min(1, pc(x) + vg(x))) = min(1, pc(x) +
min(va(x), ve(x))) — min(1, min(pc(x) + va(x), pe(x) + v(x))) = min(1, pe(x) + min(va(x), ve(x))) —
min(1, pc(x) + min(va(x), ve(x))) = 0

max (0, ve(x) + max(pa(x), up(x)) — 1) — max(max(0, ve(x) + pa(x) — 1), max(0, ve(x) + pp(x) — 1)) =0

So, the form of the relation R is =

VIL(A*B)>C R, (A—C)*(B— C)
(A7 B) — C = min(1, pe(x) + max(va(x), ve(x))), max(0, ve(x) + min(ua(x), ts(x)) — 1)

min(1, pc(x) + max(va(x), vg(x))) — min(min(1, pc(x) + va(x)), min(1, pc(x) + ve(x))) = min(1, pc(x) +
max(va(x), vg(x))) — min(1, pc(x) + min(va(x), ve(x))) = 0

max (0, vc(x) + min(pa(x), up(x)) — 1) — max(max(0, ve(x) + pa(x) — 1), max(0, ve(x) + pus(x) — 1)) <0

So, the form of the relation R; is >

VIIL. (A*B) > C Ry (A—>C)v(B— C)

min(1, pc(x) + max(va(x), ve(x))) — max(min(1, pc(x) + va(x)), min(1, pc(x) + vg(x))) = min(1, pc(x) +
max(va(x), va(x))) — min(1, pc(x) + max(va(x), va(x))) = 0
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max(0, ve(x) + min(pa(x), up(x)) — 1) — min(max(0, ve(x) + pa(x) — 1), max(0, ve(x) + up(x) — 1)) =
max(0, ve(x) + min(ua(x), pua(x)) — 1) — max(0, ve(x) + min(ua(x), ps(x)) —1) =0

So, the form of the relation Rg is =

MAIN RESULTS

ImplicationNo | R, R, R; Ry R; Rs R; Ry
4.2 = > = < < < > =
4.3 = > = < < < > =
4.4 = > = < < = > =
4.5 = > = < < = >
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