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1 Introduction

The notion of intuitionistic fuzzy set (IFS) was introduced by Atanassov [1, 2, 3, 4] as a gener-
alization of Zadeh’s fuzzy set [22]. There are situations where IFS theory is more appropriate
to dealt with [7]. IFS theory have successfully been applied in knowledge engineering, medical
diagnosis, decision making, career determination, etc., [11, 21, 12]. Several researchers have
extended various mathematical aspects such as groups, rings, topological spaces, metric spaces,
topological groups, topological vector spaces etc. in IFS [6, 10, 13, 16, 17, 18, 19]. The notion
of fuzzy vector subspaces has been introduced by Katsaras [14] and a notion of fuzzy bases and
fuzzy dimension was studied by Shi ef al. [20]. We have introduced a notion of intuitionistic
fuzzy vector space and intuitionistic fuzzy basis in [9]. As a continuation of our paper [9], here
we introduced the notion of intuitionistic fuzzy dimension of an intuitionistic fuzzy vector space
with the help of intuitionistic fuzzy basis and studied some of its basic results.
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2 Preliminaries

Definition 2.1. /1] Let X be a non-empty set. An intuitionistic fuzzy set (IFS for short) of X is de-
fined as an object having the form A = {(x, us(x),va(x)) | x € X}, where s : X — [0,1] and vy :
X — [0, 1] denote the degree of membership (namely ps(x)) and the degree of non-membership
(namely va(x)) of each element x € X to the set A, respectively, and 0 <pis(x) + va(x) < 1 for
each x € X. For the sake of simplicity we shall use the symbol A = (Ua, Va) for the intuitionistic

fuzzy set A = {(x,ua(x),va(x)) | x € X}.
In this paper, we use the symbols a Ab = min{a,b} and aV b = max{a,b}.
Definition 2.2. [1] Let A = (ua,Va) and B = (U, Vp) be intuitionistic fuzzy sets of a set X. Then
(1) A CBiff ta(x) < pp(x) and va(x) > Vi (x) for all x € X.
(2) A=Biff ACBand B C A.
(3) A°={{x,va(x), Ha(x)) | x € X}
(4) ANB = {(x, ta(x) A up(x),va(x) V vg(x)) | x € X }.
(5) AUB = {(x,ua(x) V up(x),va(x) Avg(x)) | x € X}.
(6) OA={{x,ua(x),1 —pusa(x)) |[x€ X}, OA={{x,1 —va(x),va(x)) | x € X}.

Definition 2.3. [4] Let A be an IFS in a set X. Then for A,& € [0,1] with A + & < 1, the set
AREl =[x e X ua(x) > A and va(x) < &Y is called (A, E)-level subset of A.

Proposition 2.4. [4] Let A be an IFS in a set X and (A1,&1),(A2,&2) € Im(A). If Ay < A2 and
&1 > &, then AlM:6] o Alb]

Definition 2.5. [15, 5] Let X be a vector space over the field K, the field of real and complex
numbers, o € K, A = (Ua,Va) and B = (Up, V) be two intuitionistic fuzzy sets of X. Then

(1) the sum of A and B is defined to be the intuitionistic fuzzy set A+ B = (Ua + Up, Va + VB) of

X given by
sup {pa(a) Nug(b)} if x=a+b
Ha1p(x) = § r=ath
0 otherwise,
inf {va(a)vve(b)} ifx=a+b
VA—‘,—B(X) = { x=a+b
1 otherwise.

(2) aA is defined to be the IFS 0lA = (Uga, Vaa) of X, where
wa(@ ) if a#£0

Lo (x) = { suppa(y) if ¢ =0,x=6
yeX

0 ifa=0x%6,
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va(a™'x) if a#0
Voa(x) = infva(y) ifa=0,x=86

yeX
1 if a =0,x# 0.
Proposition 2.6. [9] Let A, Ay, ..., A, be intuitionistic fuzzy sets in a vector space X and Ay, . .., Ay,

be scalars. Then the following assertions are equivalent:
(1) MAL+ A2+ -+ 1,A, CA.

(2) Forall x1,x3,...,x, in X, we have
pa(A1x1 + Aoxg + -+ + Apxn) > min{a, (x1), la, (X2), -, Ha, (Xn) } and va(Arxy + Apxo +
o Aaxn) < max{va,(x1),Va,(x2), ..., Va,(xn) }-

Definition 2.7. [9] An IFSV = (uy, vy) of a vector space X over the field K is said to be intu-

itionistic fuzzy vector space over X if

(i) V+V CV

(ii) oV CV, for every scalar o.
We denote the set of all intuitionistic fuzzy vector spaces over a vector space X by IFVS(X).
Remark 2.8. [9] Let X be a vector space.

(1) If uy is a fuzzy subspace of X, then V = (uy, uy;) € IFVS(X).

(2) If V € IFVS(X), then uy and vy, are fuzzy vector subspace of X.

(3) IfV€IFVS(X), then O V,Q V € IFVS(X).

Lemma 2.9. [9] Let V be an intuitionistic fuzzy set in a vector space X. Then, the following are
equivalent:

(1) V is an intuitionistic fuzzy vector space over X.
(2) For all scalars o, B, we have aV + BV C V.

(3) For all scalars o, B and for all x,y € X, we have
ty (ox+By) = py (x) Ay (v)} and vy (ax+ By) < vy (x) V vy (y).

Remark 2.10. /9] Our definition of intuitionistic fuzzy vector space is equivalent to the definition
of intuitionistic fuzzy subspace of [19] and [8].

Proposition 2.11. [8] IfV,W € IFVS(X), then V +W € IFVS(X).
Proposition 2.12. [9] IfV € IFVS(X) o € K, then oV € IFVS(X).

Proposition 2.13. [8] If {V;}ic; € IFVS(X), then ,OIV,- e IFVS(X).
1
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Proposition 2.14. [9] Let V € IFVS(X). Then uy(0) > uy (x) and vy (0) < vy (x), Vx € X.

Proposition 2.15. [9] Let V € IFVS(X). Then for each (A,&) € [0,1] x [0, 1] withA+& <1, A <

Ly () and & > vy (8), VI}E is a subspace of the vector space X,

Definition 2.16. [9] For any (a,b),(c,d) € [0,1] x [0,1] witha+b < 1, c+d < 1, we say that:
(1) (a,b) > (c,d)ifa>bandc<d.

(2) (a,b) < (c,d) ifa<bandc>d.

)= (

) <(

(3) (a,b) > (c,d)ifa>bandc<dorifa>bandc<d.

(4) (a,b) < (c,d)ifa<bandc>dorifa<bandc>d.
)

(5) (a,b) = (c,d) ifa=band c =d.

Proposition 2.17. [9] Let V € IFVS(X) with dimX = m. Then Im(V) contains at most m+ 1
points of [0,1] x [0,1].

Definition 2.18. [9] Let V = (uy,vy) € IFVS(X). Then for any A € uy(X),& € vy (X) we define

A{J r e [ﬁ’}
M = e X () > A and VI = {re X 1 w(x) < £} AL w](x) = VxeHy
Hy 0, otherwise
E, ifxe v‘[/i]

[E1el(x) = :
W 1, otherwise
Theorem 2.19. [9] (Representation Theorem) Let V € IFVS(X) with dimX = m and Im(V)

{(20,%0); (A1,61), - (M, &)}, k < m such that (1,0) = (Ao, &o) > (A1,61) > ... > (A, &) = (0, 1).
Then there exists nested collection of subspaces of X as {6} C v%0-%l S V[’ll’él] C..G V1. 5’(} =

X such that gy = Apl [lo \/ﬂ,ll [/11]\/ VA [xk andvv—§01 50 /\51 51 I A§k1 [gk Also,

(1) If (§,p),(n,0) € i1, M) X [E,&i1) with E+p < 1,0 +0 < 1, then VIEPl = yIn:0] =
Vil

(2) U(C?p)e( i+1s ] [élaél-i-l) ( )e(livli—l]x[éi—laéi) WlthC+P§17n+G§17
then V5P ;Dév[n 0],

Definition 2.20. [9] Let V € IFVS(X) with dimX = m. Consider Theorem 2.19. Let By, be the
basis ofVM’Véf} ,i1=0,1,..,k such that

By, S By, & -+ G By, (*)

IV %0:80) = {0}, we start with V(*1:61),
Define a map B from X to [0, 1] x [0, 1] by
V{A;:x € By, N x € By,

‘UB(X): { i X ‘ Vz} andVB(X): {51 X ' Vz}
0, otherwise 1, otherwise
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Let up(x) = Aj. Then x € By, and x ¢ By,_, i.e. x € V48l and x ¢ V4181 Thus py (x) > Aj
and vy (x) < &;. If uy (x) > Aj, then py (x) = A; for some | < j. Then x € VA&l and W) (x) = A,
which is a contradiction. Therefore iy (x) = A;. Then vy (x) = &; i.e. vg(x) = &;. Therefore B is
an intuitionistic fuzzy set and it is called intuitionistic fuzzy basis of V corresponding to (x).

Proposition 2.21. [9] Let B be an intuitionistic fuzzy basis of V corresponding to (x) of Definition
2.20. Then

(1) I (§,p),(1,0) € (Aip1, 4] x [&, §i1) with {+p < 1,n+0 < 1, then BIS-Pl = BIM-o] —
By..
(2) H(C)I)) € ()“i+17/1i] X [éi’§i+l)7(n76) € (/1,‘,)»,'71] X [éi*héi) with C+p < lan +o <1,

(3) B*¢lis a basis of VI for A € (0,1],& €[0,1) with A+ & < 1.

Proposition 2.22. Let B be an intuitionistic fuzzy basis of V corresponding to (x) of Definition
2.20. Then ul"! = By, =I5 fori=0,1,2, . k.

Proof. Letx € LLIEB/Ii} = up(x) > A;. Let ug(x) = A; = x € By, C By,.

Thus ,LL][BA"} C By,. Conversely, let x € By, = py (x) > A;.
Let uv(x) = )uj. If )vj > A;, then ,LL]B(X) = lj.
[Ai]

If A; = A;, then ug(x) > A;. Therefore, in any case x € g "
Thus By, C /.L][B/li]. Hence ,u]]?"} = By,

fa

Similarly, it can be proved that By, = V]LB&}. Ul

Proposition 2.23. Let V € IFVS(X) withdimX = mand Im(V) = {(0,&0), (A1,&1), ... (A, k) },k <
m such that (1,0) > (Ao, &) > (A1, &) > ... > (A, &) > (0,1). Then for i =0,1,...k, VI}:&l =

A ;
u‘[/]:v‘[/ }.

Proof. Obviously, V1%-&l C u‘[/li].

Letx € ;,L‘[,)“f]_

= Uy (x) > A;.

Let py (x) = A;. Then vy (x) = §;.

= x € V45l

> x € VS fascither (2,.8) = (&) or (11.6) > (20) ).

Thus [u]][;i} C v 2.8 Therefore vV 4:é] — “‘[/)Li]'

Similarly we have ylAigl — v‘[/éi]_ ]

Proposition 2.24. Let B be an intuitionistic fuzzy basis of V corresponding to (x) of Definition
2.20. Then | u? |= dim(ui) and | vE) |= dim(VI¥)), fori=0,1,2, .. k.

Proof. | ui? |=| By, |= dim(V%1) = dim(ul*") [By Proposition 2.22 and 2.23].
The rest part is similar. U
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3 Intuitionistic fuzzy dimension

Definition 3.1. Let A be an intuitionistic fuzzy set over X. Define amap | A |: N — [0, 1] x [0, 1]
such thatV n €N, s (n) =V{a: (a,b) €[0,1] x [0, 1]\ {(0,1)} witha+b < 1 and | Alebl > p)
and Vis|(n) = Nb: (a,b) € [0,1] x [0,1]\ {(0,1)} witha+b < 1 and | A4l > n} . Then | A | is
an intuitionistic fuzzy set over N, which is called the cardinality of A.

Definition 3.2. For two IFS A,B over X, the addition |A |+ |B| of | A| and | B | is de-
fined as follows: for any n € N, g (n) = Vipi=n(a| (k) A typ|(1)) and v(ia 1 5)(n) =
Nict1=n(Via| (k) V Vg (1))

Proposition 3.3. For two IFS | A |,| B | over N and for any (a,b) € [0,1] x [0,1] witha+b < 1,
[a] “[a +/.L[“] and v vy
Hijar+p)) = Hia) T Hig (lA[+[B)) — "lA] * "IBI"

Proof. First we prove that “([ch‘]\\HBI) C u\[f\l]l + ‘u\[la?]l'

Letn € “([ﬂ|+|3\)~ Then i) 18]y (1) = Vicri=n(Hja) (k) Ay (1)) > a. "

Hence there exist k,/ such that n = k+1 and w4 (k) A yp|(1) > a. Then k € [VL|[A]‘ and [ € Mg 1
la] | la]

_ . : [b] [a] [b]
n=k+le Mg + i) Slmllar%y, it C?I}l be proved that V(A+1B)) C Via| + Vig|-
a

a
Al T Higy-

Then there exist &,/ such that n = k+ 1 with k € /.L|[Z}‘,l € /.t|[g]|. Then () (k) > a, (Wp) (1) > a.

Therefore 'u(\A\HBD( n)= vk+l:n(/~L|A\(k) /\,LL‘B‘(Z)) >a. Thusn e I"L([laAJH\BD

o, ol
Mg S Hapsip)-

6] 0]
81 S V(jal+1a)-

Conversely suppose that n € K

Hence K|

Similarly, we have V\[A]| +v Hence proved. U

Definition 3.4. Let V € IFVS(X) with an intuitionistic fuzzy basis B. Define dim(V) =|B |. Then
dim(V) is called intuitionistic fuzzy dimension of V.

Proposition 3.5. Let B and B’ be two intuitionistic fuzzy bases of an intuitionistic fuzzy vector
space V € IFVS(X). Then | B |=| B’ |.

Proof. By Proposition 2.21, Bl#?! and B’ are bases of VI#%l for a € (0,1],b € [0,1) with
a+b < 1. Then | Bla#l |=| B | .

Hence for any n € N,

we|(n) = V{a: (a,b) € [0,1] x [0,1]\{(0,1)} witha+b < 1 and | B2 |> n}

=Vi{a: (a,b) €[0,1] x [0,1]\ {(0, 1)} witha+b < 1 and |B"“" |> n}

= yp|(n). Similarly, for any n € N, vjg|(n) = V|p|(n). Hence proved. O

Remark 3.6. Intuitionistic fuzzy dimension of an intuitionistic fuzzy vector space is independent

of intuitionistic fuzzy basis.

Proposition 3.7. Let X be a vector space with dimX =m andV € IFVS(X). Then for any (a,b) €
0,11 [0, 1\ {(0, )} witha+b < Landn €N, n € i < n <dim(u") andn € Vi) )

dim(V)
n< dim(v‘[,b]).
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Proof. Suppose that Im(V) = {(Ao,&o), (A1,&1), ... (A, &)}k < m such that (1,0) > (Ao, &) >

(A1,81) > ... > (A4, &) > (0,1). Then there exists a nested collection of subspaces of X as {0} C
v [%0-%0] ; v [Aiéi] ; g VA&l — x

Let By, be the basis of V%1 =0, 1, ..,k such that By, CBy, G....... S By (%),

Let B be an intuitionistic fuzzy basis corresponding to (*) defined as in Definition 2.20. Let
ne “z[lcgn(v) = Ugimv)(n) > a=V{c:(c,d) € (0,1] x [0,1) withc+d < 1 and | B4l |>n} > a.
Then there exists (c,d) € [0,1] x [0,1]\ {(0,1)} with ¢ +d < 1 such that ¢ > a and | B¢ |> n.
Now dim(u [a]) =] ugd | > “ILBf} | > IB%”I |> n.

Conversely suppose that n < dtm(uv ) =] ,u[a] | . Now a € (Ai+1, 4], for some i. Hence | ,LLB |=|

A
u | = | By, [=| BRS |, Then gy (n) = V{c : (c,d) € [0,1] x [0, 1]\ {(0,1)} with ¢ +d <
land | Bl |>n} > >a=ne uﬁn(vr Hence n € uu([z}im(V)) & n < dim(p") .
Similarly it can be proved that n € VCEIZZL(V) &Sn< dim(v‘[/b])_ O

Proposition 3.8. Let X be a vector space with dimX = m and V|,V, € IFVS(X). Then we have
the following results:

(1) Forall (a,b) € [0,1] x [0,1] witha+b < 1, s, = i N i) and vy, = vid vy
(2) Forall (a,b) € [0,1]x [0,1] witha+b <1, uf§) ., =il + pand v[j) ., =vif) +vi2).

Proof. We only give the proof of (2). For any (a,b) € [0,1] x [0,1] witha+b < 1, we have

xeuld e sup {y(a) A ()} > a

X=x1+Xx2
& there exist x1,xp such that x; +x2 = x and py, (x1) A wy, (x2) > a

< there exist xy,xp such that x; +x; = xand x| € ,u‘[,a] and x € /,L‘[,Z].

Similarly it can be proved that v([f,] ) = ‘[,1] + v‘[,z} O

Proposition 3.9. Let X be a vector space with dimX = m and V\,V, € IFVS(X). Then
dim(V1 +V2) +a’im(V1 ﬂVz) = dim(Vl) -i—dim(Vz).

Proof. For any (a,b) € [0,1] X [0,1] witha+b < 1,letn € ,u([z}l ( ,))- Then there

Vi+Va)+dim(VinV

exist k,/ such that n = k-+ 1 and k € 'u([fi]tm(V 1)) and [/ € ,u([?l m(Vi(Va))" Then by Proposition
3.7, k < dim(ufy) ) = dim(uf +plel ) and § < dim(ufy) ) = dim(u, A pfe)). Thus

n< dim(,u([ }) —|—,u([a] )) +dim(u([a] ) ﬂ,u([a] >) = dim(,u([ })) +dlm(/,L([ }))

Then there exist K and I’ such that n = k' + 1 and k' < dzm(u([?jl)) and I’ < dim(u([éz)). Now

by Proposition 3.7, k' € /,Lgﬂ (v, and I' e /.Lc[f] (vy)- Therefore n = K+1 e /.L([;ﬂn( )t ‘uc[l‘:'Jn(Vz) =
[a] [a] [a]

‘u(dim(Vl)—O—dinE(}V ,))- Hence ‘u(dlm(V1+V2)+[dim(VlﬂV2)) S Kidim(v,)+dim(va))*
. b b

SImilarly, Vi v cdimiovs)) S Vidim(vy)+dim(va))-

Also, it can be proved that for any (a,b) € [0,1] x [0,1] witha+ b < 1, 'u([z]im(Vl)+(dim(V2)
[a]

[b] [b]
Hidim(vi+va)-+dimviov)) A9 Vi) (dim(va) S Vidim(vi+va)+dimvyrivyyy: 10us for any (a,b) €

. [a] _ o ld [b] _
[0[;}1] X [0, 1] with a+b < 1, Wiy s (aim(vy) = Hdim(vi+va)-+dim(viavs)) 9 Vigim(vy)+ (dim(va) =

v(dim(V1+V2)+dim(VlﬂV2))' Hence dim(V1 +V2) —I—dim(V1 ﬂVz) = dim(Vl) —|—dim(V2). O

N
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